ALGEBRAIC DICHOTOMIES WITH AN APPLICATION TO THE
STABILITY OF RIEMANN SOLUTIONS OF CONSERVATION
LAWS

XIAO-BIAO LIN

ABSTRACT. Recently, there has been some interest on the stability of waves where
the functions involved grow or decay at an algebraic rate |x|™. In this paper we
define the so called algebraic dichotomy that may aid in treating such problems.
We discuss the basic properties of the algebraic dichotomy, methods of detecting it,
and calculating the power of the weight function.

We present several examples: (1) The Bessel equation. (2) The n-degree Fisher
type equation. (3) Hyperbolic conservation laws in similarity coordinates. (4) A
system of conservation laws with a Dafermos type viscous regularization. We show
that the linearized system generates an analytic semigroup in the space of algebraic
decay functions. This example motivates our work on algebraic dichotomies.

1. ALGEBRAIC DICHOTOMY

Dichotomies, ordinary or weighted, are essential in many applications of dynamical
systems theory. A definition of the ordinary dichotomy can be found in [4], where the
decay or growth rate of the flow on stable or unstable space is unspecified. We are
interested in the weighted dichotomies where the decay or growth rate of the flow is
controlled by monotone weight functions w(z) that approach zero or infinity as x — ¢
or d where I = (c¢,d) is the domain of interest (allowing ¢ = —oo and/or d = o0).
Although the most important case is the exponential dichotomy where w(x) = e,
in applications, we may find systems with non-exponential growth or decay solutions.
For example, to solve some PDEs written in polar or spherical coordinates, we en-
counter Bessel’s equations and their variations of which the solutions decay to 0 or
grow to oo algebraically as x — oo. For some PDEs with one dimensional spatial
domain, to study the stability of solutions, it is useful to limit solutions to spaces of
functions that decay to zero with certain given rate [30, 14, 38]. Method used in this
paper may be useful in those problems.

This paper is motivated by the study of the stability of conservation laws. In
[24, 26], conservation laws consisting of Lax shocks written in similarity coordinates
were considered. It is found that the linearized system has an algebraic dichotomy
and eigenfunctions to such system decay to zero algebraically. In this paper we will
define general spaces that are suitable to study systems with algebraic dichotomies.
We will apply our theory to Riemann problems of hyperbolic conservation laws and
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their viscous regularizations. By carefully choosing viscosity terms, we show that
the regularized systems can be posed in spaces of algebraic decay functions just like
the original hyperbolic system. And the linearized equation around viscous Riemann
solutions is sectorial, thus generates an analytic semigroup.

We assume that the weight function satisfies the following conditions:

(1) w(x) is positive and monotone in the domain (¢, d) where the equation is well-
posed and the dichotomy exists. We allow ¢ = —oo and/or d = occ.

(2) At © = ¢ and/or x = d, w(z) may have a zero or a pole, i.e., where w(x) =0
or co. The zero or pole is said to be finite or infinite if ¢ or d is finite or infinite.

Examples of scalar equations, weight functions and their zeros and poles are:
(a) v = Eu, x € I = (0,00) with 3 = Ru # 0.
In this case the weight function is w(x) = 8. If 8 > 0 then w has a zero at 0 and

a pole at co. If 3 < 0 then w has a pole at 0 and a zero at oo.
(b) u' = —L—u, z € I =(0,1) with 8 = Ru # 0.

z(1—x)
The weight function is w(z) = (z/(1 — z))?. If B > 0 then w has a zero at x = 0
and a pole at x = 1. If # < 0 then w has a zero at x =1 and a pole at x = 0.

(c) v/ = iﬁu, x € I = (—00,00) with § = Ru # 0.

The weight function is w = (z ++/1 + 22)?. If 3 > 0 then w has a zero at —oo and
a pole at co. If § < 0 then w has a zero at oo and a pole at —occ.

(d) In §7 we will discuss an example from a Laplace transformed PDE in dual
variable s. Although in some finite interval (z*, 1), none of the end points is a zero
or a pole of the weight function, the algebraic dichotomy is still important because
the power (3 is related to the dual variable s which is in a region unbounded to the
right.

We will focus on systems defined on R™, R~ or R where the weight function has a
zero or a pole at +00. The growth or decay rate is measured by

alz) =z +V1+22, alz) ' =a(—2) = -2+ V1+ 22

Both functions are positive, strictly monotone and asymptotically satisfy:

o) ~ {2x, r — 00, a(z)"! ~ {1/(2x), r — 00,

1/(2lz]), = — —oc.’ 2|z, T — —00.
The weight function a(x)* has properties similar to that of e/*:
dv  da(x)
Vi+a?  oa(z)’

/a(x)”\/% = %a(z)“ +C, pn#0.

The weight function a(x)* is flexible to adapt to some other situations. For example,
the weight functions used in [38] and [14] are equivalent to 1+ a(z) and a(z) +a(z)™?
respectively.

Norms in C" will be denoted by | - | while norms in infinite dimensional Banach
spaces or norms of operators will be denoted by || - ||.

(1.1)
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Definition 1.1. A continuous function v : R — C" is said to grow (or decay)
algebraically with the power p > 0 (or u < 0) as © — oo if there exists a constant C'
such that

lu(z)| < Ca(x)".
Define the Banach space E, of continuous functions u(x), with the following norm
being finite:
[ull 5, = sup{fu(z)] - a(z)™"}.
zeR
Similarly, we can define the space E,(J) for x € J where J is an unbounded or
bounded interval in R.

Define the Banach space EM of continuous functions u(z) such that v € E,(R*) N

E_,,(R™) with the norm

—p
lull 5, = max{l[ullucr), lull -ur)}-

Remark 1.1. Assume that ¢ < v. Then we have E,(R*) C E,(R"), E,(R7) C
E,(R7) and E, C E,. However, we do not have E,(R) C E,(R) or E,(R) C E,(R).

A continuous function u : R — C™ is said to grow (or decay) algebraically with the
power i > 0 (or u < 0) as |r| — oo if there exists a constant C' such that

lu(z)] < C(V1+x2)".

Ifue E;u then it is straight forward to verify that u(x) grow (or decay) algebraically

with the power p > 0 (or g < 0) as || — oco. An alternative norm on E, can be
defined as:

llull, = sup{|(@)] - (VIF ) ).

See [14]. Notice that
a(z) 4+ a(z) ™ = 21 + 2,
(1.2) (V1+22)* < a(z)* +a(z)™, for pu€R,
a(z)" +a(x) ™" < 22V1+ 22", for u > 0.

If x > 0, then
a(z)" < V1422 <2 Fa(z)",
2 Fa(z) < V1 + 22 <az)*, p>0.
Similar estimates hold for z < 0. Thus we have

lullg, < lulllg, <2*ullg,. »=0,

Hullz, < lulllz, < lullg,, <0

(1.3)

Let T'(x,y), with T(y,y) = I, be the principal matrix solution of the homogeneous
part of the system in C":

(1.4) W' (2) = Ale)u(z) + g(a).
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Definition 1.2. Algebraic dichotomy: The principal matriz solution T(xz,y) of the
homogeneous part of (1.4) is said to have an algebraic dichotomy on J = (—o0, 00)
with a power 3 > 0, constants K1, Ko > 0 and projections P(x) + Q(x) = I if P(x)
is continuous and the following properties hold:
T(x,y)P(y) = P(x)T(x,y),
IT (2, 9)P(y)|| < Ki (a(x)/a(y)) ™", ify <=,
IT (2, 9)QW)| < K> (aly)/a(x) ™, if x <.

The ranges of P(y) and Q(y) are called the stable and unstable subspaces for T (x,y)
at y € R, and are invariant under T(z,y).
If instead, there exist v > 0§ such that,

1T (2, y) P(y)ll < Ki(a(z)/a(y))’, y<wzel
1T (2, y) Q)| < Ka(alx)/aly))”, r<yel

then T(x,y) is said to have a pseudo algebraic dichotomy, or an asymmetric di-
chotomy if v+ 6 # 0. A dichotomy is symmetric if v+ = 0.
We sometimes use K = max{ Ky, Ky} as the constant of the dichotomy for simplic-
ity. We say (1.4) has an algebraic dichotomy if T'(x,y) has an algebraic dichotomy.
If u(z) satisfies a linear system u = A(x)u, then w(x) = e u(x) satisfies w’ =
(A+ pl)w. A similar property holds if the exponential function is replaced by a(z)*.

Lemma 1.1. If u(x) satisfies (1.4), then w(x) = a(x)*u(zx) satisfies
(1.5) w'(z) = (A(z) + Dw(x) + a(x)'g(x).

]
V1422
The principal matriz solution becomes T(x,y) = (a(x)/a(y))*T(z,y). Moreover, if
(1.4) has a pseudo algebraic dichotomoy with powers v > §, then (1.5) has a pseudo
algebra};c dichotomy with the powers ¥ =y + i, 0 = § + u, the projections P(x) =
P(x), Q(x) = Q(x) and constants K1 = K, Ky = K5 remain the same.

Remark 1.2. Definition 1.2 works on finite intervals where there is no finite zero or
pole to the weight function of the dichotomy. For a scalar equation «' = p(z)u, the
solution is u(z) = e/ #dty(y) /el” HOA and the weight function is precisely el #®dt.
This also suggest that the growth or decay should be measured by the quotient of two
functions at = and y respectively. In an interval (¢, d), in order to have a zero at ¢ and
a pole at d, it is necessary to have u(x) ~ k/(z —¢) as x — c and p(x) ~ h/(d — z)
as x — d, pu(x) ~ k/|z| if c = —o0, or d = 00).
It is straightforward to verify that if y < x, and «, 3 > 0, then

eV < (a(z)/aly))~".

Therefore, if a linear system has an exponential dichotomy with the exponent o > 0,
then it also has an algebraic dichotomy with any g > 0.

By reversing the time © — —z in (1.4), we have

(1.6) #(x) = Alz)a(z) + g(o),
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where A(z) = —A(—z),§(z) = —g(—2z). The following simple facts can be checked

A~

easily (the L? type spaces H, and H, will be defined in §6).

Lemma 1.2. The principal matriz solution for (1.6) is related to (1.4) by T(x,y) =
T(—x,—y). If (1.4) has an algebraic dichotomy with the power 3, constants K, Ky
and projections P(x),Q(z), then (1.6) has an algebraic dichotomy with the same
power (3, constants Ka, K1. The projections to the stable and unstable subspaces are
P(z) = Q(—x),Q(x) = P(—x). If g € E, or H, for some 1 € R, then g € E_,, or
H_,. Ifge H, then§e H,.

Sections 2 and 6 are devoted to estimates of the solution w of (1.4) if the forcing
term g is given in some function spaces with specified growth/decay rates. §2 deals
with spaces of continuous functions. §6 deals with spaces of L? type functions. An
important property of the algebraic dichotomies is the roughness under perturbations,
which is also treated in §2.

In §3 we introduce the method of asymptotic factorization which is related to the
method of frozen coefficients and the WKB method. Our method works on some
problems typically treated by the WKB method [1]. The difference is after finding
the time-dependent exponents, we go back to solve the original equation rather than
solve the equations of the exponents.

The simple example on Bessel functions in §4 shows what can go wrong with the
method of frozen coefficients if not used correctly. In §5 we discuss an example
treated by Wu, Xing and Ye [38]. In §7 we study an example from Riemann solutions
of conservation laws. In §8, we discuss a singularly perturbed hyperbolic system in
similarity coordinates. We show it generalizes an analytic semigroup in spaces of
algebraic decay functions. And there exists n > 0 such that if 3&s > —n, then s is
either a normal eigenvalue or a resolvent point of the associated linear variational
system.

2. ALGEBRAIC DICHOTOMY IN SPACES OF CONTINUOUS FUNCTIONS

2.1. Estimates of solutions. If a system has a dichotomy on R, then it has di-
chotomies on R*. By Lemma 1.2, it suffices to consider dichotomies on R*. We
also find if the forcing terms is expressed in the form f(z)/v/1 + 22, then results of
this paper become much simpler. Without loss of generality we will assume that the
forcing term is of the form f(z)/v/1 + x? for the rest of the paper. Consider

(2.1) W (x) = A(z)u(e) + f()/VI+a?, € 0,00).

Theorem 2.1. Assume that (2.1) has an algebraic dichotomy with the power 5 and
constants K1, Ky. If f € E,(R") where 8 > |u| and P(0)u(0) is given, then there
exists a unique solution u € E,(R"). Moreover,

(2.2) u(@)|| g, (rt) < <ﬁ[ilu + ﬁ[i2p> 1 Fll B re) + Kya(z)~ | P(0)u(0)].
23 Tu@lni < (1 + 5 ) Wl + Kao)#1QOu0)]
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Proof. We first show the existence of the solution. Let u(x) = P(x)u(z) + Q(x)u(z),
where
20 P = [ TP i)
0 V1+y?
25) QW) = [ TR
%) 1+ y2
It is easy to see that if both integrals are convergent then u as defined is a solution.
To show that the integrals are convergent and to obtain estimates of solutions,
observe the integral term [; in (2.4) satisfies

L] < /0le (a(2)/a(y) ™" I fllaly)"

+ T(x,0)P(0)u(0),

dy

N

=KmmW@r5[Z@WW;%%§
}gyy(@a it 84> 0.
Therefore,
20 P@u(@)] < 7 flae)l + Kiale) AIPOWO)]. i 5+ u> 0.
Similarly,
d
. |</’Ka Valo)* Ity

(@), if f—pu>0.

6
To show that the solution is unique, let u be a corresponding solution of (2.1) in
E, with f =0 and P(0)u(0) = 0.
From the variation of constant formula, f = 0 and P(0)u(0) = 0 clearly imply that
P(x)u(z) =0 for all z > 0.
For any 0 < z < x,

Q(@)u(z)| = [T (2, 20)Q(x0)u(zo)|
< K (a(xo)/a(x)) ™" [|ul| ya(o)"
< Kl a(z)’a(ze) 7.
Our assumption § > |u| implies that the last expression goes to 0 as g — oo. This
proves that Q(x)u(z) = 0.

Since f =0 and P(0)u(0) = 0 imply w = 0, the solution u € E,, is unique.
0J

In applications, we often look for solutions that decay to zero as x — +oo, i.e.,
u € E,r with p <0.
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Theorem 2.2. If the homogeneous part of (2.1) has an algebraic dichotomy of power
B in R and if f(x) € E,(R), p <0, with 8 > |u|, then (2.1) has a unique solution
u € Ei(R). Moreover,
(K + K>)
ullg, < —=—7I/llz,-
Be= B ul TP

Proof. We starts from the integral expression

mwmw=[%NammwﬂmJ£5;

If x <0, then

|P(z)u(z)] < Kl f]] /_m (a(x)/a(y))‘ﬁa(y)‘“w
()"

If x > 0, then

:[_+A%WWW@V@ — I(2) + L(x),
where |I,(z)] < (a(z)/a(0))?|P(0)u(0)] <
m<|<mwy/ v))Pa(y)"

a(z)?t* —1
B+u
Since p < 0, using the fact 1/(8+ p) > 1/(6 — p), we have for x > 0,

a(x)"
B+u

1+y

< Ki flla(z)™"

|P(z)u(z)] < [L(x) + L(z)| < K|l 5,

Combined with the estimate for z < 0, we have
1P, < 5 ‘wm@
Similarly, from (2.5) we can show

Q) 5, < 5 |wm@

The desired result follows from |Ju]| < ||Pul| + ||Qul.
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2.2. Roughness of algebraic dichotomies. An important property of the alge-
braic dichotomy is its roughness under perturbations. Let Tg(x,y) be the principal
matrix solution for the following linear system.

(2.8) u'(x) = (A(x) + B(x))u(x), ueR" zel.

Assume that the system u'(x) = A(x)u(z) has an algebraic dichotomy on I. The
interval we consider could be finite, infinite or semi-infinite. In the following theorem
we consider the case I = (0, 00) where 0 is neither a zero or a pole of the dichotomy.
The other cases can be treated similarly.

Theorem 2.3. Assume that v = A(x)u has an algebraic dichotomy with the power
B and constant K = max{K;, Ky} on I = |[0,00) where 0 is not a pole or zero of the
dichotomy. Let B(x) be piecewise continuous and there exists a constant ¢ > 0 such
that

|B(z)| < ¢/V1+2%, x>0.

Let =3 < <0 and Cy = 62——[|<u| Assume that C is sufficiently small so that

2K?
(6 =) (1 =CiQ)

Ci( <1, and C3¢ < 1 where Cy =

Then (2.8) also has an algebraic dichotomy on I with projections P(z) and Q(x), the
power B and the constant K. Moreover, we have 3 = |u|,
K = K(l - Clg)_l(l - 02<->_1 and

(2.9) T (2, ) P(y)|| < f{(a(az)/a(y»-ﬁ, y <z,

(2.10) |1 T5(y, 2)Q(x)|| < K(a(z)/aly)™®, y<u,
- O

(2.11) IP() = Pl < 1=

Proof. The proof is adapted from a proof in [22] where exponential dichotomies are
considered. For any ¢ € R" )y € I, we first show that the function F(y) maps
E,(y, 00) into itself:

(212) (F(y)u)(x) = T(z,y)P(y)é + / T, €)P(E)BE)ul€)de

n / T, QO BEu(©)dE, y< < oo

o)

Using the algebraic dichotomy on I, we have,

(2.13) T (x,y)P(y)¢] < K(a(x)/aly))~"|¢] < K(a(z)/a(y))"|¢],



¢dg

1) | [ T oP©BEOuEE < / K a) €))7l

< o) lull.
215) | [ 7. 00©BEue < [ Klale) ole) a2

< ;f(uawuuuw
Therefore

2K
|7 )l < Klolay) ™ + 5= el

Since ;E—i' = C1¢ < 1, F(y) is a contraction mapping in E,(y,00). Let the unique
fixed point of F(y) be u(z,y, ¢). Then it is a solution for (2.8) with
R16) iy o) € g la@/a)lol.  where Gy = =

Conversely, any solution u(x) of (2.8) satisfying v € E,(y,00) and P(y)¢ =
P(y)u(y) is a fixed point for F(y).
Similarly, for any ¢ € R",y € I, the function H(y) maps E_,(0,y) into itself:

217) (H(y))(@) = T(z,9)Q)é + / T, Q) B(E)u(E)de

n /0 T, OPE)BEu(E)de, 0< <y,
Observe that,
218)  [T(x.9)QW)dl < K(aly)/a(x) 16| < K(a(x)/aly)) "¢,

' x v ’ a(€)/a(z)) P |v|| - a(€) ™ Gds
(2.19) |/£ T(2,£)Q(E)B(§)v(§)dE] < /C K(a(§)/a(x))"[lv]-palE) e
< ﬁff Joll-ua(e) "
' x )P || —pa(€) Gde
220) | [ T@oPOBOUOE < [ K ol pa) 2
K¢ -
<5 [0l —palz) ™"

Therefore
2(K

IH (vl < Klolaly)” + = ‘MWHu
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Since Lﬁ <1, H(y) is a contraction mapping in £_,(0,y). Let the unique fixed

point for H(y) be v(z,y, ¢). The it is a solution for (2.8) with
K 2K
a a(x))"l¢|, where C} = ——.
T Ccl“w)/al@)e L=

Conversely, any solution v(x) of (2.8) satisfying v € E_,(0,y), and Q(y)v(y) =
Q(y)¢, P(0)v(0) =0 is a fixed point for H(y).
Let

(2.21) vz, y, 9)| <

W (y) = A{u(y,y,0) : o € R"}, W*(y) :={v(y,y,0): o € R"}.
Then It is obvious that
W3(y) ={¢s : T, y)¢s € Eu(y,00)},
W(y) = {ou: Tp(0,y)d. € RQ(0)}, —B<pu<0.
Moreover, ¢ — u(y,y, ¢) and ¢ — v(y,y, ¢) are homeomorphisms from RP(y) to

W4 (y) and from RQ(y) to W*(y) respectively.
We now show that

(2.22)

W2 (y) + W(y) = R".
For ¢ € R", consider
w = u(y, Y, (b) + U(yv Y, ¢>

=¢+A%@£W@B@W@%@%+/%@£W@B@M@%@%

— b+ 1+ L.
From (2.15), (2.16) and (2.20), (2.21),
(K K9] (K K9l
9.23 Il < : Ll < : .
229 T e TG TR s
Therefore,
2K?
(2.24) lw— @] < Colld], Cy=

(8= —-Cr()

Since Co¢ < 1, u(y,y,0) + v(y,y,d) : ¢ — w is a homeomorphism in R™ and we
denote the inverse by ¢ = ®(y, w). We have

(2.25) 12(y, w)|| < (1= Ca¢) " |w].
We now show that W*(y) N W*(y) = {0}. Let (¢1, ¢2) satisty

u(y,y, ¢1) = v(y,y, d2).
Let ¢ = P(y)$1 — Q(y)¢2. It can be verified that

w=0=u(y,y, o) +v(yy, o).

) = 0. Consequently, P(y)¢; = 0 and Q(y)¢s = 0. Therefore

Thus ¢ (y,
y) = {0}.

=0
Ws() W
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Define

P(y)w = u(y,y, ®(y, w)),
Qly)w = v(y, y, Dy, w)).

We have shown that P(y) and Q(y) are projections associated to the splitting
W4 (y) ® W*(y) = R™. The property

Tp(x,y)P(y) = P(x)Tp(x,y)

can be proved by the invariance of W* and W*. See (2.22).
To show (2.11), observe that

[(P(y) = Py)w| < |uly, y, Py, w)) = P(y)@(y, w)| + [P(y) Sy, w) = P(y)wl
< I/ T(%S)Q(f)B(ﬁ)u(S,y,®(y>w))d€|+|/0 T(y,§)P(&)B(§)v(&,y, Py, w))dE]
The above is bounded by |I1| + |I2| as in (2.23). Using (2.24) and (2.25), we have

(Pl) - Pl < Cxglo] < 1ol

This proves (2.11).
From (2.16) and (2.25), we have for z > y,

|TB(2L’,y)P(y)’UJ‘ = \u(az,y, (I)(va)‘

K a(z)\" 1
< lwl.
1=Ci¢ \aly)) 1-0Cx¢
This proves (2.9) with the constant K. The estimate (2.10) can be proved similarly.
UJ

Assume that the coefficients A(z, s), B(z, s) depend on a parameter s and is ana-
lytic in s. Then it is well known that the solution matrices T'(x,y, s) and Tg(z,y, s)
for systems

(2.26) u'(z) = Az, s)u(x),
(2.27) u'(x) = (A(z, s) + B(x, s))u(z), ueR" zel,
are analytic functions of s.

Corollary 2.4. If system (2.26) has an algebraic dichotomy with projections analytic
in the parameter s, then the perturbed system (2.27) has an algebraic dichotomy with

projections P(z,s), Q(z, s) analytic in s.

Remark 2.1. The unstable subspace R@) in R* is not uniquely defined. The projec-
tions are analytic in s if the unstable subspace is chosen to satisfy

Wy, s) = {¢u : Tp(0,y,5)p, € RQ(0,5)}.

However, this additional condition is not unique. Other choice of W*(y, s) is possible
if it is transverse to the range of the stable subspace (which is unique).
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Proof. The proof is based on careful examination of the proof of Lemma 2.3, details
as follows.

Based on the analyticity of T'(x,y, s), P(x, s), Q(z, s) and B(z,s) in s, from (2.12),
the contraction mapping F(y, s)u is analytic in s. Thus the fixed point u(zx,y, s, ¢) of
F(y, s) is analytic is s. More specifically, u(x,y, s, ») can be obtained by an iteration
method of which each step we have an analytic function and the uniformly convergent
sequence of analytic functions converges to an analytic function. Similarly, the fixed
point v(x,y, s, ¢) is analytic in s. The mapping ¢ — w defined as

w=u(y,y,s,0)+v(y,y,s, ),

is analytic in s, so is the inverse ®(y, s, w). Finally, as the composition of analytic
functions, the projections

Py, s)w = uly,y, s, 2(y, s,w)), Qy,s)w =v(y,y,s, P(y, s, w)),
are clearly analytic functions of s. O

If B(x) decays to zero faster than that assumed in Theorem 2.3, e.g., there exists
b, C7 > 0 such that

(2.28) 1B(z)| < Oy /vVI+ a2,

then |B(z)| < (/v1+ 2? with an arbitrarily small ¢ on an interval [N, o0) if N
is sufficiently large. We conclude from Theorem 2.3 that T(x,y) has an algebraic
dichotomy on [N, co) with the power /3 close to 3. I~n the next theorem, we show under
(2.28) we can choose the power of the dichotomy 5 = 3 on I = [N, 00). Observe that
(2.28) implies that |B(z)| < \/%;)fc;(x)b In the following theorem we replace 2°C} by
C' for simplicity.

Theorem 2.5. Assume that u' = A(z)u has an algebraic dichotomy with the power
B on I =[0,00). Assume that B(x) is piecewise continuous and there exit C,b > 0
with b < (B such that

C
V1+ a2 a(z)b
Let the constant N be sufficiently large such that Cs := 2CK /(3 a(N)") < 1. then
(2.8) has an algebraic dichotomy with the power f = [ on [N,o0), and the new
1% K

constant K = -

(2.29) |B(x)| <

Remark 2.2. The dichotomy obtained in this theorem can be extend from [N, c0) to
the original interval [0, 00) by flowing the flow backwards in time. The power of the

dichotomy will not change, but the constant in the larger interval is not the same K.
Proof. The main steps of the proof are exactly as in the proof of Theorem 2.3. Define
F and H as before. The main difference is that we now have y = —f3 < 0.

(2.13) is still valid with p = —g.

The L.H.S. of (2.14) is bounded by

v N a( ) Cd¢ CK b
K(a(z)/a(€)™?|u < a(y ul|a(x)".
| K@ @ gt < ) el
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The L.H.S. of (2.15) is bounded by

/ K(a(&)/a(z )5HUHMZ((?):\/T%S2gfba(y)—b!|w|ua(x)u.

2CK
WHUHW
If N > 0is a constant such that 2CK /(ba(N)?) < 1, then F(y) is a contraction

mapping in E,(y,oc0) for N <y < oco. The unique fixed point for which is denoted
by u(x,y, ) and is a solution for (2.8) with

u(a,y.0)| < 1

Similarly, (2.18) is still Vahd with —pu = (.
The L.H.S. of (2.19) is bounded by

’ a a(z))™P|lv a(S)_” Cdg Kca )7 a(z)?
/x K(a(§)/a(x)) " |lv]-u 2 mé 5 al@) " oll-palz)”.
The L.H.S. of (2.20) is bounded by
[ Ktat@a(@) ol S < (e ol

a(€)’ J14+¢e ~ 28-0b

Therefore

IF@)ull, < Klélaly)” +

-(a(z)/aly))” %16, where C3 = 2CK/(ba(N)").

Using b < 3, we have
2CK
< Py — .
M- < Klolaly) + s o],

If N > 0 is sufficiently large such that 2CK /(8 a(N)®) < 1, then H(y) is a
contraction mapping in E,(N,y) for N < 2 <y. The unique fixed point for which is
denoted by v(x,y, ¢) and is a solution for (2.8) with

vy, 0)l < 75 (aly)/alz)) %|¢|. where C3 = 2CK /(5 a(N)").
It Follows from the rest of the proof of Theorem 2.3 that Ts(x, y) has an algebraic
dichotomy on [V, c0) with the power § = —u = (. O

Corollary 2.6. Assume that v = A(x)u has a pseudo algebraic dichotomy with the
powers vy > 6 and constant K > 1 on I = [0, 00).
(1) Let B(x) be piecewise continuous with

B@)| < ¢/VTF a2, 220,
Assume that
v —8>8K*C.

Then the perturbed systems has a pseudo algebraic dichotomy with the powers 6 < 7
such that

S+ 4K < <7y <~—4K%C.
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Let d = min{y — 7,6 — 8}. Then the projections and the constant satisfy

1P(@) - P < KX
_ K
T E oy

In particular, as ( — 0,

[?—)K, }~7—>P, Q— Q.
(2) If there exists b,C > 0 such that

B)| < o/vita2

then (2.8) has a pseudo algebraic dichotomy with the same powers ¥ = v and b=146
on I.

Proof. Let p = —(v+0)/2, w(x) = u(z)a(x)”. Then from (1.5),

i
2.30 w'(z) = (A(z) + —=1 + B(z))w.

(230 (@) = (A(o) + ZE=1 + Bla)

By Lemma 1.1, with B = 0, (2.30) has a symmetric algebraic dichotomy with the
power § = (y — d)/2. From Lemmas 2.3 and 2.5, if |B| is sufficiently small, (2.30)
with B # 0 has a symmetric algebraic dichotomy. The results of the lemma follow

after changing the variable back from w to w.
O

3. ASYMPTOTIC FACTORIZATION AND THE RICCATI EQUATION

For a second order equation
u’ + pla)u’ + g(x)u = f(2),

if the coefficients p(z),q(z) are slow varying, we expect that the dynamics to be
governed by the eigenvalues A;(x) calculated at each fixed x. This is called the
method of frozen coefficients. We will introduce a method that extends the method
of the frozen coefficients.

The system can be written as

(3.1) (Do — v(2))(Dy — p(@))u = f(x),
where
vt p=—px), vp—Dyp=qx)
The function u(x) satisfies the Riccati equation [1]:
'+ 1 4 pla)p + g(z) = 0.
The exact solution for the Riccati equation may be hard to find. Using the method
of frozen coefficients as the first approximation, which is a quadratic equation with

p' =0, two asymptotic series solutions (u;, v;), 7 = 1,2 can be computed to arbitrarily
small error terms e;, which are included in the equation:

(3.2) W1 4 pla)n+ gla) = ey(a), j= 1.2,
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Let vy = (Dy — ma(x))u, uz = (Dy — po(z))u and v; = —p(x) — pj(x). Then
u = (u; — uz)/(pe(x) — p1(x)). The second order equation is equivalent to the first
order system

— v (z)uy = f(x 1) U —u
(33) Uy 1( ) 1 f( >+,LL (x)_luz( )( 1 2)
' b —w(r)us = f(o __ el Uy —u
Ug 2( ) 2 f( )+M1(I)_M2(I)( 1 2)’

Assume that the decoupled linear homogeneous system
uy —vi(@)ur =0, uh — vo(w)uy =0
has an algebraic dichotomy on R*. Then

Theorem 3.1. (1) If the remainder term - (‘e)](x o7 < 0/V1+ 2 with a sufficiently

small § > 0, then the system (3.3) has an algebmzc dichotomy on R with a power
close to the one determined by the decoupled system.

(2) If Wl(|ej Z <C/V1+z 2t for some C,b > 0, then (3.3) has an algebraic

)—p2 ()] —
dichotomy with the power equal to the one determined by the decoupled system.

If the remainder term is not small enough, we can use asymptotic expansions to
extract higher order terms from the Riccati equation until |e;(x)| is sufficiently small
so that Theorem 2.3 or Theorem 2.5 may apply.

The second order equation for u is often written as a first order system

u=v, v =—qx)u—pv+ flz).

If the system for (uq, us) has a dichotomy with stable and unstable subspaces spanned
by (u1,0) and (0, uy) respectively, then the system for (u,v) has an algebraic di-
chotomy with projections close to the splitting (u,v) — (uy,us) where uy = v —
w1 (x)u, ug = v — po(x)u.

If the coefficients (p(z),q(z)) are slow-varying, we often approximate (u1, u2) by
the eigenvalues (Ai(x), A2(z)). Then from (3.2), ej(x) = D,p;. In the literature, this
is called the method of frozen coefficients, which works if D,/ (p1(z) — po(z)) is
small as required by Theorem 2.3 or Theorem 2.5.

The method of factorization can be used to convert a second order singularly per-
turbed equation to a first order system of which the fast and slow variables naturally
split [4, 37, 16, 25].

4. BESSEL FUNCTIONS

The Bessel equation of order o contains a parameter a > 0:

d*u du
(4.1) zz@ + I% + (2% — a®)u = 0.
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It has two linearly independent solutions — the first and second kind Bessel func-
tions, J,(x) and Y, (z). It is known that,

Jo(x) = O(x%), Yo(x) =O(xz™?), r—0, ifa#0,
Jo(x) = O(x™?), Yo(z) = O(z=Y?), T — 00.
We will check these asymptotic rates by the method of asymptotic factorization.

First consider x — oo. The system

1 Oé2
" _/ 1__ _0
u’ + —u + ( S =

can be written as (D — v;(z))(D — pj(x))u =0 if
Dy, —i—,ui +p;/r+1— o /x? =0, Vi = —llj — z L

Freezing the coefficients and setting Dy; = 0, we approximate f; by the eigenvalues:

r . 1/4 — a? 1
Ml,zz—%ilﬁ, B = \/;,Vj%—%¢zﬁ.

The error term satisfies

Dy a(@)/ () — pa(z)| = O(z ™ + [1/2 — a®[a™?)
The system (D — v;(x))u; = 0,5 = 1,2 that approximates (4.1) has an algebraic
dichotomy with the power 5 = 1/2. Based on the discussion in §3, the Bessel equa-
tion has two linearly independent solutions of O(z~%/2), 2 — oo, consistent with the
properties of J,,(z), Yo (z).
To use our method on the asymptotic rates as x — 0, let £ = 1/z,u = u(§) =
u(1/x). Bessel’s equation in the new variable becomes

(4.2) uge + & ug + (7 = a’¢Pu = 0.
We wish to convert this to (D —v;(£))(D —p;(€))u = 0. The corresponding Riccati
equation is
oA g+ €T =0’ =0,
Ignoring the y; term renders an incorrect answer. To improve the accuracy, we set
wi(€) = > ¢;€77 in the Riccati equation and find two solutions:

— -1 7_3 PR e -1 7_3 IR
pi(x) = af +2(1—a)€ + o) al +2(1+a)€ +
By Theorem 2.5, it suffices to keep p;(¢) = +a&™! in order to obtain the leading
powers of the dichotomy. Since v; = —p; — &1, the first order approximating system

(D — I/j)Uj = 0, j = 1, 2,

has two solutions
ur (&) ~ CL&, ug(§) ~ Cre T,

Recall that u = (u; — uz)/(pe(x) — p1(x)). Thus, system (4.2) has two solutions
u ~ £¥%. Changing back to z = £, the Bessel equation of order o has two solutions
u(z) ~ Crz~®, u(zr) ~ Cyz® as x — 0, consistent to the asymptotics of J,(z) and
Yo (z).
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5. THE n-DEGREE FISHER TYPE EQUATION

This example is based on the work of Leach, Needham, Kay [17] and Wu, Xing, Ye
[38]. Consider the n-degree Fisher type equation:
(5.1) Up = Uge +u"(1—u), neN, n>1.
For each n > 1 there exists ¢*(n) > 0 such that (5.1) has a traveling wave solution
¢(x — ct) connecting u =1 to u = 0 if and only if ¢ > ¢*(n). The equation for ¢ is
(5.2) ¢"+c¢' +¢"(1—¢) =0.
If ¢ > ¢*(n), the equilibrium point ¢ = 1 is a hyperbolic saddle while ¢ = 0 is non-

hyperbolic with an one dimensional center manifold. It is known that ¢(z) decays to
zero algebraically with the power of 1/(n —1).

(5.3) 6(2) ~ (ﬁ)w—l) . as 2 — oo.

The linear variational system is U”+cU’+(n¢" ' —(n+1)¢™)U = g(z). Without loss
of generality, we drop the smaller term (n + 1)¢" and study the algebraic dichotomy
for a simplified system,

(5.4) U’ +cU +ne" U = g(2).

We show that it has an algebraic dichotomy on R*. For each fixed z, the characteristic
values for (5.4) are

63 6=y (5) e

e O -

(n—1)z

Although pt(z) < 0, it approaches zero as z — oo.
Let V = U’, and make the change of variable (U, V) — (Uy, Us):

U=V —p U Uy=V-ul.

, O.pu~ (2
Uy —p'U = g(2) - ﬁ (U = Us),
O, ut
Uy— Uy =g(z) — ﬁ (U — Us).

By studying the flow on the center manifold, we can show that ¢’ ~ —%gbn. From
(5.5),

O.u*(2)/(n™ — p~) = O(z72), for large z.
By Theorem 2.5 and Corollary 2.6, without affecting the powers of the dichotomy,
system (5.4) is approximately

(5.6) Ul —n"Ui=g(z), Uy—p U= g(2).
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For sufficiently large (z, zp), the solutions to the homogeneous part of (5.6) are
asymptotically

() \ @)
Ui(z) = Ui(20) (a((zo))> . Us(z) = Uz(z(])e—c(z—zo).

Since the exponential decay implies the algebraic decay, we conclude that the system
has a pseudo-dichotomy where the decay rate on the first subspace is slower than the
decay rate on the second subspace.

Remark 5.1. Wu, Xing and Ye [38] proved the existence of an algebraic dichotomy for
the linearized system using the method from Coppel [4]. They also studied stability of
the traveling wave solutions in the space of functions that decay to zero algebraically.

6. ALGEBRAIC DICHOTOMIES IN L? SPACES

To use algebraic dichotomies on the Laplace transformed equations, we will extend
the results of Section 2 to the L? type Hilbert spaces.

Definition 6.1. Let H, be the Hilbert space of locally L? functions with the following
weighted norm being finite.

ol = ( a(w)‘”lu(w)?%)m.

Similarly we can define H,(J) if J is an interval of R.

Let PAIM be the Hilbert space of locally L? functions with the following weighted
norm being finite.

lullg, = ( / &(x)%(z)ﬁ% -/ ma(x)%u(x)ﬁ%)m.

For any € > 0, EH_E C ﬁu- However Eu C I?Iu is not true. For example, the
function (V14 22)#~¢ € H, for any € > 0, but not for e = 0.
An equivalent norm for u € H, can be defined as:

lulllz, = (/_Z(l + x%‘%(@ﬁ%)m.

Based on (1.3) for x > 0 and similar estimates for < 0, we have

lullg, < lulllz, <2*ullg,, »=0,

1yl ~ _ _

2|ullg, < lulllg, <lullg, w#<0.
Theorem 6.1. Assume that (2.1) has an algebraic dichotomy on Rt with the power
B and constants Ky, K. Assume that f € H,(R"), > |u| and P(0)u(0) is given.

Then
(1) there exists a unique solution v € E,(R") with

( K n Ky
V208 +1) V208 -p)

(6.1) [ull £, ) < ez (rey + K[ PO)u(0)].
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(2) There exists a unique solution v € H,(R*) with
K K, K
6.2 u ) < + f + —
62) ol < Gy + g W e + oo

Proof. The proof of the uniqueness is similar to that of Theorem 2.1 and shall be
omitted. We will prove that u = Pu+ Qu is a solution by proving the convergence of

[ P(0)u(0)]-

(6.3) P(x)u(x)—/o T(z,y)P(y) f(y) Y +T(x,0)P(0)u(0),
Y dy
64)  Qulz) = /OO Te)Q) )=,

under suitable norms.
Proof of part (1): The integral term I; in (6.3) satisfies

B d 2
|11 (z (/ Ki(a y) "l f(y 1+y>

< L%a(x)Q”HfHQ £ 541> 0.
~ 26+ 2u w
Therefore
Playu(e)] < 28D o1 4 K o) PO)u(0)].
NG
Similarly, from (6.4),
Q) < Ll 86— p>0

The desired estimate for |u(z)|in (6.1) follows from those of | P(z)u(z)| and |Q(z)u(z)].
Proof of part (2): Define a new variable z for every pair of y < x by

(6.5) (2) W)’ y<z=a(z)>1and z>0.
Then for each fixed x,
a(y) = a(x)/a(z),
(6.6) dy _da(z)
Vitg  ai)
Define f*:RT — R" as f(y) = f*(a(y)). Then
(6.7 Jewriswr 2 = [ e
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The integral term I; in (6.3) satisfies

’ a(z)\ "’ dy
(6.8 ne< [ & (@) 0

= [ a7 ot )

~—

=0 a(z)

From a generalized Minkovsky’s inequality,
P a() \, da(2)
6.9 L, <K Bl £*( 2Ly, 22
(6.9 1< &1 [ a@ I G

where the H,, norms above are taken on functions of  for each fixed 2.
As a function of x, we have dz/v/1+ 2% = da(x)/a(x), and by the definition of H,

norm, as function of z,

*@ 2 _ | ()2 L a(z)
(6.10) 17 CEDIE = [ a1 GO
i [ tale) fala 2 (a0 A2)
~a(e) ™ [ (ale)fa(2)) 1 (0o a2 PG D
= a() ) fI2.

Substituting into (6.9), we have
Ml < Kl/ a(2) 7| fllu(da(z)/a(2))

=0

= Kl [ a7

=1

dx

)I°

K, )
= , g4+ pu>0.
Sl 5+
Therefore
K, K,
Pul|, < ——||fll, + ——|P(0)u(0)|.
| Pull,. 6+u|| Im 2(ﬂ+u)‘ (0)u(0)]

Similarly, we have

Ko
22 W fll, i B— > 0.

Estimate in (6.2) follows by combining those of || Pul|, and ||Qu]l,.

1Qull, <

O

Corollary 6.2. Assume that (2.1) has an algebraic dichotomy on R~ with the power
B and constants Ky, Ky. Assume that f € H,(R™), 8 > |p] and Q(0)u(0) is given.
Then

(1) there exists a unique solution v € E,(R™) with

+ K2[Q(0)u(0)].

lllgiy < (e b — 2 )
B R N R R
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(2) There exists a unique solution u € H,(R™) with

K K, Ky
CE + 3 _,u)”fHH#(R*) + m

|l £, (r-) < (

Q(0)u(0)].

Theorem 6.3. Assume that (2.1) has an algebraic dichotomy in R with the power
B >0 and assume that f € H,(R) with p <0, 5> |p|. Then
(1) there exists a unique solution v € E, (R) such that

(K1 + K3)

ullg, < Wﬂfﬂﬁu-

(2) There exists a unique solution u € fIM(R) such that

(6.11)

2(K; + K>)

(6.12) Jullz, < =5,

.
Proof. Proof of Part (1): Notice that

Hy(R) = H_pz) N Hyg).

mwwwzjfT@wP@fw;%%?
|H>(H“U@(f %Qf\VT@Q
o [T aly)? 2H|f(y)l2dy
=h (/_oo a(w)zﬁa@) \/1—|—y ) </oo \/1+y2>
o afx)~
e 1,
Therefore
Killflla, .,
|P(z)u(r)] < W a(x)™", < 0.
In particular,
Klfl5
(6.13) |P(0)u(0)] < 11,

V2B -p)
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Next, consider x > 0. The integral term [;(x) in (6.3) satisfies

2 T a(y)* 2 dy a 2u|f(?/)|2d?/
=M </o a(x)%a(y) V1+y? (/0 W) V1+ y2>

2u —20
<

One can verify that
|7 (x,0)P(0)u(0)]* < Kia(z)’|P(0)u(0)/*
Ka(z) 2| |5,
2(8 — )
Using A+ B < \/m for any positive numbers A and B, we have
Kia(2)"||f 15,

[ L (2)] + [T (2, 0)P(0)u(0)] < N

> 0.

Therefore

|Pul| He
E \/7

We can similarly prove that

1Qullz, < \/—w

Estimate (6.11) follows from those of || Pu|| and [|Qul|.
Proof of Part (2): We first consider the z < 0. We starts from

(6.14) |P(z)u(z)| < Kl/_ (ﬁ) \‘/J%dy, x <0.

Define the new variable z by (6.5). Then for each fixed z, (6.6) is satisfied.
As a function of x, we have dx/v/1+ 2% = da(z)/a(x). Let f*(a(x)) = f(z). Then

using (6.7),
1F*(al)/al D Er )
dz

= [ a(@)™[f"(a(z)/a(z))] Vi
— a2 | (ale) Jal 22 £ (al2) Jal 2 Qd(a(x)/a(z)):aZQM 2
— a2 | (ala)fa(2) P11 o) fa)) PRI = e
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From (6.14) and a generalized Minkovski inequality,
0

[Pulla_ry < Kia(2) ™|l £ (a() /a(2))llr_,r- (~dal(z) /a(2))

=oo X
<K [ @ e < 5
a=1
Next consider x > 0. The integral term [;(z) in (6.3) satlsﬁes
K,

11| e, r4y < tp 1 f Nz, (s

as in the proof of part (2) of Theorem 6.1. Using (6.13), we can show that

17, 0)P(O)u(0) 1,y < Ka|P(0)u(0) / o fljfxz
K,
713
< == PO
K[ fllg,

= \/2 6+u )V/2(8 — 1)

Therefore ol
Pull 5 < o flla -
1 Pull 7, r) ﬂ—\ul” I,

We can similarly show that

2K,
Qullg, i < 7—7I1flg,-
1Qullz,m < 5= P /115,

Estimate (6.12) follows from |ju|| < ||[Pul| + ||Qul|.
U

7. RIEMANN SOLUTIONS OF CONSERVATION LAWS IN SIMILARITY COORDINATES

In this section, we present an example from Riemann solutions of hyperbolic con-
servation laws where algebraic dichotomies naturally occur.

A Riemann solution: v = a(X/T), &: R — R" X € R,T > 0, is a solution to the
Riemann problem of the conservation laws

ut, if X <0,

wr f(w)x =0, u(X,0) = {u Y

Consider the Riemann solution that satisfies the following hypotheses:

(H1) The system is strictly hyperbolic on an open set €2 that contains the Riemann
solution u, i.e. the eignvalues of D f(u) are real and distinct if u € Q.

(H2) The Riemann solution has n consecutive Lax i-shocks: A’ i =1,... n, with
the speed 5°. Let 5% = —oo and 57! = oo, then u(X,T) =@’ if 5 < X/T < 5
By definition, if A’ is a lax i-shock with the speed 5%, and then the eigenvalues
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vith < ... < vi7t of Df(a™") and the eigenvalues vi < --- < v of Df(u') are real,

distinct and satisfy
Vol <8 <y v<§<u.
(H3) The Rankine-Hugoniot jump condition is satisfied at each shock A’ i.e.:
f@) - f@) =s@@—a).

(H4) Majda’s stability condition is satisfied at each A’. By definition, this means
that if the eigenvectors corresponding to v} are rj, then the following n vectors in R"
are linearly independent:

ri‘l, . ,rﬁj,ﬂi — ! rZH, cee ril.

By the change of variables z = X/T,t = logT', the conservation laws become:

(7.1) u+ (Df(u) —xDu, =0, uw:R—R" z,teR.

The Riemann solution becomes stationary to (7.1). We can study its eigenvalues
and we can use the spectral method to find sufficient and necessary conditions for the
stability of Riemann solutions.

Assume that the location of the shock in (z,t) coordinates is at z* for the shock
A?. Tt means in the (X, T) coordinates the speed of the ith shock is X/T = 5 = x'.
As a convention, z° = —o0, 2"! = co.

FIGURE 7.1. The left and right going characteristics in R~ and R’.

In R' = (2%, 2"1), where u = @', condition (H2) implies that there are i character-
istics moving to the left and n—¢ moving to the right. Let v;(@') be the jth eigenvalue
then v;(a') ¢ R', and

(7.2) v(u') <o’ <<y (@), =1, .0 r=i+1,...,n
Consider the linear variational system around the Riemann solution:
(7.3) U+ (Df(a") — 21U, = g(x,1).

At the shock A%, let Au’ = @' —u~!and let X*(¢) be the variation of the shock speed
x'. Linearize around the Rankine Hugoniot condition: f(u(x'+,t)) — f(u(z'—,t)) =
(2% (t) + 2°(¢)) (u(z'+, t) — u(x’—,t)), we have

(74)  [Df(@) — 2 TU (@' +,t) — [DF (@) — 2 U (' —, ) = (X'(t) + X'(£)) A,
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Instead of study the evolution of (U, { X"} ), we write the jump condition as
(7.5) [Df(a") — o' NU(z"+,t) — [Df (@) — 2" U (z"—,t) = 0, mod (Au').
This together with (7.3) determine the evolution of U(-,t) without having to know
Xit),i=1,...,n

Applying the Laplace transform to the linear system (7.3) and (7.5), we obtain the
system in dual variable s:

(7.6)  sU+ (Df(@") — zD)U, = §(z,s) + h(z),
(7.7)  [Df(@) — 2 U (a'+,s) — [Df (@) — 2 1)U ("=, s) =0,  mod (Au').

Condition (H1) implies that in (2, '+!), D (@) has n real eigenvalues/eigenvectors
v;(u") and rj( ) Let

Zu z)r;(;), where U'(x) := U(z) for x € R".

On each R, (7.6) reduces to a system on u;(l’),] = 1,...,n which can be solved
by integration factors. Using (7.2), it is easy to show that the homogeneous part of
the reduced system has an algebraic dichotomy in each R’ with the power Rs. See
24, 26].

We look for U (z,s) in the weighted L? space L%, n € R, defined as follows:

n o n 1/2
||U||L$, = <ZZ ||u;||2) , Where

i=0 j=1

it = ( [ 1 ;(@}2%)”5

Assume 77 > 0. Then as 2 — Fo0, u)(x) and u}(z) decay to 0 algebraically of order
|z — w7

The next is to fit the solutions u; on R’ according to the jump conditions (7.7).
It has been shown that the system for U (z,s) can be solved if we assume that the
determinant d(s) of a characteristic matrix is nonzero. On the other hand the zeros
of the characteristic equation d(s) = 0 correspond to the eigenvalues of the linear
system [21, 24, 26].

Sufficient conditions for the stability of the Riemann solutions have been studied
by many authors [34, 19, 20, 21] in BV and L' norms. We look for conditions that are
sufficient and necessary for the stability of Riemann solutions. By using the algebraic
dichotomy, it is shown in [26] that

(1) in the space L%, the linear variational system generates a Cy semigroup 7'(¢),t >
0. If U(0) = Uy, then the solution of the initial value problem can be expressed as:

U(-,t) =T(t)U, —I—/O T(t—s)g(-,s)ds.

(2) We say oy is the coordinate of a resonance line if

inf |d(op + iw)| = 0.
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The largest real parts of the eigenvalues and the coordinates of the resonance lines,
denoted by I', is finite.

(3) If v > T and g(t) = O(e) then U(t) = O(e™).

The concept of resonance lines, defined in [26], is related to the pseudo-eigenvalues
and the Gearhart-Priiss Theorem on the growth rate of C° semigroups on Hilbert
spaces. The growth rate in (3) is optimal, cf. [36, 5].

8. CONSERVATION LAWS WITH DAFERMOS TYPE VISCOUS REGULARIZATION

Consider the Riemann solutions in similarity coordinates as in (7.1):
u+ f(u)e —au, =0, uw:R—-R" z,t R

Assume that f € C3(R™) with bounded derivatives. If a diffusion term eu,, is added
to the system,

(8.1) u + f(u)y — TUy = EUgy,

the resulting system is equivalent to the Dafermos regularization in the original vari-
able (X, T,
ur + f(u)x = eTuxx.
For (8.1), Schecter and Szmolyan proved that for small €, structurally-stable, classical
Riemann solutions which consist of n rarefaction and Lax shock waves have Riemann-
Dafermos solutions u(z,€) nearby [35]. The proof of these results uses geometric
singular perturbation theory [13]. It is known that linearized system around u(x,¢)
of (8.1) generates an analytic semigroup in the space of super-fast decay functions,
u = 0(e=*"), cf. [23]. However, such function space excludes solutions that decay to
zero algebraically in z. As seen in §7, such solutions naturally occur when studying
linearized system near a Riemann solution in similarity coordinates.
In this section a stronger regularization term will be added to (7.1),

(8.2) wp + f(u)y — 2uy = €(1 4 22Uy,

so that its the linear variational system can generate an analytic semigroup in the
space of algebraic decay functions.

System (8.2) has some similar properties to (8.1). Suppose @(z) is a structurally-
stable [31], classical Riemann solution to (7.1) which consists of rarefaction and Lax
shock waves. Then for small ¢, system (8.2) has regularized smooth solution u(x)
nearby. The method of proof is similar to that used by schecter [32] that treats Dafer-
mos regularization of Riemann solutions of conservation laws consisting of shocks, and
will not been given here. Assuptions on u will be specified shortly. Equation (8.2)
will be called a Dafermos type regularization since the stationary solutions of which
correspond to similarity solutions u = w(X/T") in the original coordinates (X, 7).

The purpose of introducing u€ is to provide a tool for studying the nonlinear sta-
bility of the Riemann solutions of the conservation laws. While the linear stability
is completely solved by the spectrum method, the semigroup 7y(t) obtained in [26]
only maps Lf? to sz. It is not smooth enough to handle nonlinear terms. For exam-
ple variation of constant formulas cannot be used to write integral equations for the
solutions of the nonlinear conservation laws. On the other hand, if the semigroup
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T.(t) generated by the linear variational system of (8.2) is analytic, it has enough
smoothness to handle nonlinear problems. In particular, the variation of constant
formula works and many dynamical systems tool can apply.

For any 0 < 6y < m and a € R, let

Y(0y) ={N e C : |arg(N)| < 6y},
Y(l)+a={reC : |arg(A—a)| < b}
We call a linear operator A in a Banach space X a sectorial operator if it is a closed,
densely defined operator, and there exist some M > 1 and a € R such that

(i) for some /2 < 0y < wand a € R, {X(6y) +a} N{\ # a} C p(A);
(ii) there exists a constant M such that

I — A7 < for A € X(6) +a, A # a.

M
A —al
A necessary and sufficient condition for 7, to be an analytic semigroup is that its
infinitesimal generator is a sectorial operator in appropriate function spaces. See
8, 11, 29] for reference of the sectorial operators and related analytic semigroups.

According to Hale and Lunel [10], page 278, an eigenvalue of a closed linear operator
T on a Banach space is called a normal eigenvalue if it is an isolated point of the
spectrum of 7', and the corresponding generalized eigenspace is finite dimensional. A
normal point of 7" is either a normal eigenvalue or a resolvent point of T'.

Let o < 0 be a constant independent of e. In the space u € H,(R), define A to be
the linear variational operator of (8.2):

AU = (1 + 2% ugy + Ty — Df(uuy — Df(u)u,
where
D(A%) :={ulue H,,u, € Hy_1,us, € H,_2}.
We would like to show:

(1) that A€ is a sectorial operator in H W(R);

(2) in the complex plane, the region s > —n, n > 0 consists of normal points
only, i.e., if s is in that region, then either s is a normal eigenvalue or a
resolvent point for the operator A, ;

(3) the eigenvalues of A€ either come from the Riemann solutions of the conser-
vation laws (slow eigenvalues) or from the traveling waves that approximate
shocks (fast eigenvalues); and

(4) solutions of the initial value problem for the hyperbolic conservation laws are
limits of the solutions of the initial value problems of (8.2) as € — 0.

If we can prove (1)-(4), and if the viscous shock waves u¢ — u® as € — 0, then

the limit u° is a weak solution to the conservation laws. If the solutions u¢ are
nonlinearly stable, so is u’. The approach outlined above provides a new method to
study nonlinear stability of the Riemann solutions based on its linear stability.

Only parts (1) and (2) will be proved in this paper. The convergence of viscous
solutions to Riemann solutions has only been proved recently [3]. Much stronger
assumptions will be needed to prove (3) and (4) and the proofs are likely to be
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difficult. But to prove (1) and (2), the assumptions used in this section are rather
weak:

(H): System (8.2) has a solution u¢ € C*(R) that satisfies
‘ue‘ < Clv |u§:‘ < 02/67 e — 0.

(HH): There exists N > 0 such that the Riemann solution @(x) of (7.1) is constant
if |z| > N: a(x) = u*, if v < —N and @(x) = u" if ¥ > N. Moreover, for |z| > N, the
Riemann solution is strictly hyperbolic and the regularized solution uf(z) satisfies

|u — u| < Cie, |ug| < Cy, as e — 0.

For oy > 0, define the following region in the complex plane:
P(og) = {o+iw : 0> (09) —w?/(4oy)}.

Lemma 8.1. Let 7 = o +iw, z = x+iy be two complex numbers with /T = z, where
o > 0 and the principal value of the square root is used. Then

(1) for any M > 0, if T € P(M?), then /T > M. See Fig. 8.1.

(2) For any 0 < 0 < /2, if z € ¥(0), then R(z) > cos(0)]|z|.

(3) For any M > 0 if 7 € P(M?)N%(21/3), then

(8.3) R(VT — M/2) > 7 V7~ M/2]

W w Cc /A
O=M
P(M3 s
O M2 o 3| o]
Q M2 |M
R\ @
T B

FIGURE 8.1. The first figure shows if 7 € P(M?), then R\/7 > M.
The second figure illustrates the proof of (3).

(4) If Rs > —n for some n > 0, then for any b > 0,

Vb2 +es—b _ —
X' 7 s 1 )

€ - 2b +0(¢)
Proof. Proof of (3): Since /T € X(7/3), the points of /7 are in the region right to the
path APQB where OP = M/ cos(m/3) = 2M. See Fig. 8.1. After shifting to the left
by M /2 the points are in the region to the right of the path CNRT where ON < 2M.

The sector CNRT is contained in () with cos(0) > (M/2)/(2M) = 1/4.

R
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Proof of (4): If € is sufficiently small, then b* —en > 0. Since Res > —en, from part
(1) of this lemma, we have

RV + es > \/62—en:b—%+0(62n2).

The estimate in (4) follows from this. O

8.1. A° is sectorial in }AIH(R). In this subsection, we assume that hypothesis (H) is
satisfied. For the point s, we assume that

M >1and 7 =es € P(M?) NX(27/3).
Then from Lemma 8.1, Ry/es > M, |es| > M, and (8.3) hold. The resolvent equation
A‘u — su = g becomes
(8.4) €(1 4 ) upe + (v — Df (u))uy — (D* f (u)us)u — su = g(x),
su  g(x) TU, Df(u)ug + (D? f(u)us)u

(a2 e(14a2)  e(l+a?) e(1+2?)

U‘ZBZE

Define the n-dimensional vector valued functions:
uF = uy — A\ (z)u € f[u_l,

+/
where \*(z) = st
eV'1+ 22

1
Then u, = §(u+ +u”),
N
(8.5) and u = ﬂ(u‘ —u').
2\/es
Observe that 01,(\/11:02) = T Therefore

Ve oL Su Ves  xu

£ j: - —F — UWgzx — j:
Yo Tr T et e (1+a2)
g wwe B wu | D(uet+ (D))
Coe(T+22)  e(1+a?) e (1+a2)3/2 e(1+ 22?) '
Expressing (ug,u) by (u™,u™) and observe that u$ = O(1/¢), we have
| Ty I+ |\/§ xu | |Df(u5)ux + (D2f(u5)u§,)u|
e(1+ 22) e (1+a2)3/2 e(1+2?)
C
< (™ + [u™])

System for (u™,u~) can be written as a system of 2n equations:

(8.6) (“f) = (A(z,s) + B(z, s)) (Zf) + (;Eg?\éﬁ:ﬁ) ,

u
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where (ut,u™) € f]u_l, both sides are evaluated in fIM_Q and

A(z,s) = dia (—7\/5 e ves ves
’ & eV1+22 7 eI+ evVI+a2 e/l + 22
k g9(z)

B(z,s)| < ———, for some k > 0, r) = ——t—.
Bl sl < s W= Are

It is easy to see that (u™,u™")" = A(x, s)(u™,u™)" has an algebraic dichotomy with
the power

),

5o BVe M
€ €

We have shown that |B(z,s)| < §/v1+ 22 with § = k/e for some k > 0. Using
Theorem 2.3, if M is sufficiently large, then (8.6) has an algebraic dichotomy with
the power

Ryes M

b= e e
More specifically, as in Theorem 2.3, let
2K 2K?
Ci=—F—, (Cy= .
LM/ TP (M/(40)(1 - Cik/e)

If we choose M to be sufficiently large so that C1k/e < 1/2. Then the condition
C16 < 1 is satisfied. Also

40K?
Cy <
27 = M/ (4e)
if M is sufficiently large. By Theorem 2.3 has an algebraic dichotomy with the
power (3 > 3M /(4€). Moreover, we can choose M > 0 sufficiently large so that the
projections P(x,s) — P(x,s) = O(1/M) can be arbitrarily small. The constant K is
uniformly bounded with respect to large M and small e.

<1,

Theorem 8.2. Assume the hypothesis (H), then there there exists a sufficiently large
M > 0, independent of € such that if es € P(M?) N X(27/3), then the resolvent

equation (8.4) has a unique solution u € H,, with

C
s, < = 3ga7ag 19, where es € P(M?) 0 D(2n/3).

A€ is sectorial where the sector is O(1/€) from the om'gz'n of the complex plane.

Proof. Since g € ﬁm then f(z) = g(z)/eV1 + x? cH u—1, With

1717, < Nl

Since p is independent of €, M/(4¢) > |u — 1| if € > 0 is sufficiently small. Then
(6.12) in Theorem 6.3 applies to this system because 3 > |p = 1]. There exists a
unique solution u* € H u—1. It follows from (8.5) that u € H
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We now track the coefficients of the inequalities involved. By (6.12),
2(K4 + Ky)
f=lp—=1
4Ky + K»)
(8.7) < —=——lgllu
(B —lp—1))

Since €|p — 1| < M/4, then by Lemma 8.1,

[

11l

4(Ky + Ky)

(B —Ip—1))

_ A Ky

~ Ryes — M/4— M/4
16(K; + K»)

= [Ves — My2[

_ 16(Ky + K)| Vés + M /2]

- les — M?2 /4]

Using |v/es| > M, we have

Hex/l—l—x?uin < Ce
2¢/es " |Ves|
Ce|\/es + M/2|
< S l19
|V/es||es — M2 /4]

([

< gl
=15 — M2/ (4e) I

From (8.5), we have

||u||HH < m”gﬂﬁﬂ, where €s € P(M2) N 2(271‘/3).

O

Note that s is outside a disk of radius O(M?/¢). This is consistent with the fact
that some eigenvalues that correspond to eigenfunctions whose support are near the
shocks are of O(1/e).

8.2. The region Rs > —n consists of normal points. In this subsection, we
assume that the hypothesis (HH) is satisfied. Assume Rs > —n for a constant n > 0.

The resolvent equation A“u — su = g can be expressed as a second order system of
equations:

wo T =Df@) - su o gl@) (Df)us)u
m e(1+ x2) * e(14+22) €1+ 2?) e(1+a2)
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The equation is typically written as the first order system of equations using (u, v =
u,) as the phase variables in R?",

Uy =V,

(8.8) _xl = Df(u) su (D2 f(u)u)u g(x)

xT

Ve = e(1+2?) v e(1+2?) * e(1+2?) e(1+a?)

A better way to rewrite the second order equation into a first order system is to
use the method of frozen coefficients. Due to the strict hyperbolicity, in (—oo, —N)
and (N, 00), D f(u) has n eigenvalues v;(x) associated with the left /right eigenvectors
(¢;,r;), where ¢; is a row vector and r; is a column vector. Then (u, g) can be written
in coordinate forms:

Df(u)r; = vjr;, ;D f(u) = vil;, tive = 0,
w=3 uo)rya), g=>) g;)r(),
J J
ﬁju = Uy, ng = Ujx, gjg =Jj-
In the regions (—oo, 2') and (2™, 0o) where 4(z), v;(z) and r;(z) are constants, define

l'—l/j

bi(a) = ——_
i(1) = 5 s

+ +
u; = Ui — A (z)u;, where A7 =
J ! ]( ) ! J eV 1+ a2

+,— =+
A-uj )xjuj

then wu;, = 2 T m—
U —u'." V1 2

and u; = —L = Vo (u; —uf).
A=A 24/b5(x) +es

We have the following system for (uj ,uj_),j =1,...,n:

L T — U s n
(Dy = AN)U7 = Wje + g gz)ujx — s Iz)uj — D5 (%)u;
9;(x) Df(u) — Df(u) (D*f (u)ug) +
- I\ o () .
R B L e rwr ) wat e s ey s (@)u)
System for (u;r, u;),j=1,...,n, can be rearranged as

ufy = Nl ) Ol + V) + fi(e)/ V1t a2,
k

(8.9)
up, = Aug + Y (Bul + 0 ug) + fi(x)/V1+
k



33

where f;(z) = - \g/%, and the small terms are defined as

Skt + i) - (PR, o (PO b o)

where u = ) u;r;, u, = ), u;,1;, and then expressing (u;, u;.) by ujjE

Lemma 8.3. If |x| > N, and € is sufficiently small, then

1
Vit =0 :
NN
Proof. Tt is straight forward to check that if # < 2! — 1 or z > 2™ + 1 then |uf] is
uniformly bounded with respect to € and z.

C . Cl4/b5 + es]
. < - ; < —
Note that |D,b;(z)| < et | D A5 ()] < REr
(D) e VA e
e(1+ x2) w T (1422 7
evV1l+ax _
> sl <C) (lui' |+ luz D)
j i |y/bf tes
(D2 f (u)ug) " ¢ -
Th RSl Slies VN )T & < i 1)
us |45( (1 +2) 2y (2))u| < T Z(Iu] |+ Juy )
Note that |Df(u®) — D f(a)| < Ce, Izu]xrjl < Z (| =+ ug ).

Df(u) — Df(u) C -
Thus |¢; (1 + 27) Uy | < 1122 2]:(|u;r| + fuj )

The desired result follows from the above estimates. OJ

Define the 2n-vector valued functions:
Uz) = (uf (z),...,u} (z),u (z),...
F([L’) = (fl(z)a tet fn(z)’ fl(x)> R fn(z))T

Define the n x n matrices:

_{bk+ ?k B { +}jk:17 - {bk+}yk 1, BZ {bk ]k 1-

Define the 2n x 2n matrices:

A(z, 8)anxon = diag( A7, ..., A, A, A,

) n?

Bt BT
B($75)2nx2n: (Bi Bt)

=
=
~
I
S |
=
=
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System (8.9) can be expressed as

(8.10) Uy = (Az,s) + B(z, s))U +

F(x
N
In (8.10), both U and F are in (f[u_l)%.

Lemma 8.4. Assume that (HH) is satisfied, Rs > —n for a constant n > 0, and N
is sufficiently large. Then system (8.10) has algebraic dichotomies in (—oo, —N] and
[N, 00) respectively. More specifically, if ||B(x, s)|| < C/v1+2* (Lemma 8.5), and if
K is the constant for the dichotomies of U' = A(z, s)U, then for any constants 3,07
satisfying
- 1
AT +1=—n—4K?*C, 6" —-1= —2—+4K2C
€
if € is sufficiently small, then system (8.9) has an algebraic dichotomy on [N, 00) with
the powers 0 > AT > §+. 3
Stmilarly, for any constants ¥~,0~ satisfying
1 - -
AT 41 = 2——4K20, 0" —1=n+4K2C,
€
if € is sufficiently small, then system (8.9) has an algebraic dichotomy on (—oo, —N]
with the powers 0 < 6~ <A~

Proof. Let N > 0 satisfy —N < z! —1, N > 2" + 1. When B(z, s) = 0, it is easy to
see that the uncoupled system

-t - t—
has the asymmetric algebraic dichotomies on (—oo, —N| and [N, co) respectively. We

give estimates on the powers ¢ < 7 of the dichotomies.
First, consider the region x > N. The solutions for uj, — Aju; = 0 satisfy

If || — oo, then |bj(x)| — 1/2. Thus if N is sufficiently large, inf;>n [b;(z)| > 0.
For a fixed N, b? > en if € is sufficiently small. From part (4) of Lemma 8.1, we have,

(R /05(€) + es — bj(x)) /e = —n/(2b;) + O(e),

2, =1+ O(1/V1+ 22), % =+ O(\/liiﬂ).
J
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Then there exists K > 1 such that,

|mmm@nzmm/”WQ%%%g@

v T —n+0(e)
2693P(/y 1+ gdf) (yﬁ
a(x)

gl
> Kt <—) ,  where v = —n+ O(e).

)

dg)

a(y)
Similarly, the solutions for u — A u = 0 satisfy
b (&) + es — by(
u(y)| = exp(R N<y<zx
[u(a) /uly)| = expl /’ e <y<

From 2b;(z) =14 O(1/v1 + 2?), we have

—bj(x) — /b3 (x) —en = —2b; + O(e)
1 1
=—-1+0()+0 < -,
RV e L
if € is sufficiently small and N is sufficiently large. Then,

T-1/2
u(z) /u(y)| < exp( Vi dg)
a(z)

< <@)5 where § = —1/(2e).

We have shown that for x > N, the uncoupled system has a pseudo algebraic
dichotomy with the powers

y=-n+0(), §=—1/(2).

Recall that | B|| < C/v/TI+ 2. If € is sufficiently small, then
1 -
v—0= 2——77+O(e) > 8K*2C.
€

Let 41,6 be two constants such that

- 1
AT +1=—n—4K?C, 6" —-1= —2—+4K20
€
Then 5+ > 0% if € is small. From Corollary 2.6, system (8.9) has an algebraic
dichotomy on [N, 00) with the powers 0 > 7T > §*.
The proof for the case € (—oo, —N] is similar to that of x € [N, c0). O

The variables u;t(:z, s) in U(z,s) do not extend smoothly to x € [—N, N]| since
bj(x),¢;(z) and r;(x) have sharp jumps across = 2, the position of a shock for the
hyperbolic conservations laws.

We could extend the dichotomies to |z| < N by using (u,v) variables. However,
a careful examination of the change of variables from U to (u,v) reveals that the
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growth /decay power of v is one unit smaller than that of w. This actually works since
the weights on v and v are different, u € H pand v € f[u_l. But the whole process
would be too complicated to carry out since the estimates in §2 and §6 do not apply
directly to (8.8).

Define the new phase variable w = u/v/1 + 22 and consider the system in (w,v):

(V14 22w), = v,
(8.11) __z—Df(u) SW (D f(whug)w _ f(2)

Uy = U+ + ,
e(1+ a?) ev 1+ a? ev1+ x? V1422

where f(z) = ej% € (f]u_l)" and (w,v) € (H,—1)" x (H,—1)™

Lemma 8.5. System (8.11) has algebraic dichotomies in (—oo,—N] and [N, o).
Moreover, the powers of the dichotomies are the same as those for system (8.10):

ot <A, <A

Proof. We will drop e for simplicity if no confusion should arise. First, recall that

U(x) = (uf,...,uf,uy,...,u;)" is a 2n-vector. The variables (w,v) and U are

related by

—V 1+ l’2>\i‘r£1 61

U=J(x, S)<v>’ where J(z, 8)opxon = _VTEEN 4

—V1+22N 4, L,
wy) _1 1 (ri,. ...ty Op,...,0,
<v> =J(@,s)"U, J(z,8)7 = (On,....()n rl,...,rn)s’

where So,,«2, consists of 4 block matrices each of them is diagonal:

3 0 0 . 0 0
O Fmorm 0 0 vmmeron O
0 0 0 0

Samcan = 0 0 . 0 0
0 0 0 0

Observe that for a fixed (s,¢€), both J(x,s) and J(z,s)~! are uniformly bounded
for x € R. Therefore, the change of variables is a homeomorphism:

(w,v)—>U, ﬁu_1Xﬁ“_1Hﬁu_1Xﬁ“_1.

Let the evolution operator for (8.10) be T(xz,y,s) and the projections to stable
and unstable subspaces be P(z,s) and Q(z, s) respectively. for system (8.11), the
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evolution operator T'(z, y, s) and projections to stable and unstable subspaces, P(z, s)
and Q(z, s), are related to those of (8.10) by:

T(x,y,s) = J ' (x,8)T(x,y,5) ] (y,s),
Pa,5) = J7 (2, )Pz, 5) (z,5),
Q(z,8) = J Y, 8)Q(x,s)J(z,5).

This shows that system (8.11) has algebraic dichotomies in (—oo, —N] and [N, c0)
respectively. O
For (8.11), we can extend the dichotomies in |z| > N to RE. If =N < x < 0, let
P(x,s) =T(x,—N,s)P(—N,s)T (=N, z, s),

Q(z,s) =T(x,—N,s)Q(—N, s)T(—=N, z, s),

while if 0 < 2 < N, let

P(x7 S) = T(x7 N7 S)P(N’ S)T(N’ x? S)?

Qz,s) =T(x,N,s)Q(N,s)T(N,z,s).
P(0%,5),Q(0%, s) are defined as one-sided limits from z > 0 or & < 0 respectively.
It is easy to verify that the projections defined above extend the dichotomies from
(—o0, —N] and [N, 00) to (—o0,0] and [0, 00) respectively. The powers of extended
dichotomies remain the same. Although the constant K depends on (s, €) and can be
large, it has no negative effect in this subsection.

Now let ;1 < 0 be a fixed constant that is independent of € such that
p—1<y*, 6 <—(n-1).
If € is sufficiently small, then
t<p—1<3t, S <—(un—1)<7".

We show in the space H p—1 X H u—1, if s > —n, then s is either a normal eigenvalue
or a resolvent point for A°.

For (8.11), the principal matrix solution T'(x, y; s, €) (previously, T'(z,y, s) for sim-
plicity) depends on the parameter (s, €) and is analytic in s in the region Rs > —n.
We will show that it is possible to choose the projections P(x, s, €) and Q(z, s, €)) of
the algebraic dichotomies on R* so that they are analytic in s as well.

Let

¢1($7 S, 6)7 ¢2(x7 S, E)a SRR ¢n($a S, 6)
be a basis for the space RQ~(z, s, €) and let
¢n+1($, S, 6)7 ¢n+2(x7 S, 6)7 teey ¢21’L(x7 S, 6)

be a basis for the space RP"(z, s, €).
Define the 2n x 2n characteristic matrix ®(s,€) as

(s, €) 1=
(107, 8,€), d2(07,8,€)y ., n(07,5,€), Pry1 (07, 8,€), ria(0F,5,€), ..., 2, (07 5,€)).
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We call e(s, €) := det ®(s, €) the characteristic function, and e(z,€) = 0 the charac-
teristic equation.

Theorem 8.6. Assume the hypothesis (HH) is satisfied. There exists ¢ > 0 such
that if 0 < € < €y, then it is possible to define those basis functions so that ®(s,€)
is analytic in s in the region Ns > —n. Then for a give (sg,€) with Rsy > —n and
0 < € < €, there are two possible cases:

(1) The characteristic function e(sg, €) # 0 which is equivalent to

RQ(07,50,€) NRP(0", 50, €) = {0}.

In this case, so € p(A°). And (sI — A°)~! is analytic in a neighborhood of s,
(2) The characteristic function e(sg,€) = 0. This is equivalent to

RQ(07, s0,€) NRP(0F, 50, ¢€) # {0}.

In this case, sy is an eigenvalue of A¢. Moreover, sqo is an isolated singular point of
o(AS) and is also a pole of (sI — A°)™1 of finite order p. The order p < m where m
is the algebraic multiplicity of sy as a root of the characteristic equation e(s,€) = 0.

Proof. For © € (—oo,—N] and [N, 00), the projections for the dichotomies of the
unperturbed system U’ = A(z,s)U is analytic in s. From Corollary 2.4, we find
that the projections P(z, s, ¢€), Q(x, s,¢) for U’ = (A(x, s) + B(z, s))U are analytic in

s for f&s > —n. It is clear that the solution operator T(z,y,s) (drop e to simplify
the notations) is analytic in s. The change of variables J(z,s), J !(z,s) are ana-
lytic in s. Thus, for system (8.11), the solution operator T'(z,y, s) and projections
P(z,s),Q(x,s) are also analytic in s in (—oo, —N] and [N, 00) respectively. The
analyticity holds even the domain is extended to R* respectively.

We now choose vectors (by, by, . .. b,) as a basis in RQ(0—, s, €) and (b,+1, byaa, - - -, boy)

as a basis in RP(0+, s, €). Then let

d1(z, s,€), po(x, 8,€), ..., Dp(x,5,€) =T (x,0—,5,€) (b1, ba,...0,), x <0,
¢n+1($7876)7¢n+2(x7576)a . 'a¢2n(x>$>€) = T(x>0+a8a€)(bn+l>bn+2> <. -ab2n)a X Z 0.

It should be clear that the characteristic matrix ®(s, €) and the characteristic function
e(s, €) are both analytic in s, as to be proved.
Proof of case 1: If e(s,e) # 0, then the matrix ®(s,¢) is invertible. For any

g€ PAIM(R), f(x)=g(x)/(ev1+22) € f[u_l, the solution u can be expressed as

ga]—g&j(z, 5,€) + /_; T(z,y,5)P(y,s) <f(0y)) \/%7
+/OIT(:E7y78)Q(y,S) (f(oy))\/%’ z <0,
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jjérlombj(ﬂf,s,6)+/OIT(:B,.%S)P(y,s)(f?y))\/1617:{7?;2
+ /w Tu,y,s)@(y,s)(f?y)) % -

We can determine a;,j = 1,...,2n, so that the two values at 0% match.

0 dx

(1, .. o) = —E,®7!(s,€) (/_Oo 7(0,2,s)P(,s) (f(oi))ﬁ
+ [ TR (f(ofv)) %) |

0

(Qngty .-y 00n)" = (I — E,)® (s,¢€) (/

—00

T(0,z,5)P(z, s) <f(05,3)) \/%

N /OOO T(0,2,5)Q(x, s) (f(ox)) %) ’

where F, is the projection of a 2n vector to its first n components.
The process described above uniquely determines the bounded inverse

(s =AY g — f = (w,0) = u, Hy(R) = Hy1(R) = H,1(R) — H,(R).

Therefore, s is a resolvent point.

Proof of case 2: Let V€ RQ(07, s9,€) NRP (0T, 50, €) be a nonzero vector. Then
(w,v)(x) =T(0,z,s0)V isin f[u_l(R) and is a solution to (8.11) with f =0. Therefore
u =1+ x%w is an eigenfunction in H . corresponding to the eigenvalue s.

We have shown that ®(s,€) and e(s, €) are analytic functions in R8s > —n. Because
the resolvent set for 4¢ is nonempty, the zeros for e(s,€) are isolated points in the
complex plane C N {Rs > —n}, that is, the eigenvalues are isolated points. To
show that the eigenvalues are normal eigenvalues, consider a deleted neighborhood of
an eigenvalue so: O = {s:0 < |s — so| < d}. If 6 > 0 is small, then O consists of
resolvent points. From the part one of the proof, we find that formulas for (a4, ..., ay,)
and (Qpy1, ..., Qo) involve ®(s, €)™ which has a pole of finite order at sy. Assume

that m is the order of sq as a zero of e(s,€). Then |a;| < C|s — so|7™.
U

Remark 8.1. At x = 0, w(0,s) = u(0,s)/v1+ 22 = u(0, s). The 2nx2n characteristic
matrix ®(s,€) and the characteristic function e(s, €) can be defined by taking basis
vectors from unstable subspaces at x = 0— and stable subspaces at © = 0+ of (8.8).

Remark 8.2. 1t is known that for boundary value problems of many types of dif-
ferential equations, an eigenvalue is a zero of the characteristic equation and the
dimension of the range of the spectral projection associate to the eigenvalue is equal
to the multiplicity of the root of the characteristic equation. For retarded differential
equations, this result was called “A folk theorem in functional differential equations”
and was proved by Levinger in 1968 [18]. The same result was proved by Lopes,
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Neves and Ribeiro [28], Neves and Lin [27] for systems of hyperbolic equations which,
in various interpretation, include some delay, neutral and difference equations. For
traveling wave solutions of reaction-diffusion equations, the characteristic function is
the Evans function, cf. Evans [7]. See also Jones [12], [9, 15] and Benzoni-Gavage et al
[2]. Although the characteristic function in this paper is related to “standing waves”
rather than traveling waves, it can also be called as an Evanse function, and a similar
“Folk Theorem” should hold with a similar proof. Details will not be discussed in
this paper.
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