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Transition Layers for Singularly Perturbed Delay
Differential Equations with Monotone Nonlinearities
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Transition layers arising from square-wave-like periodic solutions of a singularly
perturbed delay differential equation are studied. Such transition layers corre-
spond to heteroclinic orbits connecting a pair of equilibria of an associated
system of transition layer equations. Assuming a monotonicity condition in
the nonlinearity, we prove these transition layer equations possess a unique
heteroclinic orbit, and that this orbit is monotone. The proof involves a global
continuation for heteroclinic orbits.

KEY WORDS: Differential delay equations; singular perturbations; transition
layers.

1. INTRODUCTION AND PRELIMINARIES

Heteroclinic solutions of delay differential equations are of great interest,
both in applications and in theory. A particular example arises in the study
of slowly oscillating solutions of the scalar delay equation

Hty= —Az(t)+ A (z(t — 1))

which was studied by Chow and Mallet-Paret (1983) and by Mallet-Paret
and Nussbaum (1986a, b). Among other hypotheses, it was assumed that
f0)=0, f'(0)< —1, zf(z) <0 for all z#0, and f(a)= —b and f(—b)=a
for some a>0,b>0. It was shown by Mallet-Paret and Nussbaum
(1986a, b) that, if also the set {—b, a} attracts iterates f*(z) of each non-
zero z, then, as A — 400, the slowly oscillating periodic solutions of this
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differential equation approach a step function taking the value a on inter-
vals (2n,21n+ 1), and —b on (2n+ 1, 2n+ 2), for ne Z. Near integer values
of ¢, such a solution z(z) possesses a transition layer of width O(4~"). Upon
rescaling the time and passing to the limit A — +00, one obtains a solution
(x(2), y(¢)) of the transition layer system

X(1)=x(t) = f(y(1=r))

w1)=y(1) = f(x(t—r))
for some value of the (new) delay parameter » >0. In fact, the solution of
(1.1), so obtained is a heteroclinic solution joining the equilibria

(x7,¥y7)=(—b,a)and (x*, y*)=(a, —b). This paper shows that, under
an additional hypothesis of monotonicity,

(L.1),

S(z)<0 forall zeR

there exists a unique r such that (1.1), possesses a heteroclinic solution
connecting (x ~, y ") to (x*, y*), and that also this solution is unique.
A related problem, the singularly perturbed integral equation

A opt+1/i
2(1) =5 j *1/: fz(s—1)) ds

was studied by Chow ez al. (1985). The nonlinearity f was assumed to be
odd, monotone decreasing, and convex (for z=0), with f(+a)= Fa for
some a > 0. Existence and uniqueness of a transition layer corresponding to
a special class of symmetric slowly oscillating periodic solutions were
proved. However, the special properties of f'as well as the restricted class of
solutions played a prominent role in the proof. In the present paper, we use
only the monotonicity of f to establish uniqueness for (1.1), among all
heteroclinic solutions. In addition, we develop some general techniques for
global continuation of heteroclinic solutions based on exponential
dichotomies and the method of Lyapunov-Schmidt.

To be specific, a homotopy method is developed to tackle our
problem. To describe this method abstractly, let F: R"xI—R"” be a C*
function, where I=1{0,1], and consider a family of delay differential
equations

X()=X(t)+ F(X(t—r),a), ael

(The results of this section actually hold for much more general classes of
delay equations; however, we state our results for the equation above as its
special form will play a role later.) Two parameters, a € I and the delay r,
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are present. If r>0, then we may rescale the time 7 and obtain the
equivalent system

X(t)=rX(t)+rF(X(t—1), a). (1.2),,

We assume for each o e/ that (1.2),, possesses equilibria X~ =X («) and
X+t =X"(a) varying smoothly with « Our object is to determine, for
each a e/, all values of r>0 for which there exists a heteroclinic solution
X(z) of (1.2),, connecting X («) to X *(x), that is, for which
lim, , ,, X(r)=X *(a). In fact, we seek conditions under which there is a
unique such r=r(a) and a unique (up to time translation) such solution
X(1)= X(1, «) for each «.

To obtain such a result, we introduce the following four hypotheses.
By a heteroclinic solution of (1.2), ,, we mean a heteroclinic solution of this
system connecting X () to X *(«), as above. By a unique such solution,
we mean uniqueness up to time translation.

Hi. There is a unique r=r(0)>0 such that (1.2),q, has a
heteroclinic solution X(¢)= X{(z, 0); furthermore, this heteroclinic solution
is unique.

H2. Suppose for some a*el and r*>0 that (1.2),.,. has a
heteroclinic solution X(¢, «*). Then, given &> 0, there exists 6 >0 such
that, for any ae(a* -0, a*+8)n 1, there exists r=r(a)e(r*—e¢ r*+¢)
with the property that (1.2),,,, has a heteroclinic solution X{(z)= X{(z, a)
satisfying | X(z, «) — X(¢, a*)| <& for all +eR. Furthermore, if ¢ is suf-
ficiently small, then r(«) is unique in the interval (r*—¢g, r*+¢), and
X{(t,a) is unique among those heteroclinic solutions satisfying this
inequality.

H3. There exist constants O<r,<r, such that, if (1.2),, has a
heteroclinic solution for some x el and r>0, then r, <r<r,,.

H4. Let /e[ and r/>0 be convergent sequences, say a’ — a* and
r/ —r* with r* >0, and let X’(r) be a hetroclinic solution of (1.2),; ,;. Then,
for some subsequence of j— +oc and for some values #/e R, the limit
X/(t+67) - X*(t) of the time translates exists uniformly for feR. In
particular, X*(¢) is a heteroclinic solution of (1.2),. ...

Theorem 1.1. Under the hypotheses H1-H4. there exists a unique
r(1) >0 such that Eq. (1.2),,,, has a heteroclinic solution. Furthermore, this
solution is unique.

Proof. The proof is standard. For xel, let n(o) denote the total
number of heteroclinic solutions of (1.2),, for all values of r> 0. The fact
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that, for fixed o, heteroclinic solutions are locally isolated, in the sense
of H2, and form a sequentially compact set, in the sense of H4, together
with the bounds on r in H3, implies that r(a«) is finite. Next, note that
lim, _, ,» inf n(x) 2 n(a*) by H2, and that lim, _, . sup n(a) <n(ax*) by H3
and H4. Thus, n(x) is a continuous function of o. Since n(0)=1 by H1, we
have n(1)=1. |}

A local perturbation technique [see Hale and Lin (1986)] related to
the Mel'nikov method will be employed to verify H2 for the system (1.1),
of interest. To describe this method for our general system (1.2), ,, consider
the C' map #:C'(R,R")x (0, o0) x I - C°R, R") defined by

[Z (X, r,0)](t) = X(1) — rX(t) — rF(X(t = 1), ).

Here, C°= C%R, R") is the Banach space of continuous bounded functions
with the supremum norm || X(-)|| co=sup | X(¢)| while C'= C(R, R") is the
corresponding space of C' functions with the norm || X(:)| =
X ()l co+ X (-] co. Of course, if X(z) is a heteroclinic solution of (12),,,
then & (X, r, a) =0. Consider in particular the solution X{(t, a*) of (1.2),+ ,«
in H2, and let #(a*) denote the Fréchet derivative

0F (X(-, %), r*, a¥)

%)= 0x

of # with respect to its first argument evaluated at this solution. That is,
F(a*). C!—- C%is the linear operator

[L(a*) E)(1) = (1) — r*E(t) — r*A(1, a*) B(t — 1)

where
_OF(X(t—1,a%), a*)
- X

A(t, a*)

is the Jacobian matrix of F evaluated along the heteroclinic solution. The
variational equation along this solution is simply #(x*)Z=0, and
relevant to this are the two limiting equations

E()=r*2(1) + r*A(+ o0, a*) Z(t— 1) (13),

that is, the variational equations about the equilibria X *(«*). We also note
here the formal adjoint
P(t)y= —r*P(t) —r*P(r+ 1) A(t + 1, a*) (1.4)

of the variational équation along X(¢, a*). Here ¥(z) is a row vector, and
(1.4) is solved in the decreasing direction of . See Hale (1977).
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The results described by Hale and Lin (1986) describe the Fredhoim
structure of the operator ¥(«*), and in particular characterize its kernel
and range. Assume that both limiting Egs. (1.3), have hyperbolic spectra,
that is, Re u # 0 for all characteristic exponents w. Let N * denote the num-
ber of such u with Re >0, that is, N * is the dimension of the unstable
manifold of X *(a*). Then, #(«*) is a Fredholm operator, and its index is

dim A (a*) — codim #(a*)=N~"—N* (1.5)

where A (a*) and #(x*) are the kernel and range, respectively, of #(a*).
It is furthermore the case that

R(a*) = {he Co

jw W(1)h(r)di=0  forall

solutions ¥(z) of (1.4) bounded on R} (1.6)

all bounded solutions of (1.4) in fact decaying exponentially as ¢ -» +oo.
Note in particular that, if N~ =N"* and dim 4" («*)=1, then (1.5) and
(1.6) imply that the adjoint equation (1.4) has a unique {up to scalar mul-
tiple) nontrivial solution ¥*(¢) bounded on R.

With the above remarks, we are able to give a sufficient condition for
H2 to hold.

H2'. Suppose for some a* e[, r* >0 that (1.2),. .. has a heteroclinic
solution X(z, *). Then both equilibria X *(a*) are hyperbolic and their
unstable manifolds have the same dimension N~ =N, Furthermore,
dim A"(a*)=1, that is, the varitional equation Z(x*)Z=0 has
E(t)=X(t,a*) as its unique bounded solution up to scalar multiple.
Finally,

fm (1) X1, a*) di 20 (1.7)

where ¥*(¢) is the unique (up to scalar multiple) nontrivial bounded
solution of the adjoint equation.

Proposition 1.1. Hypothesis H2' implies Hypothesis H2.
Proof. As in Hale and Lin (1986), this is an application of the

implicit function theorem and the method of Lyapunov-Schmidt. For com-
pleteness, we outline the arguments. '
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We wish to determine all solutions of % (X, r, ) =0 for (X, r, «) near
(X*, r*, a*), where we write X*(¢)= X(z, a*). First fix a linear functional
A:C%— R such that A(X*)+#0. Observe that A(X*(-+0)) is continuous
in 8 and hence nonzero for all 8e [ —8,, 8,1, for some 0,>0. Then note
that, if (X, r, ) is a solution near (X*, r*, a*), then X is near X* in the
space C'. Therefore, in a small enough neighborhood,

EdéA(Xt+6)—X*)=A(X('+6))¢O

for all e[ —6,, 8,] and so there exists a unique A e[ —8,, 8,] such that
AX(-+0)—X*)=0.
Thus, without loss, we may consider (X, r, «) with

X=X*+5 el

where A, < C' is the kernel of A restricted to C'.

The Fréchet derivative £ (a*) =04 (X*, r*, «)/0X is an isomorphism
from 4, onto #(a*), since X ¢ .4, is a basis for its one-dimensional kernel
in C° Further,

OF (X*, r*, oc*)=X*
or

belongs to a one-dimensional complement of Z(a*) in C° by (1.7).
Therefore, by the implicit function theorem, there exists a unique
(X(-, @), r(x)) near (X*, r*), depending smoothly on o near a*, such that
F(X(-, o), r(x),)=0. With this, H2 holds, and our proposition is
proved. ||

2. THE TRANSITION LAYER SYSTEM AND
VERIFICATION OF H2’

In this section, we begin our study of the system
x(t)=rx(t) —rf(p(t—1))
yt)y=ry(t) —rf(x(1—1))

of two delay differential equations. These, equations, with r>0, are
equivalent to the transition layer system (1.1), by a time rescaling. We

(21),
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f(x)

a

Fig. 1

introduce the following conditions on f: Fig. 1 depicts the graph of such a
function f.

Bl. fR->Ris C.

B2. There exist >0, »>0 such that f(a)= —b and f(—b)=a; also,
f(0)=0. :

B3. f'(x)<0 for all xeR.

B4 f'(0O)< —1land 0<f'(a) f'(=b)<1.

BS. |f(f(eNl>|x] for xe(—b,0)u(0,a), and |f(f(x))<]|x| for
xe(—o0, —b)u(a, +o0). [Note that f(f(x)) and x have the same
sign for all x.]

The system (2.1), has three equilibria: (x, y)=(—5, a), (0,0), and
(a, —b). Writing X=(x, y), we shall denote two of these equilibria by
X" =(—b,a) and X" =(a, —b). We are interested in the existence of
heteroclinic solutions X(7) with X(—o)=X" and X(+o)=X"*. Under
the above hypotheses, it turns out there is a unique such solution;
moreover, the components x(¢) and y(r) are monotone for all ¢ € R. This is
the content of the following theorem, which is the main result of our paper.

Theorem 2.1. Assume that [ satisfies B1-BS. Then, there exists a
unique r >0 such that (1.1),, or equivalently (2.1), possesses a heteroclinic
solution X(t) = (x(t), y(2)) joining X(—0)=X"to X(+00)=X"*. Further-
more, this is the only such solution, up to time translation. Finally, this
solution has the additional property of monotonicity:

X(t)=0 and  p(t)<0  forall teR

with strict inequality for x(t) as long as x(t)<a, and for y(t) as long as
y(t)y> —b. ‘

If r <0, then (1.1), does not possess any heteroclinic solution joining X ~
to X°.
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Fig. 2

Figure 2 depicts the graphs of the solutions x(z) and y(f) of
Theorem 2.1. To prove Theorem 2.1, we will use the abstract Theorem 1.1
with Proposition 1.1. This involves verifying Hypotheses H1, H2', H3, and
H4 for a parametrized system

X(y=rx(t)—rf(y(t—1),a

22)..
IO =ry(0) = rf (x(t— 1),

with equilibria
X (a)=(—b(a)a(®)) and  X*(a)=(ala), —b(a)).

When o =1, the above system yields (2.1),. The precise form of the
homotopy, and in particular the trivial system at a =0, will be given later,
but we do note here that the function f(-, o)} will be constructed so as to
satisfy B1-BS for each a el

For simplicity, we shall often suppress the parameter o and work
directly with (2.1),. As standing hypotheses on (2.1),, we assume hence-
forth, without comment, that B1-B5 hold. With these, we shall verify H2',
H3, and H4. An analysis of the trivial system at «=0, where the non-
linearity will take a special form, will prove HI.

We begin our analysis with a discussion of a general linear system of
the form

S()=ri(t)—rp(t) n(t—1)

) (2.3)
() =rn(t) —rq(1) &1 —1)
Such a system can arise from the linearization of {2.1),. In particular, the
linearization of (2.1), about one of the equilibria X * yields an autonomous
system

c(t)=ré(t)—rp*n(t—1)

(2.4)
q()y=m(t)—rg*i(t—1)
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where
p*<0, g* <0, and 0 p*g* <. (2.5)

If u is an eigenvalue of this system, with eigenfunction

(&(1), n(2)) = (c,e*, c ™) (2.6)

p—r rp*e* (c‘ (0
rg¥e " u—r J\c,) \O

and p satisfies the characteristic equation

then

u=r+trke ¥ where

(2.7)
k=(p*q*)"?,  0<k<1. *

A simple homotopy argument, with £ as the homotopy parameter, shows
that, if # >0, then each of the two equations (2.7) , has exactly one root
4T >0 in the right-half plane, and none on the imaginary axis. In par-
ticular, with r >0, the equilibria X * of (2.1), are hyperbolic with unstable
manifolds of dimension

N* =dim W*(X*)=2.

With a little extra analysis, we easily obtain the following result.

Proposition 2.1. If »>0 and p* and g* satisfy (2.5), then the linear
system (2.4) is hyperbolic, with exactly two unstable eigenvalues

ptzum >0

If p*q* #0, then p ™ >y ~, and the coefficients ¢ * in the eigenfunctions
(2.6) are all nonzero and satisfy

cires >0 and cr ey <0

If p*=¢*=0, then u*=u"=r is a double eigenvalue, with two
independent eigenfunctions, so any choice of (¢,, ¢,) # (0, 0) can be made.

If p*=0, but ¢g*#0, then pu*=u~=r is a double eigenvalue, but
with only one independent eigenfunction. The general solution on the
generalized eigenspace has the form

(E(1), n(0)) = (cre™, (c; —cyre "g*t) e”)

with arbitrary (¢, ¢,) # (0, 0). A similar result holds if p* #0 and g* =0.
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In any case, if Z(z) = (&(¢), n(z)) is a nontrivial solution of (2.4) which
is bounded as ¢ - —oo, then the limit

lim = (&% n*)e C([—1,0], RY)

=
1~ —e [IE]

exists and satisfies either
EX(0)#0 forali #e[—1.0], or else
n*(0)+#£0 forali 6e[—1,0].

If <0, then a similar analysis of the linearization of Eq. (1.1), shows
that, after reversing time ¢ —» —¢ in this advanced equation, both equilibria
X * are asymptotically stable. In particular, this proves the final statement
in Theorem 2.1.

Proposition 2.2. If » <0, then (1.1), does not possess any heteroclinic
solution joining X~ to X ™.

In light of the above result, henceforth we shall assume without
comment that r> 0.

Now consider the nonautonomous system (2.3), which we regard as a
perturbation of (2.4) as t » —co.

Proposition 2.3. Assume p(¢) and ¢(¢) are continuous for sufficiently
negative ¢, that p* and ¢* satisfy (2.5), and that

lim p(z)=p*, lim q(¢)=g* (2.8)

= -0 t > —w
Then, for all sufficiently negative ¢, say t< —7T, there exists a two-dimen-

sional subspace P(r) < C such that any solution =(r) = (&(z), n(¢)) of (2.3)
which is bounded as t - —o0 satisfies

E,eP(1) (2.9)

for all 1< —T. Conversely, if an initial condition satisfies (2.9) for some
t=1,< —T, then there exists a backward extension that is bounded as
t - —oo. The subspace P(t) varies continuously in ¢ and approaches, as
t - —oo, the canonical unstable subspace P(—oo) of the autonomous
system (2.4).

If, in addition to (2.8), we assume

j ] |p(t)— p*|di<oo  and j 1] lg()—gq*ldi<oo  (2.10)
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then, for each nontrivial solution Z(z) = (&(¢), #(¢)) of (2.3) that is bounded
as t » —oo, there exists a nontrivial solution Z(¢) = (&(¢), 7i(1)) of (2.4) that
is bounded as r - —o0, and satisfies

51:§t+0(“§1“) as 1—» —o. (2.11)
In particular, there exists 7" such that either

&) #0 forall < -7, or else
< T

n(t)#0 forall ¢

The proof of Proposition 2.3 is based in part on the theory of
exponential dichotomies; we shall be somewhat sketchy in our exposition,
as many of the ideas can be found elsewhere. In particular, see Palmer
(1984) (ordinary differential equations) and Lin (1986) (delay equations)
where the relation between exponential dichotomies and homoclinic orbits
is explored. Another tool that we need for our proof is the following finite
dimensional result. It is a special case of a general result given in
Theorem 10.13.2 of Hartman (1964).

Proposition 2.4. Consider the N-dimensional linear ordinary differen-
tial equation

i=(A+B(t)u (2.12)

where the matrix 4 is hyperbolic and the matrix B(¢) is continuous,
satisfying

lim B(:)=0 and

t > —0

[ 1B di< oo

— 0

Here 4> 1 is the size of the largest Jordan block, in the canonical form of
A, corresponding to eigenvalues with positive real part. Then, to every non-
trivial solution u(z) of (2.12) that is bounded as t — —o0, there exists a
nontrivial solution #(¢) of & = Au bounded as ¢t — —o0, satisfying

u(t)=a(t)+o(i(t)])  as t— —oo. (2.13)

Proof of Proposition 2.3. Consider first the more general problem of a
linear delay equation

E()=[L+R()]E, for <0 (2.14)
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in the n-dimensional variable =, where, for each t,
L R(t):C([-1,0],R") > R"

are continuous linear maps. Assume that R(z) varies continuously (in the
operator topology) in ¢, and
lim ||R(¢)| =0.
> —o0

Assume also that the limiting equation
2(1)=LE,

is hyperbolic and [following Hale (1977) here and in the rest of the proof’]
denote the canonical decomposition of the phase space C=C([—1,0], R")
by

C=P®0Q, dim P=N< o

E=Y,+2Z,.

Here, N is the unstable dimension. Relative to a fixed basis &=
(@', %, @) of P, we may write

Y,=du(t), u(t)eRY.

We wish to obtain, for each sufficiently negative ¢, say t < —T, a linear
map

M(ty:P-Q

varying continuously in ¢, and approaching zero (in the operator norm) as
t— —oo. The map is characterized by the property that all solutions Z(¢)
of (2.14) that are bounded as t - —oo satisfy '

Z,=M(1)Y, (2.15)

for all < —T; and, conversely, if (2.15) holds for some 7, < —7, then there
exists a solution through =, =Y, + Z, that is bounded as t - —oo0.

The map M(r) is obtained by a simple contraction mapping argument.
This argument will also furnish an upper bound for || M(¢)|, which we shall
need. In a standard fashion, we write the variation of constants formulas

uU)=eA“_muUQ4:reA“”UHﬂ[¢u0}+ZJcB (2.16)

Iy

thft [T(z—s) X§] R(s)[Pu(s)+ Z,] ds (2.17)
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which hold for any solution of (2.14) that is bounded as t - —o0. Here, 4
is the N by N matrix representing the infinitesimal generator of the limiting
equation relative to the basis @ of P: all eigenvalues of 4 have positive real
part. Fixing t,< —7T and u(f,)=u,, we consider the class of continuous
functions

Z(—co,ty]—Q

which are bounded as ¢t — —oo. For such a function Z, [which is not
necessarily of the form Z,(8) = Z(t+ 8)], we let u(¢) =u(1, ty, x,, Z) denote
the unique solution of the first equation (2.16). The estimate

[u(t, to, ug, Z) < K(luol + p(to) 1Z1)
for 1< 1, is easily obtained, where

plto) =sup [R(2)],

1<

2] =sup [IZ,]

<1

and K is a positive constant depending only on the equation (2.14).
Upon inserting u(t) =u(t, ty, 4y, Z) into the right-hand side of the
second equation (2.17), the integral defines a new bounded function (7 Z),
satisfying
17 Z| < Kp(to)(luo| + 1 Z1]) (2.18)

for a possibly different K. Furthermore, if — T is sufficiently negative, so
that

Kp(rg) < Kp(—=T)<1

then J is a contraction mapping and yields a unique fixed point
Z,=Z(t,, u,) depending linearly on u,. The map M(¢,) is defined then by

M(t,) Pug=Z,(ty, uo)
and one has, from (2.18),
1M (20) Puell < Kp(o)(1 — Kp(to)) " |uol.
Hence, for a larger X,
IM(2)| < Kp(z) for 1< —T.

Continuity of M(¢) in ¢ can also be verified:
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With M(t) so obtained, we have a one-to-one correspondence between
solutions of (2.14) bounded at — oo, and solutions of the N-dimensional
ordinary differential equation

ii=(A+ B(1)) u.
Here, the matrix
B(1)=Q(0) R()(D + M(1) ®)
satisfies
|B(t)] < Kp(1) as t— —oo.

where @ is the appropriate adjoint basis dual to @. Indeed, solutions of
(2.14) bounded at — oo are precisely those satisfying (2.9) for some, or
equivalently all, 1< —7, where P(1)=C=P&®Q is the N-dimensional
graph of M(t). Now, in the system of interest in the statement of
Proposition 2.3, we have N=2, as well as

j 1| |B(1)] dt < o0

from the estimates (2.10). As A< N=2, Proposition 2.4 applies to give
(2.13) for some u(¢). Upon noting that £, = &®ii(r) satisfies (2.4) and that
Z,=@u(t)+ M(t) Pu(t) is our given solution, we easily obtain (2.11).

The final statement of Proposition 2.3 follows easily from
Proposition 2.1. |

In the case of interest here, both p(¢) and ¢(z) are nonnegative, and
that leads to further results for (2.3).

Proposition 2.5. Assume the hypotheses (2.8) and (2.10) of
Proposition 2.3, and in addition that

p(1)<0 and g(1)<0 (2.19)

for all sufficiently negative ¢. Let Z(z) = ((¢), (¢)) be a nontrivial solution
of (2.3) that is bounded as 1 —» —o0. Then there exists 7 such that either

E(t)#0 and n(t)#0 forall 1< -7, or
E)=0 and () #0 forall < —T, or (2.20)
E(1)#0 and n(t)=0 forall < —-T.



Transition Layers for Delay Differential Equations 17

Assume now the inequalities (2.19) hold for all re R (with p(z) and
q(t) continuous there). If =(¢) is any solution of (2.3) which satisfies, for
some ¢, either

&0)=0 and  n(r)=0  forall ref[ry—1,1,] (2.21)
or €lse
E1)<0 and  p(r)<0  forall re[r,—1,1,]  (2.22)

and in addition =(z,)#0, then Z(¢) is unbounded as ¢t — +oo. Further-
more, the inequalities (2.21) or (2.22) hold for all 1> ¢,— 1.

Finally, if Z(¢) is a nontrivial solution of (2.3) bounded for € R, then
in fact

Ktyn(t)<0  forall ¢< —T. (2.23)

Proof. Without loss, £(¢) >0 for all 1 < —T, by Proposition 2.3. Now,
for all sufficiently negative ¢, one has

d o ) ) £ 1) o
S0 e = —rgt) Ei=De "0

that is, #(¢) e =" is nondecreasing. The result (2.20) follows immediately,
with possibly a larger value of T.

To prove the second part of the proposition, assume that p(¢) <0 and
q(1)<0 for all teR, and that £(z) =0 and #(z) =0 for all te[t,—1, 2,],
with the strict inequality £(z,)>0. Then, arguing as above, one shows

inductively that &(¢)e ™" and 5{¢) e "' are nondecreasing and hence non-
negative on [f,+n—1, t,+n] for each n> 1. Therefore,

Ey=ré(t)>0  for 1>t

and hence &(¢) - +o0 as ¢ » +oo.
The inequality (2.23) for solutions bounded on R follows from the
results above. |}

An immediate application of the above result is to heteroclinic
solutions of (2.1),. Letting &(¢) = x(¢) and n(z) = p(r) where (x(¢), p(¢)) is a
heteroclinic solution of (2.1), connecting X~ to X*, one notes the
exponential approach to the equilibrium X, and concludes from
Proposition 2.5 applied to the variational equation of (2.1), that

x(1) (1) <0 forall (< —~T

865/1/1-2
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for some T. In fact, a stronger result holds: that both x(¢) and y(z) are
monotone for all ¢ e R, with strict monotonicity holding for much (possibly
all) of this interval. The proof of this result, stated below, is long and
technical, so is deferred to Section 5.

Proposition 2.6. Let X(z)=(x(¢), y(¢)) be a heteroclinic solution
connecting X~ =(—b,a) to X" =(a, —b). Then x(z) >0 and p(¢) <0 for
all 1€ R. Furthermore, x{r)>0 as long as x(z) <a, and y(z) <0 as long as
y(£)> —b.

We shall freely use Proposition 2.6, as its proof does not rely on the
theory developed below.

Let us now fix a heteroclinic solution X(¢)= (x(¢), y(¢)) of our system
(2.1),. We then have the following result.

Lemma 2.1. There exists a solution Z(t)=(&(t),n(t)) of the
variational equation

E)=r(r)—rf' (p(t—1)) n(t=1)
i) =rm()—rf (x(t—1)) <(t=1)

which is bounded as t - —o0 and unbounded as t - +o0o. In addition, this
solution may be chosen so that

(2.24)

§1)=0 and y(1)=0  forall teR. (2.25)

Proof. With Proposition 2.1, and p*=f'(a) and ¢*=f'(—b), a
careful examination of the solutions of the constant coefficient system (2.4)
that are bounded as ¢— —oo reveals that there exists one

F*(1) = (¢*(1), n*(1)) satisfying
£*0)>0 and  #*(0)>0 forall fe[—1,0].

Letting P(¢) be the subspace as in Proposition 2.3, we have Z§ € P(— )
(where E¥ of course is the restriction of Z*(6) to [ —1, 0]). Thus, for any
sufficiently negative f,, there exists a solution =F(z)=(£(¢), n(¢)) of the
variational equation (2.24), which is bounded as t — —oo0, with =, € P(t,)
near enough to =¥ that £(¢,+6)>0 and #(¢,+0)>0 for all 6e[—1,0].
From Proposition 2.5, it follows that

§6)=0 and n()20 forall t>1,—1.

Now consider a sequence Z"(t) of such solutions, with quantities
t,— —oo in place of t,. Of course, E"¢c P(¢) for all 1< —T, and without



Transition Layers for Delay Differential Equations 19

loss || 7]l = 1. By fixing two independent solutions, say =Z! and Z2, forming
a basis in each P(t), we have

on _ Lnal n 2
Er=k1E + k55 for t>1¢,

for bounded sequences k7 and k4. Upon taking convergent subsequences,
we obtain E"(¢) — Z(¢t) uniformly on compact sets. By construction, this
limiting solution ZE(¢)=(&(¢), n(¢)) satisfies (2.25). Also, &,e P(r) for
t< —T, and hence it is bounded as t - —o0. As |5, = 1, it is nontrivial,
and hence unbounded as ¢t — +oo by Proposition 2.5. ||

Let Z%(¢t) = (£*(2), n*(¢)) be any solution as in Lemma 2.1; we keep this
fixed from now on. Also, let Z%(¢) = (£%(¢), n°(¢)) be the solution

En=x1),  n"(0)=3(1) (2.26)

of (2.24). As these are the only two independent solutions of (2.24) boun-
ded as t > —oo (by Proposition 2.3), it follows that (2.24) has only one
independent solution that is bounded on R, namely, Z%(¢). With this obser-
vation, and the more elementary results on eigenvalues, in Proposition 2.1,
all of Hypothesis H2’ is verified except for the integral condition (1.7).

To prove (1.7), we turn our attention to the adjoint equation

Y(e)= —r() +rf"(x(2)) {1+ 1)
Ury= —rl()+1f (y(0) (e +1).

As noted earlier, this equation has exactly one independent solution that is
bounded on R, because the variational equation (2.24) also does. Let us fix
a choice of such a (nontrivial) solution, which we denote by ¥%(¢)=
WP(r), L2(2)). ;

Upon reversing time ¢ — —!, the system (2.27) assumes the form (2.3)
and satisfies the conditions of Proposition 2.5. Indeed, this result implies
that y°(¢) {%(¢) <0 for large ¢; without loss, we assume

YP(t)>0 and  (%(t)<0  forall =T

for some 7. We claim in fact *(¢) >0 and %(¢) <0 for all e R, with strict
inequality for enough values of ¢ that the integral condition in H2’ holds.
To show this, we begin by defining quantities ¢,, t,€(—o0, +oc] and
ty, t,€[—o0, T) by

(2.27)

ty=sup{r| x(f)<a}

ty=sup{t| y(t)> —b}

fy=inf{t | ¥*(s)>0forall s > 1}
ty=inf{z| {*(s) <0 for all s>1}.

Clearly ¢°(1)> 0 if and only if 1 < ¢, and #°(¢) <0 if and only if r<1,.
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The full force of the following result will not be needed. We do present
it, however, as it gives an interesting necessary and sufficient condition for
a heteroclinic solution to reach the equilibrium X * in finite time.

Proposition 2.7. The quantities 7, and ¢, are either both finite or both
infinite. They are finite if and only if f is constant on either [ —b, —b +¢]
or on [a— ¢, a] for some ¢, and necessarily either f'(—5)=0 or f’(a)=0in
this case. Further, |7, — ¢,/ <1 if ¢, and ¢, are finite. Finally, if f'(a) #0 and
f'(=b)=0, and if ¢, and ¢, are finite, then ¢, =1, — 1, with the analogous
result holding if f'(a)=0 and f'(—b) #0.

Proof. Suppose that 7, <oco. Then, from (2.1),, one has j(¢)=
ry(t)+rb for t=1¢,+1, and hence y(¢)= —b for all such ¢ since y(¢) is
bounded; thus, ¢, < ¢, + 1. Similarly, ¢, <t,+ 1, showing |, —¢,] < L.

Now assume that ¢, 7,<oo; without loss, 7,<1,. Then, for
t; <t<t;+1, one has from (2.1), that f(p(t—1))=a, but that
y(t—1)> —b. This proves that f is constant on [ —b, —b + ¢] for some ¢.

If, on the other hand, one assumes that fis constant on [ —b, —b +¢],
then X(¢) =rx(¢) —ra for all ¢ large enough that y(f — 1) < —b +&. For such
t necessarily x(z)=a; hence, 1, t, < 0.

Finally, suppose that f'(a) #0, f'(—b)=0, and ¢,, t,< co. Then, t > 1,
implies [from (2.1),] that f(x(¢—1))= —b, and hence [as f'(a)+#0]
that x(t—1)=a. Thus, ¢, <t,—1. As |t,—t,/ <1, we conclude that
t=t,—1. |}

Lemma 2.2, t,<1t, and t,<t,.

Proof. We prove only that ¢, <t,, so suppose that ¢, <t; < oo. Two
cases arise: first suppose that f'(a)=0. Then, ¢t>¢, implies, from the
adjoint system (2.27), that y*(r)= —ry®(r). As ¥’(1)#0 for large t, we
have y°(¢) #0 for all 1> ¢,, thereby proving 75 <1?,.

Now suppose that f'(a)#0. By Proposition2.7, f'(—b)=0. If
t=t,;—1, then f(y(t)) =a [from (2.1),]; hence, f'(y(¢))=0. [ Note: we are
not claiming y(r)= —b here.] Therefore, (*(t)= —r{’(z) and so (%(z)<0
for t>1,—1, as (%(t) <O for all large ¢. The first equation in (2.27) now
implies

Yoy= —rpt(r) for 1zt -2
As Y®(t;) =0, it follows that y°(¢) <0 for 1, —2<t<1t,, and hence

Yi1)<0 and  C%(r)<0  for 1, —1<1<1, (2.28)
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as t, < ;. From the inequalities (2.28) on the unit interval [¢, — 1, ¢,], one
may reverse time in (2.28) and use Proposition 2.5 to conclude that y/°(¢) is
unbounded as ¢t — —oo. This contradiction completes the proof. |

Lemma 23. y(t)>0 and (%t)<0  forall teR.

Proof. Set
ts=1inf{s | ¥°(s) >0 and {%(s) <O for all s>1¢}
and assume ;> —o0. We seek a contradiction. Clearly, either
y’(1)<0  forsome <t arbitrarily near i (2.29)
or else
()>0 forsome <t arbitrarily near i / (2.30)

or else both (2.29) and (2.30) hold. Without loss, assume that (2.29) holds.
Assume also that (2.30) does not hold, that is, assume

(Yt)y<0  forall t>t,—e (2.31)

for some & The case in which both (2.29) and (2.30) hold will be dealt with
later.

Observe that 1<, <t, and so %(t)>0in [t5—e¢, t5]. Also recall the
inequalities #°(¢t) <0, from Proposition 2.6, and (2.25) and (2.26) for &%(¢)
and 5*(¢). From these, it easily follows that, when ¢;— ¢ <1<, there exist
nonnegative quantities k, =k (¢) and k,=k,(¢) such that

k&Nt +h,E%1)=1  and

(2.32)
kin®(e) + kyn(2) =0.

Furthermore, k, and k, can be chosen so that k|, k,e L®(t5—s, t5) [we do
not claim that k£, and k, depend continuously on #; of course, they do if the
determinent of (2.32) is nonzero].

Let

&t 5)=k,(1) £°(s) + ko(#) E*(s)  and
n(t, 5) =k, (2) n°(s) + k(1) n*(s).

For ts—e<1<t5and all se R, we have £(7, 5s) 20, from the nonnegativity
of £%(s), £(s), k,, and k,. We claim also that

n(t, s)<0 for s<t and ts—e<t<ts. (2.33)
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To prove (2.33), fix ¢ and note that d5(¢, 5)/0s < rn(t, s) from the differential
equation (2.24), and the nonnegativity of £(z, s); then (2.33) holds because
n(t, t)=0.

Now consider the two expressions

)=y’ (t) &) + ey (1)
-r Jz 1 (s + DS (0(8)) m(s) + s + 1) f(x(s)) E¥(s) ds

where v = b or u. The quantity I"*(¢) represents the duality product between
the solutions

P =0, {°(1))  and  EY0)=(L(0), (1))

of (2.24) and (2.27). In particular, I'*(¢) is constant, and letting ¢ —» +o0
shows that I'*(¢)=I"+o0)=0 for all re R. Therefore, upon taking the
linear combination

kM) TP(2) + ky(t) T(2) (2.34)

we obtain

WO=r [ W DS GO 1t 5)+ s+ 1) S(x(5) &t ) ds

e[ YD SO0 ds (235)

where (2.31) has been used. The inequality (2.35) can be rewritten as

lﬁb(t)=f+l Wo(s) A(t, s) ds + b(1) (2.36)

where the kernel A(z, 5) and the forcing function b(¢) are both nonnegative
in the appropriate range. Regarding (2.36) as an initial value problem for
Y°(1), to be solved backward in time, we see also that the initial datum,
Yo(ts+0), 0<0<1, is nonnegative. An elementary result based on the
existence theorem for (2.36) implies that the solution ¥°(¢) is nonnegative
for 15—~ e<t<t5. However, this contradicts (2.29).

To complete the proof of Lemma 2.3, we consider the case in which
both (2.29) and (2.30) hold. In this case, both ¢t5< ¢, and ¢, < ¢, hold, and
so we have both &°(r)>0 and 5%(r)<0 in some interval [r;—e, ¢].
Therefore, in addition to the functions k, and k, obtained above, we may
also obtain functions ki, h,e L (15 —¢, t5) satisfying

(1) E4(1) + hy(n) EX(2) =0
Bi(2) nt(8) + ho(t) n(2) = 1
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with £,(z) <0 and A,(¢r) = 0. Again taking the linear combination (2.34), we
obtain (2.35); however, instead of deleting the term involving (%(s + 1), we
retain it and write

\ﬁ”(t):f:“tﬁ”(s)A(t, s)+{%(s) B(t, 5) ds {2.37)

where A(1, s) 20 and B(¢, s) <0. Similarly, replacing £ and &, with #, and
h, gives
t+

C”(t)zj ] WP(s) C(t, )+ {P(s) D(t, 5) ds (2.38)

where C(z, 5) <0 and D(z, s) = 0. Treating (2.37) and (2.38) as a problem
with initial data ¥°(z;+68)>0 and (%(¢s+60)<0 for 0< <1 yields, as
before, ¥2(1)>0 and {%(t)<0 on [ts—e, t;]. Again, this contradicts our
assumptions (2.29) and (2.30). §

The following result completes this section.
Lemma 24. Hypothesis H2' holds for the system (2.1),.

Proof. This result follows directly from Proposition 2.6, and Lem-
mas 2.2 and 2.3. |

3. VERIFICATION OF H3 AND H4

We first verify H4. We begin with the following technical lemma,
which was presented in a slightly more general form as Lemma 4.2 in
Mallet-Paret and Nussbaum (1986a).

Lemma 3.1. There do not simultaneously exist nontrivial solutions
(x'(2), y'(0)) and (x*(2), y*(1)), te R, of (2.1), such that
x'()<0,  y'(n=0
()20  and
(x'(+00), y(+00))=(0,0)
and such that
x}(#) =0, yH(1)<0
()20  and

(x*(—o0), y*(—0))=(0, 0).
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We remark that the result in Maliet-Paret and Nussbaum (1986a)
concerned solutions defined on a half-interval J=(—o0, —T] or [T, + ).
However, any solution of (2.1), on R, which vanishes identically on J, in
fact vanishes identically on R. Thus, the result reported by Mallet-Paret
and Nussbaum implies directly the lemma above.

Lemma 3.2. Hypothesis Ha holds for the parametrized system (2.2), ,.

Proof. Let o/—a* and r/—>r*>0 be as in H4, and X'(t)=
(x7(r), y’(r)) be a heteroclinic solution of (2.2),, connecting X ~ (/)=
(—b(a’), a(a’)) to X *(a’)=(a(a’), —b(a’)). These solutions are uniformly
bounded (by monoticity, as in Proposition 2.6) and hence any sequence
X/(t+ 67) of time translates has a subsequence converging uniformly on
compact sets. [ What is not clear is that the limit solution connects X ~(a*)
to X *(a*), nor that the convergence is uniform on R.]

Fix £>0. Let t"/ < t*/ satisfy

()= —b(@)) +e

x(t*)=a(a’)—e
and let 1>/ < r*/ satisfy

y/(e*)=a(a’) —e

y(t*) = —b(a!) +e.

To prove our result, it is sufficient, in view of the monotonicit'y of the
solutions, to show that

max {t*/} —min {f*/}  isboundedas j— +o0. (3.1)
k k

We first show that t*»/—t'/ is bounded. Assume that it is not, and
consider the limits

X(e+ 1) > X0 (0) = (x""(1), (1))
(

4 . ) ) . (3:2)
X(t+ 1) > X2 (1) = (x>"(2), y>°(1))

obtained from a subsequence with 129 g +co. The monotonicity of
the limit functions x**(¢) and y*"(¢) implies that X "(z) and X >"(¢) are
both heteroclinic solutions connecting some equilibria. The properties of
t"“/ and >/ imply that

x7(0)= —b(a*)+e and

—ba*)+e<x(+w)<a(a*)—e
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Necessarily then, X' "’(¢) connects X ~(a*) to (0, 0); in fact, for all e R,

x"(1)<0,  y"(1)=0
*M(1)>0  and (3.3)

(x"*(+0), p"*(+00))= (0, 0).

In a similar fashion, one shows that X *"(¢) connects (0, 0) to X "(a*), and
that, for all te R,

x2(1)=0, y>'(1) <0

(1) =0 and (3.4)

(x**(=o0), y*’(—0))=(0,0).

However, the properties (3.3) and (3.4), and the fact that both solutions
X"*(¢) and X ?>7(¢) are nontrivial, immediately contradict Lemma 3.1. This
completes the proof that 1>/ — ¢t/ is bounded.

A similar proof shows that t*/— ¢*/ is bounded.

To complete the proof of the lemma, assume that (3.1) fails: then,
|¢3/ — t"J| is unbounded; taking the case t*/— ¢!/ >0, and passing to a sub-
sequence, we have in fact t*/— "/ — 400. Now consider the limit X “*(¢)
given by (3.2) (again with a subsequence). One has

xbM(—o0)< —b(a*)+¢
x"(+o)=a(a*)—¢ (3.5)

X4()=0  forall reR

since 1%/ — t"/ is bounded, and

11

Yz —b(a*)+¢ and
Y . ) (3.6)
yL(e)<0  forall reR

because 1>/ — 1"/ — +o0. However, (3.5) and (3.6) are together impossible
as X'" (£oo) are both equilibria. This contradiction completes the
proof. |}

We now obtain the bounds 0<r,<r<r, that establish H3. For
simplicity, we suppress « and work with the system (2.1),, making the easy

observation that the estimates obtained are uniform in xel.

Lemma 3.3. Hypothesis H3 holds for the system (2.1),.
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Proof. Assume that r,, does not exist; then there is a sequence r/ -0
and a sequence X’(¢)= (x’(1), y/(¢)) of heteroclinic solutions of (2.1),,
connecting X~ to X *. Assume, without loss, that x/(0)=c=a/2. Set
Xi(t)=X’(t/r’); then, X/(t)=(%/(1), 7/(t)) is a heteroclinic solution of
(1.1),; connecting X~ to X *. There exists a subsequence X/(t) —» X*(z) =
(%*(t), 7*(1)) converging uniformly on compact subsets of R, where X*(¢)
satisfies the system of ordinary differential equations

x=x—f(y)
y=y—f(x)

Examining the system at t=0 and using the monotonicity of ¥*(7) and
7*(2), we have

*(0)=%*(0) - f(5*(0))
*(0) = 7*(0) - f(x*(0)).

But then, using the monotonicity of f, we have, with the above inequalities,

S () =f(f(F*0) < f(7*(0)) < x*(0)=c

contradicting BS.
We now give a direct construction of the upper bound r,,. Fix positive
constants ¢, y,, and y, such that

0< &
0>

|fx)—al <y, Ix+b] if |x+b/<e
/) +bI <y lx—al i |x—al<e

and such that [recall 0< f'(a) f'(b) < 1]

7172 < 1.

Let X(¢)= (x(2), y(2)) be a heteroclinic solution of (2.1}, connecting X ~ to
X* and set u(t)=x(t)+b and v(¢)= y(t)—a. Note the bounds and
monotonicity conditions

O<u(ry<a+b, ()20
—(a+b)<v(1)<0, (1) <0

which hold for all teR. Since (u(t), v(¢))— (0,0) as > —oo, we may
assume by means of a time translation that
lu(z)|, |v(t)| <¢ forall <0, and

max{|u(0)|, |v(0)| } =e.
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Now restrict 1€ [0, 1] and use the above properties to obtain the following
estimates. First,

w(t)=ru(t) —r{fla+o(t—1)) +b]
= ru(t) +ry,v(t—1)
= ru(t) + ry,v(t)
and similarly
() << ro(t)+ry u(?).
Therefore,
(T+y1) a(r) = (L 472) 8(0) Z r(1 = y,72)(u(t) — (1))
Zr(1—7.7,)(u(0) —v(0))
Zer(1—=717,)
so integrating from =0 to 1 gives
(L+y)u(l)—(T+y;)o(1)Zer(1—y72)
From the bounds on u(z) and v(z), we obtain
CZ+yi+y)latb)zer(l—y,7,)

which gives the desired bound r,, for r. |

4. CONSTRUCTION OF THE HOMOTOPY AND
VERIFICATION OF H1

We first construct a nonlinearity f(x, 0) for which H1 holds. Then, we
construct a homotopy f(x, «) between f(x,0) and our given function

f(x, 1)

The trivial function, at « =0, will be odd:
S(—x,0)= —f(x,0) forall xeR.

We begin by showing that all heteroclinic solutions for such a nonlinearity
enjoy a corresponding symmetry property.

Proposition 4.1. Let f satisfy B1-B5. Assume also that fis odd:
S(—=x)= —f(x) forall xeR.



28 Chow, Lin, and Mallet-Paret

Then any heteroclinic solution X(z)=(x(z), y(¢)) of (2.1), connecting
X~ =(—a,a)to X" =(a, —a) necessarily satisfies

y(t)= —x(t) forall xeR.

In particular, x(¢) is a heteroclinic solution of the equation

() =rx(t)+rf(x(—1))

connecting the equilibrium x= —a to x=a.

Proof. Let u(t)=x(¢)+ y(¢t) where (x(¢), y(¢)) is a heteroclinic
solution of (2.1), connecting X~ to X *. We first show that there does not
exist t,€ R such that

u(2)>0 forall te[t,, 1,+1] (4.1)

Suppose in fact that (4.1) holds for some ¢,. Then, for te[t,+ 1, 1,+ 2],
we have

u(t) = ru(t) —r[f(x(t— 1))+ f(y(t—1))]
2ru(t) —r{f(x(t=1))+ f(—x(1—-1))]
= ru(t) 4.2)
and so both u(¢) and u(¢) are positive in [f,+ 1, £, + 2]. By induction, we
see that u(t) » 400 as t —» +o0, which is a contradiction. A similar proof

shows that there does not exist #,€ R such that u(z) <0 in [¢,, 1, + 1].
Now fix positive quantities ¢ and y such that

ffxl<sy<t if |x+al<e 4.3)
Also assume (by a time translation) that
[x(2)+a| <e and |y(t)—al<eg forall < —-1. (44)

It is enough to show that u(z) =0 for all # <0, for then integrating the first
equation in (4.2) shows that u(z) =0 for all e R. Assume then that u(¢) is
not identically zero on (— oo, 0]. From the oscillatory behavior of u(¢)
obtained in the beginning of our proof, there exists 7, <0 such that
u(t;)=0. Without loss, u(¢,)>0. From (4.2),

u(ty)=f(x(t; — D)+ f(p(t, = 1))
=f0e(t, — 1)) = f(—=y(1, = 1))
=f(o)u(t;—1)
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for some o between x(z;—1) and —y(r;—1). From (4.3) and (4.4), it
follows that

_ult) ()
/(o)

Let t<t,— 1 <1' <t be such that u(t) <0 on (1, 7’), with u(t) =u(r")=0.

Let t,€(z, 7') be the point in that interval where #(¢) attains its minimum:

u(t,—1) <0.

u(t,)=min u(t) <u(z,—1).
[z, 7]

We have 4(1,)=0 and |u(¢,)| = |u(¢,)|/y. By induction, we can find a
sequence ¢, >f,> ---such that

|u(t,)]

fult,)l 2 ——=
Y

= +00

as n — +oo. This contradicts the boundedness of u(r). |

We now construct the trivial function f(x, 0), for which H1 will hold.
Let g: R - R satisfy BI-B5 and assume also that g is odd:

gl—x)= —g(x) forall xeR.
Assume in addition that
g(x)= —a forall xe(a, +o).
Keeping g fixed for the remainder of this section, we let
g’ (x) = g(x/B)
for some fe(0, 1) to be chosen later, and study the equation
x(1) =rx(t) + rg?(x(r — 1)). (4.5),

We shall show that, if § is small enough, then H1 holds for a homotopy
constructed with f(x, 0) = gf(x).

Lemma 4.1. If x(t) is a heteroclinic solution of (4.5), connecting —a
to a, then

r>(1—-28)/3. (4.6)
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Proof. Let x(tz,)=a/2. Then, from the monotonicity condition
X(¢) 20, and from the differential equation, we have x(¢)<r(a/2+a)=
3raj2 for all t<t,, and hence x(¢y— 1) = (1 — 3r)a/2. Therefore,

1
((1=3r)a/2) > g (x(to— 1)) =~ (1) — x(2) > —g

which implies that (1 —3r)a/2 < fa, which is equivalent to (4.6). ||

Lemma 4.2. There is a constant 0 < < 1, independent of r, such that,
if 0<B< P,y and if x(t) is a heteroclinic solution connecting —a to a, then
t,—t,<1 where x(t,)= —pa and x(t,) = Ba.

Proof. If r<,+1, then the differential equation (4.5), becomes
X(t) =rx(t) + ra, so, without loss,
x(t)= —a+e” (4.7)
for this range of t. Now x(¢;)= —a+ e = —fa, and hence
e=(1-f)a (4.8)
Also,
x(t;+1)= —a+et D
= —a+(1—f)ae (4.9)
2 —a+(1—p)aexp[(1—28)/3]

using Lemma 4.1. There exists §, such that, if 0 < < f,, then the right-
hand side of (4.9) is greater than or equal to fa. This is equivalent to
t,—t; <1 |

Lemma 4.3. If0<B<p,, there exists a unique r such that (4.5), has a
heteroclinic solution connecting —a to a. Furthermore, this heteroclinic
solution is unique. Thus, H1 holds for Eq. (4.5),.

Proof. With ¢, and ¢, as in Lemma4.2, and (4.7) holding for
t<ty+1, we have x(¢,) = —a+ e"? = fa; hence

e =(1+p)a. (4.10)

Also, x(t)=rx(t)—ra for t2¢,+ 1, and hence
x(t,+ )=a. (4.11)
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Integrating the equation (e ~"x(1)) =re ~"g#(x(t—1)) from ¢, + 1 to ¢, + 1,
and using (4.8)-(4.11), we have

e—r(rz+1)a_e—r(11+l)[__1_+_(1_B)er] a

zlii_ﬁ;z~ 1 =re"£rlze*”gﬂ(x(s)) ds
e glx)
h ‘a(a+ﬁx)2d

and so

This uniquely determines r as a function of . It is also easy to see that, for
this value of r, Eq. (4.5), has a unique heteroclinic solution. ||

To complete this section, we construct the homotopy f(x, «) between
the trivial function f(x,0)= g#(x) and our given function f(x,1). We
construct f(x, ) in two parts, beginning with the range i<a<1.

With the period two points —b and a as in B2 for the given function
f(x, 1), let k(x, «) be a C' function k: Rx [, 1] — R satisfying the follow-
ing properties for all x and a:

k(0,2)=0 and k(x, )=x

Ok(x, a)>0
Ox
lim k(x,o)= o0 (4.12)
x—= ftoo
k(—=b,})=—a and k(a,{)=a  and
ok(x, 1)
Em =0.

Thus, as a function of x, k(x, «) is a diffeomorphism of R onto R, for each
fixed a Let h(x,a) denote the inverse diffeomorphism, that is,
k(h(x, a), o) = x for all x and «, and set

flx,a)=k(f(h(x,a), 1), ) for xeR and i<agl.

It is elementary to verify that B1-B5 hold for f(x, «), for each a, but with
b(o) = —k(—b, a) replacing b in B2. Note b(})=a.
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To construct the homotopy in the range 0 <o < 1, we assume f is such
that | f(x, 1) <|g%(x)| for [x| <a. This is certainly the case if § is small
enough. Note also that |f(x, 1)] = |g’(x)| for |x|>a. Let p(a) be a C’
function p: [0, 1] — [0, 1] satisfying

p(0)=0 and  p(})=1
p'(@)=0 and
p'(3)=0 (4.13)

and set
flx, 0)=p(a) f(x, 5+ [1 = p(e)] f(x,0)

where f(x,0)=g’(x). Again, it is easily verified that B1-BS5 hold
throughout 0 <o < 1. In particular, to verify BS, one uses the monotonicity
of f(x, ) in « for fixed x in the ranges (—o0, —a], [ —a,0], [0, a], and
[a, +o0). Finally, note that f(x, «) is smooth in « at a=1 by (4.12) and
(4.13).

With the exception of the proof of Proposition 2.6 (given in the next
section), this completes the proof of our main result, Theorem 2.1.

5. PROOF OF PROPOSITION 2.6

This section is devoted to the proof of Proposition 2.6. It is easier to
work with the system

1) =x() = f(y(t—r))
()= y(t) = f(x(t—r)).

Throughout this section, we assume that X{z) = (x(¢), y(r)) is a heteroclinic
solution of (5.1), connecting X~ to X *.

(53.1),

Lemma 5.1. range (x)=range (y)=[—b, al.

Proof. Let /=range (x) and J=range (y). Clearly I and J are non-
empty compact connected sets satisfying [—b,a]<=l,J. Denote
I={-—b* a*] where a* > a and b* > b, and choose a sequence € R such
that

x(t/) = a* = sup x(z).

As x(¢) is equicontinuous on R [since x(¢) is uniformly bounded, by the
differential equation], we have x(¢#/)—>0; hence, f(y(t/ —r))— a*. As
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y(t'—r)eJ, we conclude a*e f(J). Similarly —b*e f(J) and so I< f(J)
since f(J) is connected. Likewise, we have J< f(7), and so

[=b,alsI<s f(f(D)) (5.2)

The inclusions (5.2) and the properties of f easily yield I={—b,a] as
claimed. In a similar fashion, J=[—b,a]. |}

Lemma 5.2. There exists Te R such that
x(¢)>0 and y()y<0 if t<—T.

Proof. This follows immediately from Proposition 2.5 and Lemma
51. %

Fix a constant ¢ >0, and set
u(t)=x(r+c)—x(2) and
v(t) = y(t+¢)— y(1).
Observe that (u(t), v(z)) satisfies the system
u(t)=u(t) + g(t, v(i —r))
(1) = v(t) + h(z, u(t —r))
where
g, v)= ~flo+y(t—r))+f(y(t=r))
h(t, u)= —flu+x(1—r))+ f(x(t—r)).
Note also that the functions g and A satisfy
vg(t, v) =20, g(t,0)=0, and
uh(t,u) 20, h(¢,0)=0

for any (2, v), (¢, u) € R? and that
u(1)>0 and v(t) <0 if t<-T-c¢
lim  (u(1), v(2)) = (0, 0).

t— 4o

(5.3)

In what follows, think of ¢>0 as fixed, but arbitrary. A precise value
of ¢ will be chosen later.

865/1/1-3



34 Chow, Lin, and Mallet-Paret

Lemma 5.3. (a) Suppose for somé t*eR and >0 that
u(t*)=0  and  u(t)>0 if te(r* t*+¢].
Then there exists a sequence p’ >0, u/ — 0 such that
v(t* 4+ pu/—r)>0.
{(b) Suppose instead that
u(t*y=0 and u(1)>0 if te[t*—g t¥%).
Then there exist u’ >0, u’ — 0 such that
v(t* — u/ —r) <0 (note the sign reversal here).

(c) Each of the above two results holds if the inequalities for u and v
(but not p’>0) are reversed.
(d) Also, the roles of u and v may be exchanged in the above results.

Figure 3 illustrates two of the situations described in Lemma 5.3. In
fact, the pictures are a bit deceiving, as v(¢) need not be positive/negative
on an interval to the right/left of ¢* —r, but only for some sequence
W —r.

Proof. (a) Suppose that the conclusion is false; then,
v(t—r)<0 forall re[e*, t*+u]
for some u> 0. For this range of ¢, we have

a(t)y=u(t)+ g(z, v(t—r)) <ul(t)

(b)

e

Fig. 3
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and since u(1*)=0, we conclude from this differential inequality that
u()<0 on [* r*+ pu]. This is a contradiction.
The proofs of (b), (c), (d) are similar. |

Remark. We need not assume u(f)>0 on (¢*, t* +¢] in Lemma 5.3.
It is enough to assume that u(:* +¢&/)>0 for some ¢/>0, ¢/ >0, and
u(t*)=0, to make the same conclusion in (a); and similarly for (b}, (c),

(d).
Lemma 5.4. Define the zero sets
Z,={teR|u(t)=0}
Z,={teR|v(r)=0}
of the functions u and v. Then, any bounded interval contains only finitely

many connected components of Z,. The same conclusion holds for Z .

Remark. The above result holds for any fixed ¢ >0, as the functions
u and v, and hence the sets Z, and Z,, depend implicitly on this parameter.
We do not claim any uniformity in the number of components as ¢ varies.
Proof. Define sets 4, and B, by
A, = {t* e R | there exist t/ - t* monotonically, with u(r*) > 0
and u(r*** 1) <0}
B,= {t* e R| there exist t/ — * monotonically, with u(¢**) =0
and u(r* 1) #£0}

and sets 4, and B, in an analogous fashion. We allow the sequence ¢/ to be
either monotonically increasing or decreasing. Observe that

A,eB, =7, and
A,€B,cZ,.
One easily sees that it is sufficient to prove
B,=B,=(

in order to prove the proposition. And in order to prove that B, and B, are
empty, it is enough to prove the implications
t*e B, implies t* —re 4, and

t*e B,implies t* —re 4,.
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The reason for this is that, if *e B,, then the above two implications
would vield t* —2nre 4, for each n >0, contradicting (5.3).

We shall only prove the first implication. Assume, therefore, that
t* € B,. We shall show that t* —re 4,. To be definite, assume ¢/ (as in the
definition of B,) decreases to t* and consider the points 2 *!, Each ¢* *!
lies in a maximal interval (¢*, %) on which u(¢) # 0, and which approaches
t* as k — oo. That is,

u(t) 20  if te(o*, 1)
u(6¥)y=u(t*)=0
<ok <tk and
8 — ¥,
Lemma 5.3 applied at the points ¢ and t* (not at t*) shows that there
exist 6* and 7* satisfying
o< gf<t*<t®  and
v(6*—r)v(FF—r)<O.
Thus, v(z) changes sign infinitely often to the right of, and arbitrarily close

to, t* —r; hence, t* —re 4, as claimed. This completes the proof of the
lemma. |

If 7 and J are nonempty closed intervals (or points), we write I<J to
mean s < ¢ for each se/ and teJ.

Lemma 5.4, together with the fact that u(¢)>0 for all 1< —T—c,
imply that the set Z, has the form

where
I=[o, p/] is a nonempty compact interval or point
I*=T[oa* o] for some o*
V<p*! and [I/<I* whenever these intervals exist, and

al, pF— if p=oco.
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Similarly Z, has the form

where
J'=[y’,4’]
J*=[y* )
JI<J/*'  and  J/<J*  and
y,0/>0 if g=o0.
Let

B={p'}? and  D={5'}7_,

j=1

denote the sets of right-hand endpoints of I/ and J/, respectively; thus, B
and D are discrete subsets of R that are bounded below. Motivated by the
integer-valued Lyapunov function defined in Mallet-Paret (1988), we define
functions

N, N, R—{0,1,2,.}
N (t)=card({— 0, t] N B) and
N, (t)=card((— o0, t]n D)
and also define
Vi, ViR {—0,.., =2, —1,0, 1, 2,..} by
N(b)—N,(b—r), where b=inf{feB|1<p}
V()= if this exists, or
card B—card D if B<t forall feB
and
N,(d)—NJ(d—r), where d=inf{deD|r<é}
V.(t)= if this exists, or

card D —card B if é<t forall éeD.
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It is obvious that N, and N, are nondecreasing functions of z. What is not
so obvious is that V', and V, are nonincreasing functions of ¢.

Lemma 5.5. If t,<t,, then

Vu(t1)> Vu(tZ) and Vb(t1)> VU(IZ)'

Proof. We consider only V/,. By examining the definition of V,, one
sees that it is enough to prove that

V.=V, (B’  foreach j<p.
One has from the definitions
VAB)=VUB ) =N(B) =N )= N,(B'—r)+ N,(B' " —r)
= L= N~ N+ N/ =)
= —1+card((B/—r, p/*' —r]n D).
Hence it is enough to show that
B —r, BT —r1nD# .

This follows easily from Lemma 5.3 by examining the signs of u(z) to the
right of B/ and the left of &/ ' < B/ * 1. One concludes that v(¢) changes sign
at least once in the interval (' —r, 0/ T —r)=(B/—r, B/ —r]; hence,
this interval contains a point of D. |

Lemma 5.6. For all te R, one has V (1)<1 and V (t)< 1.

Proof. If B=¢, then V (1) <0 for all ¢, from the definition. If B # ¢,
then V (1)< V (B') for t= B!, and V (¢)=V (B") for 1< B Thus,
VANV (BYSN(B)=1
holds for all t. The proof for V, is similar. |}
Because Z, consists of discrete sets of intervals, it is possible to divide

the compact intervals I/ into two classes: those on which u(¢) changes sign,
that is,

u(o/ —e)u(p’+e)<0  forsmall £>0
and those on which it does not,

(o —e)u(B/+¢)>0  forsmall &>0.
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ﬂi pi o Bi

Fig. 4

Similarly, the intervals J7 in Z, fall into these classes. See Fig. 4, where such
intervals are depicted.

The next lemma says that V, (or V), if positive, must strictly decrease
if ¢ passes an interval that is not a sign change.

Lemma 3.7. Let I'=[o’, B7] be such that u(t) has the same sign on
either side, near I’; that is,

u(e/ —eyu(p’+e)>0  forsmall £>0.
Then,
V.(B')<0.
A similar result holds for the function V, for intervals J'= [/, 77 on which

v(t) does not change sign.

Proof. First suppose that j > 2. In view of Lemma 5.6, it is enough to
prove the strict inequality

VABY< V(1)
As in Lemma 5.5, we have

VB =)= Vp)=—~1+card((§'~'—r, p/=r1 D).

We must therefore show that (87 ' —r, B/ —r] contains at least two points
of D. There is one point (at least) of D in (B/ '—ra/—r)c
(B~ '—r, B’—r], as in Lemma 5.5; we claim that [«/—r, §/—r] contains
another, necessarily different, point of D. This claim follows from
Lemma 5.3: since u(t) has the same sign on either side of [«’, 8], v(¢) has
opposite signs on either side of [a/—r, B/ —r]. Thus, J* < [a/—r, B/ —r]
for some k; hence, [a/—r, p/—r] N D # ¢ as desired.
Now suppose that j=1. We have

VAB ) =N(BY—N,(B"—r)
=1=N(p'~r)
=1—card((— o0, ' —r]n D)
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and so must prove that (—oo, B! —r] N D+ . This holds as in the case
above, since [a'~r, B'—~r]nD#@. Thus, V,(B')<0, completing the
proof. |}

Lemma 58. If I'=[o’, /] is as in Lemma 5.7, then dist(B’, D) >=r.
The analogous result for J/=1[7y7, /] and B holds.

Proof. Suppose that |8/ — 5%| <r for some 6% e D. Consider
VdB))+ V(85)= N(B/) = N ,(3“ = r) + N,(6*) = N,(B/—r)
= card((6* —r, /1N B) +card((B/ —r, 6]~ D)
z1+1=2

where 6* —r < /e B and p/—r < 5* € D are used. However, by Lemmas 5.6
and 5.7,

V(B + V(65 <0+1=1

is a contradiction. ||

Lemma 5.9. There does not exist an interval I'=[a’, /] as in
Lemma 5.7, that is, one on which u(t) does not change sign. There likewise
does not exist J/ on which v(t) does not change sign.

Proof. Suppose that I’ exists as stated. For definiteness, suppose that
ut)>0 if re(B/, pi+e]

for some ¢ >0. Lemma 5.3 implies that v(¢) > 0 at some point t =8+ u~r
close to, and to the right of, B/—r. This and the fact that
(B/—r, B/ +r)n D= (which follows from Lemma 5.8) implies that

o()=0 if te[p—r, B/ +r].

Therefore, u(¢) = u(r) for all te [/, f7 + r], implying that
u(t)>0 if re(pl, p7+r]

since u(t) >0 holds immediately to the right of .

As in the proof of Proposition 2.5, one easily shows by integrating the
differential equations for u(¢) and v(¢) on steps of length r, and using the
inequalities ug(z, u) =0 and vh(z, v) = 0, that @(¢) = u(t) > 0 for > 7. This
contradicts the boundedness of u(z). |
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Proof of Proposition 2.6. We shall show first that %(¢) >0 for all . In
fact, we prove strict monotonicity of x(¢) for a certain range of ¢ Fix ¢>0
sufficiently small, and let 7, < ¢, be the numbers uniquely determined by the
conditions

x(t,)= —b+e¢
x(t,)=a—c¢ and
—-bte<x(t)<a—ce if te(ty,t,)
Define the set
C={c>0|x(t) =x(t+c) for some ¢ satisfying 1, <t <t+c<t,}

and observe that C=(0,¢,—¢,] is closed in the relative topology of
(0, £, —t;]. We show that C= &, thereby proving strict monotonicity of
x() in (¢, ¢,). Suppose that C# J and let ¢* =sup C. As c¢* € C, we may
choose ¢ =r* as in the definition of C, that is,

x(t*) = x(t* + ¢*)
with ¢* and 1* + ¢* both between ¢, and 7,. In fact, the strict inequalities
L<t*<t*4co*<i,

hold from the properties of ¢, and ¢,. See Fig. 5.
Consider now the function u{z)=x(t+c*)—x(¢) in the interval
I=(t,,t;—c*). Clearly, t*eI and u(¢*)=0. We claim that

u(t)=0 at each tel (5.4)
If this claim were false, then u(7) <0 would hold at some 7€ I, giving

x(T+ c*)y < x(F) < x(t,).

1

t
x(t + c*) “
X|

—b

Fig. 5
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Then there would exist e (c*, t,—1) such that x(f)= x(7+ ). However,
¢e C would hold, contradicting the definition of ¢*. This establishes (5.4).
From this we see, upon evaluating u(¢) at the endpoints of I, that

u(2)=0 ateach tel
u(t)>0 at the endpoints of 1, and

u(t*)=0 at some t* e L.

However, the above three relations immediately contradict Lemma 5.9, as
they imply the existence of an interval I’< I as in Lemma 5.7. With this
contradiction, the monotonicity of x(¢) in (z,, ¢,) is proved. In fact, as ¢ is
arbitrary and x(z)>0 for sufficiently negative ?, we have shown that
X(2)=0 for all ¢ and x(¢) is strictly monotone as long as x(¢f)<a. The
analogous result for y(z), of course, also holds.

To complete the proof of the proposition, assume %(t)=0 for some ¢;
let ¢, be the first such time. It is enough to show X(¢) <0 for all 1>1,, for
that would imply x(r)=0; hence, x(f) = x(+ o0 )=a for all > t,. Denoting
k(t)= —f(y(t—1)), we note that k(f) is nonincreasing in ¢, hence,
k(1)< k(ty) for ¢ = 1y. Also,

X(t)=x(t) + k(2)
and so x(¢,)= —k(ty). Therefore,
x(t) = —k(1o) €0 + j ¢'~k(s) ds.
Hence,

#(1)= ~k(to) e+ k(0)+ | e'~k(s) ds

= k(1) k(to) + | €'~ *[k(s) — k(1o)] ds

<0 for t=1,.

This completes the proof. |}
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