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Suppose I' is a heteroclinic orbit of a C* functional differential equation
x(t)= f(x,) with a-limit set (/") and w-limit set w(I") being either hyperbolic
equilibrium points or periodic orbits. Necessary and sufficient conditions are given
for the existence of an J close to fin C* with the property that %(¢)= f(x,) has a
heteroclinic orbit I close to I'. The orbits I" are obtained from the zeros of a finite
number of bifurcation functions G(B, f)e R*, BeR?*!. Transversality of I is
characterized by the nondegeneracy of the derivative D;G. It is also shown that the
7 which have heteroclinic orbits near I are on a C* submanifold of finite
codimension = max{0, —ind I"} or on the closure of it, where ind I' is the index of
. © 1986 Academic Press, Inc.

1. INTRODUCTION

Let C[ —r, 0] be the Banach space of continuous functions from [ —r, 0]
into R” with the supremum norm. Suppose x is any continuous function
from R into R”", x,(8)=x(t+0), —r<08<0is an element in C[ —r, 0]. Let
D be a bounded open ball in C[ —r, 0], and let y*= {f| fe C*, f: D> R"}
be the Banach space with the usual C*-norm |- ||,. For a given f € y*, sup-
pose the autonomous retarded functional differential equation

x(1) = flx,) (1.1)

has a heteroclinic orbit I'< C[ —r, 0] with a-limit set a(I") and w-limit set
w(I') being hyperbolic periodic orbits or equilibrium points,
rve(Nua(l)cD.

Suppose X is a Banach space, the parameter space, ge CX(D x X, R"),
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with g(-, u)ex*, |l g(-, w)l =0(ul) as u—0 and consider the pertur-
bation of (1.1) given by

x(t) = f(x,) + g(x,, p). (12)

The purpose of this paper is to determine conditions for the occurrence
of a heteroclinic orbit /™ of (1.2) in a neighborhood of I for u in a
neighborhood of zero. We also want to specify these conditions in terms of
computable quantities which can be used to determine either the transver-
sality or the order of nontransversality of the heteroclinic orbit.

In order to be specific about the results, let us assume first that
ol =y,, o(I')=y,, where y,, v, are periodic orbits of periods w,, w,,
respectively. Let W¥(y;), W*(y;) be, respectively, the unstable and stable sets
for y;, j=1,2. We refer to these as manifolds, even though it may not
always be true that they are manifolds globally. The local unstable and
stable manifolds W} (y,), Wi..(y,) near y; are C*-manifolds.

Let T(¢): C[ —r,0]—= C[ —r,0], =0, be the C*- -semigroup generated
by (1.1); that is, T(z)¢ is the solution through ¢ at =0. In the following,

we let I'=U,cr {4/}, V1 =Uicr P 72=Uier {Pz,r}, where ¢, p,, p,
are solutions of (1.1).

DeFmNiTION 1.1. "' W¥(y,)n W3(y,) is said to be a transverse
heteroclinic orbit if for s, 1>0 large enough such that ¢ _, € Wy, (y,) and
q: € Wi,c(y,2) then T(z+s) sends a disc in W} _(y,) containing g _, trans-

verse to Wj (7,) at q,.

The important concept of general position will play an important role in
the study of nontransversality.

DErFINITION 1.2. T'e W¥(y,) n W*3(y,) is said to be in general position if
I' is either transverse or, if, for any s, />0 large enough such that
q_,€W" (y,) and g, € Wi, (y,), then T(¢ +s) sends a disc in W (7,) con-
taining q_s difffomorphically onto its image and ¢, is the only tangent vec-
tor in [T(r+s) Wi(y1))1n Wio(v2) at q,.

DeriNITION 1.3. The index of I'c WY(y,)nW(y,) is ind I'=
dim W*(y,) —dim W*(y,).

If ind I"'= —1, the concept of general position has been referred to as
quasitransversal in the study of difffomorphisms (see Sotomayor [12],
Newhouse and Palis [10]).

For p small, there is a famlly of hyperbolic periodic orbits y# =

Urer P4} 70 =y, with Wi (y4), Wi (%) being C* in p, j=1, 2 (see [3])
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One of the main results of the paper is the following.

THEOREM. If I'c W*(y,)n W3(y,), I=max{0, —ind I') then, for pu
small, there are C* submanifolds M(I)c y* of codimension I such that
[+ g(, uye M(I) if and only if (1.2) has an orbit I'* < W*(y{)n W*(y4%)
close to I' and in general position. Furthermore, f € Cl M(1); that is, if I is
not in general position, then there is a perturbation § of f such that

f+geM().

In particular, this result implies that there are I linearly independent per-
turbations to break the heteroclinic orbit I" if 7> 0. This result is a local
version of the genericity of transversal intersection of stable and unstable
manifolds of y, and y,. If ind I" >0, a small perturbation can make it trans-
verse; if ind I"'< 0, a small perturbation can break it and there are —ind I
ways to do it. For a more complete discussion of generic properties of
functional differential equations, see {6, 8, 9].

Similar results hold when a(I"), w(I") contain equilibria if we define the
index of I' as ind I"=dim W} («(I')) —dim W} (w(I')) + B, where = —1
if (I} is a point and B =0 if w(I") is a periodic orbit. Roughly speaking,
the cause of the difference in the two cases is that for y=w(I") being
periodic orbits, codim W} (y)=dim W} (y)—1, while for y being
equilibria, codim W3 (y)=dim W} ().

The proof of the above result uses the method of Liapunov-Schmidt to
determine a set of bifurcation functions G(B, u) e R, e R**, such that
there is a heteroclinic orbit I if and only if there is a f(u) such that
G(B(u), u)=0. Furthermore, the transversality of I'* is equivalent to saying
that D,G is onto. The degree of nontransversality of I is measured by the
rank of D;G. The constant d is the number of linearly independent
solutions which approach zero exponentially as t— +oo of the linear
variational equation about the solution defining /" and 4* is the number
of linearly independent solutions of the adjoint of this equation that are
bounded on (— o0, 0).

The manner in which the method of Liapunov-Schmidt is employed
follows in the spirit of the investigations of Chow, Hale, and Mallet-Paret
[1], Palmer [11], and Lin [7] for the determination of heteroclinic orbits
for periodically perturbed autonomous systems. The case where the orbits
y; are periodic and the perturbation is autonomous introduces additional
technical difficulties. First, the linear variational equation

x(1)=f"(q.) x, (13)

around I" has the bounded solution §(¢) which does not approach zero
either as t » + oo or as t » — co. This implies that (1.3) does not have an
exponential dichotomy. Second, since the period of y# changes with x4 and
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the time that it takes to go from a transversal of y# to a transversal of y4 is
also changing with p, these quantities must be determined in some way.
This involves several careful time scalings.

We now give a brief outline of the contents of each section. Section 2 is a
recollection of known results on stable and unstable manifold theory. Sec-
tion 3 is devoted to the development of the theory of exponential
trichotomies, generalizing the concept of exponential dichomoties to fit our
needs. Section 4 is devoted to more details about exponential trichotomies
including the roughness theorem. Also, it is shown that the linear
variational operator around I” defines a Fredholm operator in the Banach
space of continuous bounded functions in R weighted by a factor e** for
t<0 and e~ for > 0. In Section 5, we derive the bifurcation functions G
and deduce various geometric consequences of them. In Section 6, we con-
struct perturbations g(-, u), showing the manifold structure of M(I), and
that Cl M(I) contains all the vector fields having I* near I as a
heteroclinic orbit.

2. HYPERBOLIC EQUILIBRIA, PERIODIC ORBITS
Suppose (1.1) has an equilibrium point x, € R" and let %, € C be defined
by ¥4(8) = x,, —r<6<0. The linear variational equation about x, is

x(1)=L(Xo)x,,  L(Xo) =f"(%)- (2.1)

The solution x, of (1.1) is hyperbolic if all eigenvalues of the characteristic
equation of (2.1) have nonzero real parts. Let

Wi (xo)={peC: T(t)p » Xy ast—> o0}
W (xo) = {¢ € C: T(1)¢ is defined for 1 <0,
T(t)p > xoast— —0}.
The following theorem may be found in [3, p. 230].
THeOREM 2.1. If fe CX(C, R"), k=1, and x, is a hyperbolic equilibrium
point of (1.1), then there is a neighborhood U of X, such that
Wie(x0) = {$ € W'(x,), T(1)9 € U, 1< 0}
Wis(x0) = {¢ € W¥(x,), T(1)p € U, 1>0}

are C*-manifolds. The approach of solutions to %, as t » +oo (or t &> —o0)
is exponential.

Suppose p(#) is a periodic solution of (1.1) of minimal period w and let
y=U,cr {P.} =C be the corresponding periodic orbit. Then necessarily
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pe CY(R, R") and p, #0 for all € R. The linear variational equation about
the periodic solution p is

(1) =L,(t)x, (2.2)
L,(t)=f"(p,) (2.3)

and p(t) is a solution of (2.2).

Let T(z, s): C— C be the solution operator for (2.2); that is, T(z, s)¢ is
the solution of (2.2) which coincides with ¢ at ¢ =s. The characteristic mul-
tipliers of (2.2) are the eigenvalues of the operator T(w, 0). The fact that
p, #0 for all e R satisfies (2.2) implies that 1 is a multiplier of (2.2). The
orbit y is said to be hyperbolic if

(i) 1 is a simple multiplier,
(i) [o(T(w,0ON{1}1n{zeC: |z|=1}=¢.
The stable set W*(y) for y and the unstable set W*(y) of y are defined as
Wi (y)={¢eC:T(t)p >yast— o}
Wi(y)={¢eC: T(t)¢ is defined for t<Oand »yast— —o0 }

For any o >0, define

Wiy, 0)= {pe W(y): T(t)$ — p, ., > Oast— o0}
Wy, 0)={pe W*(y): T(1)p— p,.. > 0as 1~ —0}.
The sets W*(y, a), W'(y,a) are points respectively on the stable and

unstable sets which are synchronized in time with p, , ,.
For any neighborhood U of y, we define

Wiy, a) = {pe Wy, 0): T(t)$e U, 1 >0}
W (v, a)={pe W*(y, a): T(1)pe U, t<0}.

The following theorem may be found in [3, p. 242; 4].

THEOREM 2.2. If fe CX(C, R"), k=1, and y is a hyperbolic periodic orbit
of (1.1), then there is a neighborhood U of y such that W5, (y, o), WiL (7, &)
are C*-manifolds and

W)= U Wina)  Whiy)= U Wi
O0a<w Oe<a

are C*-manifolds. The approach of solutions to y either as t —» + o or as
t — — o0 is exponential.
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3. EXPONENTIAL TRICHOTOMIES

For =5 in some interval J, let 7(¢, s) be a strongly continuous non-
autonomous semigroup of linear bounded operators in a Banach space X;
that is, 7(¢,5) is strongly continuous in ¢, s, T(s,s)=1 (the identity),
T(1, t) T(x, s) = T(1, 5), t=1>+s It is said that 7{(z, s) has an exponential
trichotomy on J if there exist projections P,(r), P(t) and P (t)=
I— P (t)— P(t), teJ, strongly continuous in ¢, and

T(1, 5) Py(s) = Py(1) 114, 3),
T(1, 5) Pu(s) = P,(1) T(1, 3),
T(1, 5) P(s) = P(1) T(1, 5),

for t=s in J. We also assume that T(t, s): #P,(s)— RAP,(tr) and T(4, 5):
AP (s) > RP(t), t=s, in J are isomorphisms and T(s, 1) =(T(s,s)) ",
t>s, is defined from 2P (t) onto #P(s) and from ZP () onto RZP(s).
Furthermore, there exist constants a<v—c<v+e<pf, called the
exponents of the trichotomy, and K> 0 such that

| T(2, 5) Py(s)| < Ke*' ),
| T(s, 1) Py(t)] < Ke P,
| T(t, 5) Po(s)| < Ke®* 9t =),

| T(s, t) P (1)} < Kel7» oW =) t=sel.

We shall assume ZP,(t) and ZP(t) are finite dimensional.

The adjoint operator T*(s, t) of T(t, s) is a weak* continuous semigroup
in X*. If T(¢, s) has an exponential trichotomy on J, then T*(s, ¢) has an
exponential trichotomy on J with projections PX(t), P*(t) and PX(t),
weak* continuous with respect to seJ, where * denotes the adjoint
of a continuous operator. Obviously, dim ZPX(t)=dim ZP,(t) and
dim ZPX(t)=dim #P_(¢). It is also true that T*(s, t): #P*(t) > RPX(s)
and T*(s,t): APX(t)—> RAP¥(s) are isomorphisms and the inverses
T*(t, s) = (T*(s, £)) "' = (T(s, 1))* are properly defined. See [7].

We call 2P (1), #P(t), and #P(t) the unstable space, stable space, and
center space, since in most applications, >0, v=0, and « <0. The case of
P (t)=0, teJ, is also called a shifted exponential dichotomy if the splitting
is not made at v=0.

If (1.1) has a hyperbolic equilibrium point, then the solution map
I(t,s) =D, T(t — 5)%, of (2.1) has an exponential dichotomy for all #>s in
R. This is a special case of an exponential trichotomy with the dimension of
the center space equal to zero and a <0< f. For a proof, see [3, p. 181].

If (1.1) has a hyperbolic periodic orbit y =J,.» {p;}, then the solution
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map T(,s)=D, T(t—s) p, of (2.2) has an exponential trichotomy for all
t=zs in R. This is a consequence of the decomposition theory of linear
periodic systems in [3, Chap. 8]. In terms of the notation in [3, p. 203],
the decomposition according to the multipliers with moduli greater than
one yields projections P, and P, + P.. With ¢> 0 sufficiently small, the
decomposition according to the multipliers with moduli greater than 1 —¢
yields projections P, + P, and P,. The adjoint system of (2.2) is then used
to obtain the projections P,, P, P,.

The proofs of Lemmas 3.1, 3.2, 3.3, below, will not be given here, since
they are similar to the case of exponential dichotomies of flows generated
by ordinary differential equations. See [2]. The technical treatment of the
additional difficulty caused by the noninvertibility of 7(z, s) can be found
in [7].

LEMMA 3.1. Let T(t,s), t=5 have exponential trichotomies in R~ and
R*, with projections P*(t), Px(t), PX(t), te R*. Suppose that the
exponents in R~ and R™ are the same, and the unstable spaces in R~ and
R™ and the center spaces in R~ and R™* have the same dimensions,
RP7(0)n {APF(0)DRPS(0)} =, and {RP;7(0)® AP (0)} n
RP;(0)=F. Then T(t, s) has an exponential trichotomy in R=R~ UR™.

LemmA 3.2, Let T(t, s) be defined in (— o0, t,] and have an exponential
trichotomy in (—oo,t], to>1. Suppose that T(ty,7)(¢, +¢,)#0 for
6, RP (1), ¢, € RP (1), and ¢, + ¢, #0. Then T(1, s) has an exponential
trichotomy in (—o0, ty] with the same exponents, and the projections P (t),
B (1), and P(t) approach P (1), P(t), and P(t) exponentially as t - — co.

LEMMA 3.3. Let T(t, s) be defined in [t,, + c0) and have an exponential
trichotomy in [1, + ), T>t,. Suppose that T*(ty, T)(¥, +,)#0 for
Y, €RPX(1), Y, e RP¥ (1), and Y, + Y, #0. Then T(t, s) has an exponential
trichotomy in [t,, + c0) with the same exponents, and the projections P (t),
P(t), and P(t) approach P (1), P(t), and P(t) exponentially as t - + co.

4. THE LINEAR VARIATIONAL OPERATOR

In this section, we give more details about exponential trichotomies for
the linear variational operator for a heteroclinic orbit I of (1.1).

Let 4 be the Banach space of all the linear continuous functions L:
C([ —r, 0], R") —» R” with the operator norm. Let C*(R, %) be the space of
C* maps from R to % with the C* uniform topology. Let T(z, s) be the
solution operator for the linear functional differential equation

X(t)=L(0)x, 4.1)
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with L(:)e C*(R, %). Let L(t)¢= fo_, dn(t,0) $(8) for e C[ —r,0]. For
each ¢, 5(t, 8) is an n x n matrix function normalized so that (¢, ) =0 for
0=0, n(t, 0)=n(t, —r) for 8 < —r, continuous from the left in 8 on ( —r, 0)
for each r and has bounded variation on 6e[ —r,0] for each . Such
matrices constitute a Banach space %, with |n(s,)|=
max, ¢, [2r., Varn,(t,-)]. Each L(-)e C¥(R, %) is associated with a
unique 7(-,-)e C*(R, %,) and the relation is an isomorphism from
CHR, %) to CX(R, B,).
The formal adjoint equation for (4.1) is

y(s)+ f y(@)n(a, s—o)de=const, s<t—r. (4.2)

Let By([ —r, 0], R™) be the space of functions from [ —r, 0] to R”" which
have bounded variation on [ —r, 0] and are continuous from the left with
|~|//| =max »)7_, Var ;. The solution operator of (4.2) defines a semigroup
I(s, 1), s<t, mapping y, € Bo([ —r, 0), R™) to y, € Bo([ —r, 0], R™"). See
[3]. From (4.2), it is clear that y(s) is absolutely continuous for s <t —r. If
ne C*R, %,), k> 1, we have that

o)+ [ v nda, s —a) do

+ f Arﬁ(a)n(a,S~a)drx=0, s<t—2r.

So y(s) is absolutely continuous for s<¢—2r. Therefore y(s)e C* for
s<t—(k+ 1)r, by induction.

Consider Eq. (4.1) in some interval J< R. For any L(-)e C(J, %), let
A(t, Ly=n(t, —r*)—n(t, —r) be the jump of n(z, 7) at —r. The function
L(-) is said to satisfy the H-O property if for any compact set K c J, there
exists an ¢, 0 <eé& <r, such that

[ a0 40)= A0 4(—r),  rek,

—r

and the set {r | det A(t)=0, te J} contains only isolated points.

LemMMA 4.1 (Hale and Oliva [5]). The solution operator of (4.1) is
one-to-one if L satisfies the H-O property. Furthermore, the class of L
satisfying the H-O property is dense in C*(J, %) if J is compact and k> 1.

Lemma 4.2. Suppose that L satisfies the H-O property in J. Then the
solution operator T(s, 1), s<t, for the formal adjoint equation (4.2) is
one-to-one for all s <t for which [s—r, t]<J.
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Proof. Suppose that y(a) is a solution of (4.2} and there exists a con-
stant ¢, [t—r, t] = J, such that y(x)=0 for a <t We want to show that
there exists p > 0 such that y(a)=0 for a<t+ p.

Let ¢ >0 be the constant in defining the H-O property. For s<t+e—r,
y(s) satisfies the equation

y)+ [ pla) ns, s—a) do= const.
Since y(s)=0 for s<t

+e&
fl y(a) n{a, s — o) doe = const, s<t+e—r. (4.3)
t

Let s=t+¢e—rin (43). Since t<a<t+e —r<s—a<e—r, we know, by
H-O property, n(a, s —a) =n(a, £ —r) for i <o <t + ¢; therefore

t+e
constant = f y(x) n(a, e —r) do.
¢t

Ift—r<s<t+e—rin (4.3), we have
s+r
[ v s—a)—n(e, e~ r)] do
4

+[ 7 @t s—a) —n(a, e =] da=0.

But, for t<a<s+r, nla,s—a)=n(e,e—r), and, for s+r<ag,
(o, s—a)=n{a, —r) and so

t+e
j y()[n(e, —r)—n(a,e—r)] du=0, t—r<s<t+4e—r.

s+r
Differentiating with respect to s, we have y(s+r)-A(s+r)=0 for
t<s+r<t+e There exists 0 < p <e¢ such that A(s+ r) is nonsingular for
t<s+r<t+p Thus y(s+r)=0 for t<s+r<t+p. This proves the
lemma.

If we suppose that 7(z, s) has an exponential trichotomy in J, then so
does T*(s,t), s<t If J=(—0o0, +00) or [0, + o0}, the relation between
the true adjoint operator and the formal adjoint operator (see [3,
pp. 152 ff.]) implies that T(s, r) also has an exponential trichotomy in J,
with the same exponents a <v—e<v+e<f.

LEMMA 4.3. Suppose that (4.1) has an exponential trichotomy in
J=(—00,0] or [0, + ©) or ( — o0, + ) with projections P (t), P (t), and
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P (1), and exponents a <v—e<v+e<f. Assume that d=sup,., | B(¢)|,
where B(-)e CX(J,%). Then the functional differential equation

X(1)=L(t)x, + B(#)x, (4.4)

has an exponential trichotomy in J, with projections P(t), P(t), and P (1),
and exponents & < ¥ — &<V + & < J, provided that | 8| < 8, for some constant
80 >0. Furthermore, B, (t)— P,(t), P(t)-> PJ(t), and P [(t)- P(t)
uniformly in t and &, 7, B é—a v, B easd—0.

Under the same hypotheses on (4.1) and J=(— 0, 0] (or [0, «0)) and
|B(t)| -0 as t > — o0 (or t > ), there is a 1 >0 such that (4.4) has an
exponential trichotomy on (— o, —1] (or [1, ®©)) and P,(1)—P,(1)-0,
B (t)=P(1)—0, P(t)—P(t)>0ast— —a0 (or t > 0).

Proof. We observe that, if (4.1) has an exponential dichotomy in
J=(—-0,0] or [0, + o) with projections P,(t) and P(t), exponents
o< f, and if & is small, then (4.4) has an exponential dichotomy in J with
projections P (t) and P(r) and exponents &< B.  Furthermore
B,(t)— P,(t), P,(1)— P(t) uniformly in € J and 4, f—a pasd—0. The
proof of these facts is similar to the roughness of exponential dichotomies
in the ordinary differential equation case, and can be found in [2],
although necessary changes have to be made to avoid using the inverse of
the solution map too arbitrarily—it is only defined on the unstable spaces
and center spaces.

Now from the exponential trichotomy of (4.1), two exponential
dichotomies can be defined. One is defined by P! =P, + P, P! =P, and
with the exponents a <v—e¢. Another is defined by P2=P,, P2=P .+ P,
with exponents v + & < . From our previous observation, for smali J, (4.4)
has two exponential dichotomies. One is defined by P!, B! with exponents
& < ¥ — & Another is defined by P2, P2 with exponents ¥ + & < f. Also, P, P!
are close to P, Pf and 4, B, ¥, & are close to «, B, v, ¢ if § is small. There are
three cases to be considered.

(1) J=[0, + o). In this case, #P! and #P? are uniquely determined
and #P! « #P2. The difference of their codimensions is equal to dim #P..
We see that P (1) = Pl(t), P,(t)= P2(¢), and P () equals the operation of
P2(1) followed by a projection from #P2(t) onto the invariant subspaces
complementary to ZP!(¢) in #P(1).

(2) J=(—0,0]. In this case, f’l‘, and Pﬁ are uniquely determined and
P2 c P! The difference of their dimensions is equal to dim #P.. We see
that P (t)=P2(¢), P(t)=P!(t), and P,t) equals the operation of P!
followed by a projection from Pl(¢) onto the invariant subspace com-
plementary to #P2(¢) in ZP(1).
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(3) J=(—00, ). We use (1) and (2) and Lemma 3.1. Note that
RP(0)n {RPF(0)@®RP;(0)} =
and
(RP;(0)®#P(0)) " RB; (0)= &

for small , since these two equalities are rough under small perturbations.
To show this, one needs that dim #P, and dim 2P, are finite.

The proof of the last part of the Lemma follows as in the ordinary dif-
ferential equations case (see, for example, Palmer [11]). An immediate
consequence of Lemma 4.3 is the following.

THEOREM 4.4. Let I'=\J,.r {q.} be a heteroclinic orbit with o(I') and
(') hyperbolic equilibria or periodic orbits. If T(t,s), t=s, is the solution
map for x(t)=f'(q,)x,, then T(t,s) has exponential trichotomies in
(—o0, —1] and [1, + ©), t>0. The orbit I' is transverse if and only if

T(r, —1) RP (1) + (AP (1)@ AP (1))=X
or, equivalently,
T(t, -1 (AP (—T1)DRP; (—1))+ RPF (1)=X.
I is in general position if and only if I is transverse or

T(t, —t{ AP (—T)DRP(—7)} " RP(1)={0}.

When applying Theorem 4.4 to the special case that /" is a homoclinic orbit
and o(I") = w(I') is a hyperbolic periodic orbit, we have that I is transverse
if and only if T(¢, s) has an exponential trichotomy in R. This can be seen
from Lemmas 3.1, 3.2, and 3.3.

Let y, and 7y, be two real constants. Let C°(y,, y,) be the Banach space
of all the continuous functions x(¢) defined from R into R” such that
[x(t)| < Ke™, t<0, and | x(2)| < Ke’¥, t =0, for some constant K> 0. The
norm in C°(y,, y,) is defined as

1 I coyy, 7oy =sUP {|x(2)] ™7, | x(—2)] "'},

120

Let C*(y,, y,) be the Banach space of all the C* functions x(¢) such that
xD(t)e C°y,, 12), i=0, 1,..., k, with the norm

k
x| Coyv) = Z | x Ay, y2)
i=0

505/65/2-4
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For L(-)eCY(R, %), k>0, the linear operator F,: C*T!(y,,7,)—
C*(y,,7,) is defined as F,: x—h, h(t)=dx(t)/dt—L(t)x,. We write
F,(y,,y,) to indicate the space C*(y,,y,) under consideration.

LemMA 4.5. Suppose that L(-)e C*(R, %) and that (4.1) has shifted
dichotomies in R~ and R™ with exponents a, < f, and a, < f§,, respectively.
Let oy <y, <f, and o, <y, <B,. Then F,: C**'(y,,v,) = C¥(y\, 72) is
Fredholm of index I(F,) with

I(F,)=dim 2P (0)—dim 2P (0)
N (F)=1{(T(1,0)¢)(0): g€ RP; (0)nRP;(0), te R}

R(F )= {h: he CX(y,, y2), |©, y(t) (1) =0 for all the solutions
of the formal adjoint equation y(t) such that | y(t)| < Ke %,
t20; | p(t)| < Ke™™, 1<0}.

Proof. To discuss the solutions of F,x=h, let u(t)=e "'x, and
g(t)=e " "h(t), where y =1y, for 1<0 and y =1y, for 1 >0, respectively. The
function u: R — C[ —r, 0] does not satisfy any delay equation, but, from
the variation of constraints formula (see [3]),

X, = T(t, 8)x, + f T(1,v) X h(v) dv,  s<1, (4.5)
we have
u(0)=T(t, s)u(s)+ [ T,(t,0) Xog(o) dv,  s<t, (46)

where T,(1, s)=T(t,s)e """ and y=y, or y, depending on s<7<0 or
0<s<t, and Xy(0)=0 for 8<0, X,(0)=1 the identity. The operator
T,(t, s) has the usual exponential dichotomies on R~ and R* with projec-
tions PE(1)=PZX(t) and PE(t)= PX(t). Discussion of the usual exponential
dichotomy case can be found in [7], where we proved that the bounded

solutions for (4.6), when g=0, are

{u(r)=(T,(1,0)¢)(0) | g€ RP(0)n AP (0)}.

Also, the set of the bounded functions g(t) such that (4.6) admits a
bounded solution u(¢) is (the symbol <, > is the dual pairing)

{ g(t) bounded : f‘” £(t) g(1) =0,

(1) =T}, 0)8, X0, L€ RP7(0) N AP, 7(0) .
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Returning to (4.5) and observing that TX(s, 1) = T*(s, ) e~ ""=9 one easily
obtains the desired results in the lemma.

LEMMA 4.6. Assume all of the hypotheses of Lemma 4.5 except that the
shifted dichotomies are valid only in (—co, —t] and [, + ), 1>0. Then
all the results in Lemma 4.5 are valid except that

I(F,)=dim #P; (—1)—dim #P} (1), 4.7)
N (F)={(T(1,0)¢)(0): te R, g AP (—7)
and T(t, —t)¢e AP} (1)}

Proof. We first assume that there is a function 4 € C*(R, %), with com-
pact support in (—t—1,7+1) and x(z)=(L(z)+ A())x, has shifted
exponential dichotomies in R~ and R™*. The existence of such an A shall
be discussed later. It is clear that z(y)(¢) = A(¢) y, is a compact operator as
a map from C**'(y,,7,) to C*(7,,7,). From Lemmad4.5, F,,, is
Fredholm. From the perturbation theorem of Fredholm operators, F, is
Fredholm and ind F, =ind F, , ,. This proves (4.7).

The characterization of A"(F,) is obvious. Let y(z) be a solution of
the formal adjoint equation for (4.1), and |y(t)|<Ke %, >0,
| y(t)| < Ke™™', t<0. Such solutions {y(-)} form a finite-dimensional
linear space V. If he #F,, then j°° y(£) h(t)=0 for all y e ¥. Therefore,
RF, < {h: [~ p(t)h(1)dt=0, for all ye¥}. One can show that
dim &'F, —dim ¥ =dim #P_ ( —1) —dim £P} (). The proof is omitted
since it is similar to standard arguments relating an operator to its adjoint
(see [7]). Now, from the definition ind F;, =dim A'F, —codim #F,, we
have dim ¥ =codim #F,, proving the characterization for ZF), .

It remains to show the existence of 4A: R — %. First, we assume that
k> 1. By Lemmas 4.1 and 4.2, we can find B, € C¥(R, %), sufficiently small
and with compact support in (—t—1 t+3), such that x(r)=
(L(t)+ B,(t))x,is H-O in [ —1, t]. Thus, 7(, s) and 7 (s, t) are one-to-one
in [—1,7t]. The perturbed system has exponential dichotomies in
(—oo, —7] and {1, +o0) by Lemma4.3, and in R~ and R* by Lem-
mas 3.2 and 3.3. If k=0, we can use mollifiers to find B,(t)e C°(R, %),
with compact support in (—t—1,t+1) so that L(1)=
L(t)+ B\(1)e CY([ —1—34, t+3],%). Then A(1)=B,(1)+By(1) is the
desired perturbation where B,(r) is constructed from L(¢) as above.

5. BIFURCATION FUNCTIONS

In this section, we obtain bifurcation functions whose zeros will be in
one-to-one correspondence to heteroclinic orbits I'* of (1.2). These
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functions will also be used to characterize the transversality or degree of
nontransversality of I'“.
The linear variational equation around I'=),. 5 {q,} is

$0)=/(g)x, =L0)x, = [ (s, 0) x(1+0) (s.1)

with the formal adjoint equation being
y(s)+J y(a) n(a, s — a) do = constant, S<t—r (5.2)

ye=y.

Since g, o a(lN)=y, as t—» —o0, q, > w(l)=y, as t— +w with
asymptotic phase, we may assume that y, =, g P1.s 72 =U/ier Poss
where p,(t), p,(¢) are periodic solutions of (1.1) and ¢, —p,, -0 as
t— — o, g,— p,, =0 as t—> o0. Thus,

1Dy f(q:) =Dy f(p1,)II >0  as - —o0

(5.3)
1Dy f(q)—Dyf(p2 ) =0 as t—c0.

We have already remarked in Section2 that X(z)=L,(f)x, and
x(¢)= L,,(t)x, have exponential trichotomies on R. This fact, together with
(5.3) and Lemma 4.3, implies that there is a 7> 0 such that (5.1) has an
exponential trichotomy on (—oo, —t] and [r,00) with exponents
oy <0< B, and a, <0< f,, respectively. Let y >0 be a small constant such
that 0<V<min{|a1 " |(12 I’ Bl’ BZ}

For p small, let y¢=U,cr {P{,}, 74=U.cr {P5,} be the hyperbolic
periodic orbits of (1.2) with pd= p,, p9= p,. As remarked earlier, we wish
to determine those solutions x*(¢) of (1.2) whose orbits I™* are close to I”
and have a(I™*) =%, o(I'*) =74 We also want to do this by considering x*
as a small variation from the function ¢ that describes I. To do this,
extreme care must be exercised in order to have x* as a small perturbation
of ¢ uniformly in ¢, and approaches 0 as t - 4 c0. Several time scalings are
involved and that is the reason for so much of the following cumbersome
notation.

Let B: R—»R* be a C*-function with f(r)=0 for t< —1, B(z)=1 for
12 1. Let {,(t) be a C™-function such that {,(z)=0for i<r+1, {,(1)=1
for t1>2r+2 and let {;(¢)={(—1). Let w,(u) be the period of p, (1) and
o, (p)/w0)=1+ B{u), j=1, 2. Since the perturbed periodic solution p, ,(r)
does not have the same period as p,(t), j=1,2, and x*(1) - p, (1) as
t— + oo, while g(t) - p,(t) as t = + o, j= 1, 2, respectively, it is necessary
to rescale time ¢ — (1 + B(x))¢ near + co so that p, (#(1 + f)) has the same
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period as p(t), j=1, 2. The bridge function f(¢) is introduced to make the
scaling a smooth function in ¢t e R. Moreover, one can choose a phase shift
so that x*((1+ B)t— p4((1 + B)t) as t—» — oo, but another parameter «
has to be introduced such that x*((1+ 8)t) - p,((1+B)t+a) as t— oo.
With the help of the bridge functions &,(¢) and £,(¢), a further correction
term w(¢) is to be subtracted from x*((1 + f)¢) to make it approach ¢(z) as
t— + 0. For «e R and u small define

B=B(r, w) = B(2) Bx(w) + (1= B(1)) B1(1)
w(r) = w(a, p)(t) = (OLp((1+B)1) — pi(1)] (54)
+5(OIP5((1+ Bt +a) — p(1)].

Since
| P+ ) ) —pd) =0(ul)  as p-0 (5.5)
it follows that
o(t)= o, p)(t)=0(al+ul) as (2 u)—(0,0) (5.6)

We need one other observation. For —r <6 <0, consider the equation
for ¢,

(T+ B+ u){+ 1B+, ) — B(t, 1)) =6.

By the Implicit Function Theorem, there is a solution {={(6,t, u)=
0+0(ul) as p—0. In particular, {=0(1+8,(u)) ! for 1< —1, {=
6(1 + B,(p)) ! for t> 1. For any function x: R - R”, we define x5 from R
to C([ —r, 0], R") by the relation x,4(0) = x(t +{(6, t, u)), —r<6<0.

With the above notation, let us make the transformation x((1+ )t)=
q(2) + oo, u)(t) + z(t). The equation for z is

F(z)(t)=N(z, g, o, 1), (5.7)
where
F(z)(r)=2() — L (t)z,
N(Z, U, o, t)=M(Za 0« t)—F((D)

Mz o, )= (148415 ) g + 045+ 200

(5.8)

+ g(qr,ﬂ +wt,/3 + Z.p> #)] —f(q,)—Lq(t)w, —Lq(t)zl'

Any solution x*(¢) of (1.2) with o-limit set y4 and w-limit set y4 must
satisfy (5.7), (5.8). If 0 <y <min{|a, |, |, |, By, B2}, where a; <0< B,
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o, <0< f, are respectively the exponents for the trichotomy of (5.1) on
(—oo, —1], [1, ), then it follows that, probably after a time shift in
x¥(t), z*()=x*((1+B)t)—q(t)— w(a, p)(t) must approach zero as
t - — oo like e”" and must approach zero as ¢t —» o like ¢ “. Therefore, it is
sufficient to consider only the solutions of (5.7), (5.8) in C!(y, — 7).

The map F. C'(y, —7) > C°%y, —y) is Fredholm by Lemma 4.6. To
estimate N(z, 4, o, -) as a map from C'(y, —y) to C°(y, —y), we need the
following observation.

For |¢] sufficiently large, one can use the definition (5.4) and show that

Fo)t) =+ f(ps+ o)+ 8D + @05, 1)
—flp)—L, (o], (59)

where B=f,, p= p, if t is large and positive and f=f§,, p=p, if ¢ is large
and negative.

Using (5.8), (5.9), (5.6), (5.5) and the fact that z, ; —z, = O(] u|), one can
show that

|N(Z, u, a, ')ICO("V,*V) =O(|,Ll| + lal + IZICI(V,"Y))

as (i, a, z)— (0, 0, 0).
Let E, be a projection from C!(y, —y) onto 4'(F) and E, a projection
from C°y, —y) onto #(F). Then (5.7) is equivalent to

F(z)=E,N(z, p, o, ") (5.10)
O=({—E,)N(z,pu,a,-). (5.11)

If 4: R(E,) - R(I— E,) is a right inverse of F, then % is bounded since F
is Fredholm. If {(y, i=1,2,.,d} is a basis for A4(F) and z=
*+3¢ kv, k= (k,.. k;)eR? z* e R(I— E,), then (5.10) is equivalent
to

d
z*=.}{E2N<z*+ Y kiyiu a;). (5.12)

i=1

Using the contraction mapping principle, one can show there are con-
stants >0, >0, k>0 such that (5.12) has a unique solution z*=
z*(a, k, p) e C'(y, —v) for |a|<d, |k|<k, |ul<pi, z*(0,0,0)=0. By
induction, one can actually show that z*(a, k, u) e C*(y, —y). If we con-
sider z* as a map from Rx R?x X into C°(y, —y) and use an argument
similar to the one for the proof of Lemma 2.2, Chapter 10 of [3], then one
can show that z*: Rx R¥x X - C°%y, —v) is C~.
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Let ¥={y',.., y*"} be a basis for the bounded solutions of the formal
adjoint equation (5.2). By Lemma 4.6, Egs. (5.10), (5.11) are equivalent to

def

a© d
G by )= 7 90 N (o b (1) + 3 Ko i, 1) de =0,
- i=1 (5.13)
j=12,.., d*.

The functions G’ are called the bifurcation functions and the perturbed
equation has a heteroclinic solution in a neighborhood of I" U a(I") U w(I')
if and only if G/(a, k, u)=0, j=1,.., d* for some |a|<& |k|<k and
|| < fi. The heteroclinic solution is, up to a phase shift,

x#((L+ B)1) = g(1) + w(a, p)(1)

d
+z¥a, k, )+ Y k(). (5.14)
i=1

Further discussion of the bifurcation function needs the following lemma
in which «(I") and w(I") are hyperbolic periodic orbits or equilibria.

LEMMA 5.1. The formal adjoint equation (5.2) has a bounded solution
YeC'(y, =) U Cl (=, =)V C'(y,y) if and only if

(H) both «(I'y and w(I') are hyperbolic periodic orbits and ¢ is the
only bounded solution of (5.1) not in C'(y, —7).

In all the other cases, bounded solutions of the formal adjoint equation (5.2)
are in C(y, —).

Proof. 1t is obvious that all the bounded solutions ¥ of (5.2) are in
Cl(y, —y) if «(F) and w(I') are equilibria.

Suppose that «(I') is an equilibrium and w(I'} is a periodic orbit. If
F(a, B) = F restricted to C'(«, B), then ind F( —y, y) =ind F(y, —y)+ 1, and
dim A F(—y,y)=dim A/ F(y, —y)+ 1. Therefore, codim #F(—y,y)=
codim ZF(y, —y). This shows that all the bounded solutions of (5.2) are in
C'(y, —y). Similarly, we can prove that all the bounded solutions of (5.3)
are in C'(y, —y) if (I) is a periodic orbit and w(I") an equilibrium.

There are two cases when (") and w([I") are both periodic orbits.

Case 1. There are two linearly independent bounded solutions of (5.1);
one is §(z), another one approaches zero as t - — oo, and approaches ¢(¢)
as t— + oo, exponentially. In this case, ind F(—7, y)=ind F(y, —7)+2,
and dim AF(—v,y)=dim #/'F(y, —y)+2. Thus, all the bounded
solutions of (5.2) are in C'(y, —7y).
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Case 11. Suppose (H) is satisfied; that is, there is only one bounded
solution of (5.1), ¢(z), up to the linear combination of solutions in
CYy, —y). In this case, ind F(—y, y) = ind F(y, —y) + 2, and
dim A F(—y, y) = dim A F(y, —y)+ 1. Thus, codim ZRF(—7y, y) =
codim #F(y, —y)— 1. This shows that there is a bounded solution ' of
(5.2), y'¢C'y, —y). By comparing F(y, —y) with F(y,7) and also
F(y, —v) with F(—y, —v), one shows that y ¢ C'(—y, —y) and ¥ ¢ C'(y, y).
This completes the proof of the lemma.

To study the bifurcation functions G/(a, k, u) in (5.13) in more detail, we
need the bilinear form associated with (5.1), (5.2). For any y satisfying
(5.2), e C([ —r, 0], R™), let

W8, =00 80+ [ do| [ Wit 04100 da | 16),

where Y'(s) =y (1+5), 0<s<r.
If then ¢/ in (5.13) belong to C'(y, —y) and w is defined in (5.4), then

=0.

| v Rexndi=wr, o),

— oo

Therefore, with the exception of Case (H) of Lemma 5.1, we may replace N
in (5.13) by M defined in (5.8); that is, drop the term F(w) in N.

LEMMA 5.2. Assume (H) of Lemma5.1 and let y'(t) be the bounded
solution of (52) not in C'(y, =y)uC'(—y, =9)uC(y,7). Then
0G*(0, 0, 0)/0a # 0.

Remark 5.3. In case (H) of Lemma 5.1, Lemma 5.2 says that we can
determine the variation of the transition time from a cross section of a{/")
to another one of w(I"). In the case of ordinary differential equations, it is
not hard to construct an example with dim W} (a(I"))=2 and
dim W} (w(I'))=1, and there is a continuum of heteroclinic orbits from

W (a(I)) hitting a cross section of w(I") at a continuum of transition
times. Thus, the variation of transition time o cannot always be determined

as a function of ke R? if (H) is not valid.

Proof of Lemma5.2. Since z*=0, w=0 for a=0, pu=0, k=0, it
follows from (5.8) that éM(z, u, a,-)/0z=0 for u=0, a=0, k=0.
Therefore, (5.13) implies that 4G'(0, 0, 0)/da= — [=  ¥'(1) F(éw(0, 0)/8at)
()dt= — (", (6w(0,0)/3a),), | *=. It is easy to see that dw(0, 0)/0x=
,() pa(2), and so (¥, (6w(0, 0)/60:),), — 0 as ¢t - — oo. For solutions (1)
of (5.2) and ¢e C[ —r, 0], the bilinear form (', ¢), defines an element
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Y*(t)e C*[ —r, 0], (Y, @), = {Y*(t), ¢>. ¥*(¢) is a trajectory of T*(s, ¢)
which has exponential trichotomies in (— oo, —t] and [z, + o). The
hypothesis on !(¢) implies that y*(t)e ZP*(t)® RP¥(t), with
P¥T)y*(1)#0. We also know that x(£)—f'(p,,)x,=0 has
exponential trichotomy with projections P,, P,, and P, Lemma 4.3
implies that P, (t)— P.(1) exponentially as :— +oo. Therefore,
P*(t) - P*(¢) exponentially as t— + co. Thus y*(t)=T*(z, 1) y*(1) =
T*(1, T) PE(T) Y* (1) + T*(t, T) PX(1) Y*(1) > T*(t, 1) PE() Y *(7).
Therefore, B¥(t) y*(1) > T*(t, ) P¥(1) Y*(t), as t — + . Now, clearly,
liminf, . | P*(1)y*(r)| >0. For large t, (,(t1)=1. Therefore, (',
(C2P2)0)e = Y*(1), o> =<PE)Y*(1), po,>. Since p,, spans the
eigenspace for the simple multiplier one of the linear variational equations
about p,, the latter quantity is nonzero. This proves the lemma.
We now state the main result of this section:

THEOREM 5.4. Let I'=\),.g{q.} be a heteroclinic orbit with a(I')=
Urer (P} and o(I) =) ,c g { P2} hyperbolic periodic orbits. Then there is
a heteroclinic orbit I' =), g {x*} in a neighborhood of I' L a(I") L ('),
with x* as in (5.14), if and only if G/(a, k, p) =0, j=1,..,d*, ke R |a| < 4,
|k| <k, |ul < i and G’ is given in (5.13). If Y/ € C'(y, —7), then N in (5.13)
can be replaced by M in (5.8). The only situation in which there is a
Y'¢ C'(y, —y) is when (H) of Lemma5.1 is satisfied. In this case,
0GY(0,0,0)/0a#0. Moreover, d—d*=ind"'—1. If G/(a° k% u°) =0,
j=1,.., d*, then the heteroclinic orbit I'** defined by o°, k° u° in (5.14) is
transverse if and only if the rank of the following matrix is d*.

{3Gj(a°, k%, u°) 0G/(o°, K°, #O)}

_ .
. = j=1,2,., d* (5.15)

Proof. Only the transversality needs a proof. This will be postponed
until the end of the next section since it involves special types of pertur-
bations of the vector field.

We end this section with some formulas for the derivatives of G/. It is
easy to show 8G/(0, 0, 0)/0k; = 0. Also 8G/(0, 0, 0)/0a =0 except when (H)
of Lemma 5.1 is satisfied. It is not hard to show that

560, 0, 0Y/dk,dk = [ W0 f(g )L, y0) di
G audk, = [ YD) SN2 Bo)es yiNO) .

However, the formulas for 6G’/du, 0>°G’/dudk;, and 6°G//0uda are difficult
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to compute for general perturbations g(¢, u). We therefore consider only
specific perturbations g(¢, i) such that g(p;,, #)=0, i=1, 2. We then have

3G/(0,0,0)/3u= [~ yi()[oglq., 0)/ou1(r) de (5.16)

9°G’(0, 0, 0)/0pdk,; = fw YOS "(9)(0z*/0u), i)

—

+(9%g(q,, 0)/oudd)(y))1(r) dt (5.17)
3°G(0, 0, 0)/opdor = J.io YOS "(9)((02*/on)., (2 b2).)
+(9°g(q,, 0)/0udd) (> pr) A1) de,  (5.18)

where 0z*/0u = 3z*(0, 0, 0)/d.

6. PERTURBATIONS TO HETEROCLINIC ORBITS

For fe X**', k>1, in (1.1), with I as a heteroclinic orbit, we want to
show first that there exists a g e X*, arbitrarily small such that (1.2) has I
as a heterorclinic orbit in general position. Assume that (5.1) has exponen-
tial trichotomies in ( —oo0, —t,] and [¢,, + c0). Without loss of generality,
we assume that the orbit segment {x, =gq,, te[ —t, —¢, 1, +¢)} has no
intersection with (/") and w(I), and ¢, > (k + 2)r/2.

First, we need a lemma for the perturbation of linear equations. Suppose
that the linear functional differential equation (4.1), L(-)e C*(R, %), k >0,
has shifted exponential dichotomies in J, =(—o0,%,] and J,=
[ —ty, + ), where t, > ((k+2)/2)r is a constant, with projection P, (1),
P (t) ((P}(1), Pj(r)) and exponents o, <f, (o, <B,) for teJ, (teJ,).
Let y, and y, be two real constants, a;, <y, <f, and a, <y, < f,, F=F,:
C**Y(y,,7,) > C¥(y,,7,) be defined as in Section4, F, (h)(t)=dh(t)/
dt— L(t)h,. Assume that dim {#P (0) " #P}(0)} =b,dim RP;(0)=b +¢,
and dim #P; (0)=e+ ¢, where 5> 0, ¢>0, ¢ 20 are integers. If T(s, s) is
the solution operator of (4.1), then, for any y, € ZP;(0), y, =T(2,0) y, is
defined for all ¢ € R. Also, it is clear that y, e #P (¢) for te J,. We shall use
[#1,.- ¢,.] to denote the linear space spanned by ¢,,..., @,,.

LEMMA 6.1. Assume that all the above are satisfied. Let a be an integer,
O<a<min(b,e). Take any basis {yi.. ya ye+L.., 8} in #P7(0)n
AP} (0) and let y'; R > R” be the solution of (4.1) through yi at zero, yi=
T, 0) yi.
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Consider the perturbed equation

X(t)=L(t)x, +eB(t)x,, (6.1)

and the operator F;,.,5: C**'(y,,7,) = C“(y,,7,), where € is a real
parameter. Then thre exists an ¢y >0 and a B(-)e C*(R, %) with compact
support in ( —tg, to) and B(t)¢ =0 if pe [ yo+1,..., y°] such that, for |¢| <&,
‘/V(FL+eB)= {0} ifa=b’ ‘/V‘(FL+¢:B)=[ya+1a"" yb] lfa<b

Proof. By Lemma 4.5, F, is Fredholm with Index=(b+¢)—(c+e)=
b —e. Since dim A4"(F,)=b, we have codim #(F,)=e. Let ¥ be the set of
functions from R to R"" corresponding to the linear space of the solutions
of the formal adjoint equation of (4.1) defined in R, Yye¥ if
()| < Ke P 120, |Y(1)| < Ke ™, t<0. Then ¥ is of dimension e and
¥=[y',., y°] where ..., y° are linearly independent.

Choose {y5*1,.., y4*<} = #P;(0) such that {yj}, j=1,.,b+c, form a
basis in #P;(0). Define y’ as the solution of (4.1) through yi,
yi=T(t,0)y) te R, j=1,.,b+c Obviously, {yi},j=1,., b+, is a basis
in #P(t), teJ,. Let ®(t)=[yl,., y?] and ¢={z: R—> C[-r,0]: z, =

@ by, beR, j=1,.a}. We now define B(r): C[-r,0]-R",
te(—tg, ty) as

(i) B(1)z,=0ifz, e[yi*!,., yo+I®RP; (1),
(i) B(1)yi=W'(t)), i=1,2,.., a, where T denotes the transpose, and
extend it linearly to &(z).

It is not hard to show that B(z) is C* for re(—t,, to — (k+2)r). We
proceed as follows. Let {§?}, i=1,.., b+ ¢, be an invariant basis for P *(¢),
te(—oo,ty], ie, T*(s, )=y, —o0<s<t<t, Assume that (7,
yi>=290,;, 1<i, j<b+c. Then

Bg= 3 0O B . (62)

From the relation of the true adjoint and formal adjoint operators, we
know that there exist functions J'(¢), 1<ty —r, i=1,.,b+c, such that
Ui 6> =W, ¢, for t <ty —r, where §'(¢), i=1,..., b+ ¢, are solutions of
the formal adjoint of (4.1) and

(F™, 8), =¥(1) $(0) + f(i dy UO Ft—En(t—& E+0) dé] ¢(0).

From the comment after (4.2), ¥’ are C* functions for te(—oo,
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to — (1 +k)r). Identifying ¥ with a function of bounded variation
Vit )e By = Bo([ —r, 0], R™) we have

7(:,0)=0,
P 0)= [ Fl-oni—& +6)

_fiJW—fMU—QCMK—JW)

After a few computations and exploiting the fact that 5(-, -) € C¥(R, %,),
we see that (-, -)e C*((—o, t, — (1 + k)r), B,). This implies that {J*, - >
is C¥((—, ty—(1+k)r), ). The C* smoothness of B(r) follows from
6.2).

We observe that B(¢) sends @ injectively into ¥. We also observe that, if
ye¥, y(t) £0 for teR, then Y|, # 0 restricted to some interval
[t,t+r]le(—ty, to—(k+1)r). Otherwise, since T(s,t) has a shifted
exponential dichotomy in [ —¢,, + <), the assertion |, ., ,; =0 together
with the exponential estimate for elements in ¥ implies that y(7) =0 for all
teR

Let B(t)=¢&(t) B(¢), where &: R— R is C®, £(1)=1 on [1,t+r], &(1)
has compact support in (—t,, to —(k+1)r), and &(2) =0 for te R. If we
extend B(t)=0 outside (—1t,, t,), then B(-)e C*(R, %). It is easy to see
that, for any ze @, z, £ 0, t€ R, there exists at least one y € ¥ such that

fw (1) B(t)z, di #0. (6.3)

— a0

For example, we can choose (1) = B(t)z,.

We have to show that B(¢) is the desired perturbation. Solutions of (6.1)
are denoted by y(f,¢) with y(t,e)=p(1,0) for 1<t,. If u(t)=
0y(t, €)/0¢|, o, then u(t) satisfies the system

u(t)=L()u, + B(1) y,,

u(t)=0, 1< —1.

(6.4)

If yed, y, #0, teR, we infer that u¢ C**'(y,,7,) in (6.4). For
otherwise, B(t)y,e#(F,), which contradicts (6.3). Moreover,
u¢ C*(y,, 7). For otherwise, (6.4) implies that ue C**(y,, y,).

Let u’(t) be the solution of (6.4) corresponding to the forcing term
B(t) yi. We show that {ul,.., ug, y2+1,.., y?*+<} t>1,, are linearly indepen-
dent and [ul,.., u?, y2+1., y2*<1nRPF(1)= {0}, t > t,. For this, suppose
that there exist real constants {a;}, j=1,.., b, such that &, =>7_, a;u/+

PrE1 Y RPY (1), t>1,. It is easy to see that #(¢) is a solution of (6.4)
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with the initial condition @(¢)=37%5, , y’(t) for 1< —t, corrcspondmg
to the unique forcing B(t) j, = B(t) ¢, o, y4, je®. But ii, e C'(y,, y,),
since &, e AP} (1), t 21y, and ii, e AP (1), ts —to. This would be a con-
tradiction to (6.3) unless «; =0, j=1,..,a, b+ 1,.,b+c.

We now prove that {y!(-,¢),..., (-, &), y°+1(", &), Y2¥°(-, €)} are
linearly independent and [y!(-, &),..., ¥2(-, &), ¥2+1(", &)y Y2T(0, )] N
AP} (1)={0} for t<ty, 0<|&| <&, & is some small constant. It suffices
to show that [y, (,&)—y,(, 0y ya(,8)=yel:,0), Yor'(c, &)
y,o“( e)]NRP;(t))= {0} since y/(-,0)e RP; (t,), j=1,.,a That is,
Leus, + 0(e),.., euf +o(e), yo+ri+o(l),., yo+r<+o(1)]nRPS(t,)={0}.
D1v1d1ng by ¢ in the first a vectors, we obtain [u; +o(1),.., uf +o(1),
yertto(l),., yar<+o(1)1NnRPF(t5)={0}. Since the last equality is
valid if o(1)’s are dropped, it is valid if ¢ is sufficiently small.

Finally, the proof of the lemma is completed by observing that
AP (—ty) and AP} (t,) are independent of .

Define dy: C[ —r, 0] = R™ by 65¢ = (#(0), ¢(—r/N),..., ( —r +r/N) =
(Woses Wy _1), Ww;€R", j=0,., N—1. For N sufficiently large, ¢ - dy¢
embeds the periodic orbits y;, =),.r p;,» j=1, 2, and the segment of the
heteroclinic orbit q,, te [ —t, —¢, t, +¢] into R"" with disjoint images in
R™ provided that y, " {q,, te [ —ty —¢, to +¢€]} is empty, j=1,2.

The proof of the above is similar to a lemma in [7] and shall be omitted.

LEMMA 6.2. For fey**! k>1, there is an arbitrarily small g(-)e x*
such that g=0 on I'va(Nuow(l) and Xx(t)=f"(q,)x,+ g'(q,)x, has
exponential trichotomies in (—oo, +t,] and [ —ty, + o0).

Proof. We first construct a linear perturbation to (5.1). There exists
B,(-)e CX(R, %) with compact support in J=(—f,—¢ t,+¢&) and
arbitrarily small such that L(¢)+ B (t) satisfies the H-O property on
[ —to, tg]- This is seen from Lemma 4.1, followed by a multiplication of a
C* cutoff function. We claim that an additional perturbation 4B,(¢) can
be made such that B, + AB,(¢t)=B,(¢), L(t)+ B,(t) satisfies the H-O
property on [ —f;, ¢,1 and B,(¢)¢, =0 for all te R. To see this, consider
the map B, (t)— I(t), C*(J,%)— C*(J, R") given by I(t)=B,(t)q,. This
map has compact support in J. Let N be a large number such that §,
embeds {q,, reJ} into R"™. We can find a finite set of integers {ky,..., k., },
0<k;,<N-1, and open intervals {I,,..,1,,} which cover J and
llg(t —k;r/N)|| =&, >0 in I,. Also, in I;, we can solve the equation w,, =
g(t —k;r/N) for t=1t(w, ). There is a C* partition of unity {&;} on J sub-
ordinate to {I,}, i=1,..m, and Y7 ¢(t)=1 for teJ. Let AB,(1):
C[ —r,0] - R" be defined as

4B,(1)¢ = — i 1) 4(t—k,r/NY- ¢(—k;r/N) 1)/ 4(t — k,r/N) | .

i=1
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Then 4B,(-)e C*(J, %) and depends continuously on I(-)e C*(J, R").
Moreover, 4B,(t)g, = —I(t); hence, (B,(t)+ 4B,(t)}g, =0 for all te R.

The support of B,(t)= B,(t) + 4B8,(¢) has some overlap with ( —oo, —1,]
and [¢,, +o0). However, from Lemma4.3, x(¢)=(L(t)+ B,(z))x, has
exponential trichotomies in (—o0, —f,] and [t,, +00) if B,(¢) 1s small.
Moreover, by Lemmas 3.2 and 3.3, the domain of the exponential
trichotomies is extended to ( —oo, #,] and [ —¢,, +c0).

The proof of Lemma 6.2 is fulfilled if we prove the following iemma. The
same notation as above will be used in the proof.

LEMMA 6.3. If B(-)e C*(R, U) with support in J=(—t, —¢, ty +¢) and
B(t)g, =0, and the orbit segment {q,, te [ —t, —¢, ty+¢]}, has no inter-
section with a(I") and w(I"), then one can find g( - )€ x* such that g=0 on
I'uy, vy, and g'(q,)=B(¢), te R

Proof. Let U, i=1,..,m, be an open covering of {dyq,: teJ} in R™,
with U; n (@M vo(l))=. Let U;n {dyq,: te R} ={dngq,: tel}. Let
B(1)¢= [, dny(t, 0) $(8). For 6y¢€ U,, we define

0 A~ ~
gd8)= | dns(i(ms, 349), )9(0) - a(F(ms, 549) +6)),
where t=7(w,) is the solution for w,, =q(t—k,;/N) and n,dy¢=
¢(—k;r/N). Direct computations show that

: i
£a)0= [ dnalt. 00— | dnyle,0) d(1+0) 5=y o

The last term vanishes since B(¢)¢, =0. Let £{w), i=1,.., m, be a partition
of unity in R"Y subordinate to {U,} such that X7 ¢(w)=1 for w being in a
neighborhood of {dyg,: teJ} in R"Y. Then g(@) =37 EOnd) g@) is the
desired perturbation.

THEOREM 6.4. Let I=max{—ind I,0}, fey "', k=1 If I is a
heteroclinic orbit of (1.1) and is in general position, then fe M**'(I), a
C**Y submanifold of y¥**' with codim M**'(Iy=1 The equation
X(t)= f(x,) has a heteroclinic orbit in a neighborhood of I'wa(I')u w(I')
and [ is close to fin y**' if and only if fe M**(I). If I is not in general
position, there exists a perturbation ge y*, arbitrarily small, and I is a
heteroclinic orbit in general position of the perturbed equation
x(1) = f(x,) + g(x,).

Moreover, if ind I'>0 and I is in general position (transverse) and H is
the set of heteroclinic orbits of (1.1) near I, then Hn W} ((I')) is an
(ind I + 1)-submanifold of W} (). If, in addition the flow near I is
one-one-one, then H is an immersed (ind I + 1}-submanifold.
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Proof. We first observe that being in general position is rough for the
perturbations that do not destroy the heteroclinic orbit; that is, if fis close
to fin y**! and with a heteroclinic orbit I close to I" which is in general
position, then I is in general position. Nothing has to be proved if I is
transverse. Suppose I is in general position and ind I"< 0, I > 0. We want
to show that f'e M**+1(I). In this case §(¢) is the only bounded solution of
(5.2) not in C(y, —y) and there are no solutions of (5.1) in C(y, —y). Thus,
the bifurcation function G’/(a, p) in (5.13) will depend only on «, u. By
Lemma (5.1), there exists a bounded solution of (5.2), denoted by '(¢),
not in C'(y, —y), and there are d* —1 bounded independent solutions
Wi(t), j=2,.., d*, in C'(y, —7), which, together with '(¢) form a basis of
the bounded solutions of (5.2). From Lemma 5.2, 6G'(0, 0)/0a #0. Let
glo, u)=g(¢)=3%, u,g(4). Using the technique in [8], we can find C*
functions &,: R™ — R” such that, if g/(¢)= §,(5y¢), then

{j: J(0) £dg) dt}j:

is nonsingular. Moreover, g(p;)=0, i=1,2. Details are omitted. From
(5.16), 6G’/ou, = j"’o V(1) gfq,) dt. We solve a =a(y,) from G'(a, ;) =0.
For j=2,.., d*, G/(0, 0)/0« = 0. Therefore,
dG’(0,0)  8G’(0,0) + 0G/(0,0) do
du, oy oo dy,

6Gf(0 960, 0)

[ welaydn  j=2..dr

and the matrix

{de(O, O) }j= i,..d*
du,

has rank @* — 1 =1 This shows that f e M**'(I).

Now suppose I is not in general position. By Lemma 6.2, we assume
that fex*, f'(q,)e C*(R, %), and (5.2) has exponential trichotomies in
(—0, t,] and [¢,, + o0). We use Lemma 6.1 to prove that there is a per-
turbation eg(¢) to make I" a heteroclinic orbit in general position. For this,
observe that B (1)=P;(t)+P;(t), P7(t)=P; (1), te(—o0,1] and
Br= Pr(1), B} (t)=P;(t)+ P} (t) define shifted exponential trichotomies
in (—oo, t;] and [ —t,, + c0). In the notation of Lemma 6.1, nothing is to
be proved if 92?;(0)09??*(0) is of dimension b =1, spanned by 4(z). If
not, let b>1 and y5=4, and {p).., y5~', y§} be a basis in
RP;(0)~RP}(0). It is clear that if e =0, I is transverse. Thus, we assume
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e>0. Let a=min(b—1, ¢), and eB(¢) be the perturbation determined by
Lemma 6.1. Since ¢B(t)g§, =0, by Lemma 6.3, we can find ge x* such that
g=0onI'va(lNuw(l') and g'(q,) =¢eB(t). For the perturbed equation, I
is clearly in general position. There are two cases. If b—1>e, then
ind I'>0, and I is transverse with respect to the perturbed equation. If
b—1<e, then the perturbed equation has 4(¢z) as the unique bounded
solution for its linear variational equation. Thus, I" is in general position
after perturbation.

The last part of the theorem follows from (5.13) and (5.14). For, in that
case, d* =1, d=ind I', one can choose |k| <k, k€ R in an arbitrary man-
ner and obtain « from (5.13) since 0G/0xa +# 0. This completes the proof of
the theorem.

The bifurcation functions G’ and results similar to Theorem 6.4 are
easier to obtain in the other three cases in which I" is a heteroclinic orbit of
(1.1) and a(I') and w(I") are hyperbolic:

(1) o) and w(I") are equilibria.
(2) «(I') is an equilibrivm and (") is a periodic orbit.
(3) w(I) is a periodic orbit and w(I) is an equilibrium.

In case (1), exponential dichotomy is employed and no frequency f and
phase variation « are needed. However, since §(¢)e A F(y, —7), we let
x()=q(t) + z(2), with z(1)e D[y, y*~ '], where {g, y',.., y '} isa
basis of A" F(y, —y) and ¥ @ A F(y, —y)= C**'(y, —y). Then we assume
z=z*+ Y9 1k, y with z*e L.

In cases (2) and (3), we need f(¢, 1) for only one side and by a proper
phase shift we assume that x*((1 + f)¢) > p“(t) as t - + o or —co for
i=1, 2. No parameter o is needed.

The following is true for a(I") and w(I") being hyperbolic periodic orbits
or equilibria, with general position defined in an obvious way.

THEOREM 6.5. Let ind I' = dim W} (")) — dim W} (w()) +
dim w(I") — 1. Then the results of Theorem 6.4 are valid with a(I") and w(I")
being hyperbolic periodic orbits or equilibria.

Completion of Proof of Theorem 54. We owe the readers a proof of
transversality in Theorem 5.4. If the heteroclinic orbit /™ " is transverse,
then, for a small perturbation g(¢) to g(¢, u°), there is a heteroclinic orbit
I'? which is within O(} g!) of I and the phase varlatxon o g) is also
within O(] g|) to «°. Conversely, if we denote I u? =U/er x, , and if I s
not transverse, we can find a family of perturbatxons £8,(d) to g(¢, u°) such
that trajectories starting from W} C(oc(l" ")) are moved to a direction trans-
verse to TW*(a(I” "0)) + TW*(I*)). Thus, we either eliminate the inter-
section of W"(a(]’“o)) and Ws(w(I’“o)) or move it to a distance >0{]eg, |).
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To show the existence of such §,, we use the technique in proving
Theorem 6.4 to construct a g, eyx“*t' such that § =0 in some
neighborhoods of a(I") and w([I), gl(x‘fo)¢9?FL+Dg(_,uo)( —7, 7). Let t; >0
be sufficiently large and consider the solution x(z, ¢) of

X(t)= flx,)+ glx,, 1°) +eg1(x,)
x()=x"(1), 1< —1,.

It is not difficult to show that (dx(t,¢)/de),, ¢ RP(to) + (T(t,,
—1o) RP,(—1t,)), where P, and P, are projections associated with the
shifted exponential dichotomies in (—o0,¢,] and [¢,, + ) for the
linearized equation around I “_Therefore, ¢ £, is the desired perturbation.

On the other hand, we consider the extended perturbations g,(¢, &, £§)=
g(é, u) + g(4), with the parameters (g, )€ X x x**'. If the matrix in (5.15)
has rank d&*, then, for small g, there exist a®+da, k°+ dk such that
G/(a® + ba, k°+ Sk, p° §)=0, j=1,.., d*, and da, 6k = O(| §|). Therefore,
there is a new heteroclinic orbit I, O(| g|) near I'"*" and with a phase
variation a(g), O(] £|) near a°. Conversely, if the matrix in (5.15) has rank
< d*, without loss of generality, let 0G*(a°, k° u°)/0k,=0, 0G*(a®, k°,
u°)/0a=0, i=1,..,d Fot the extended family of perturbations, it is clear
that 0G”(a°, k°, u°, 0)/0g #0 from the proof of Theorem 6.4. Thus, there
are small g such that either we cannot find o, kK near «°, k° such that G*(a,
k, u° §)=0, or they are moved to a distance > O(|g|) to «° k° The
heteroclinic orbit I'? is moved to a distance > 0(| £|) in the latter case if we
can show that dz/da, dz/0k,, and dx*’(t)/0t are linearly independent. It is
obviously true when a°=pu’=k%=0, for then 0z*/0x=0z*/0k; =0, and
Ow/0o = (5(t) p,(1) and

(Zk y> yit),  i=1l,.,d

The linear independence holds for a°, u° k° being small.

We have two characterizations by which the perturbation § will not
break the heteroclinic orbit 7*° and only move it to a distance =0(| g1).
By comparison we see that the transversality of ™ is equivalent to the
rank of the matrix in (5.15) being d*.

ACKNOWLEDGMENT

The authors acknowledge useful conversations with John Mallet-Paret in the preparation of
the paper.

505/65/2-5



202 HALE AND LIN

8.

9.

10.

11.

12.

REFERENCES

. S. N. CHow, J. K. HALE, AND J. MALLET-PARET, An example of bifurcation to homoclinic
orbits, J. Differential Equations 37 (1980), 351-373.

. W. A. CoppeL, “Dichotomies in Stability Theory,” Lecture Notes in Mathematics
Vol. 629, Springer-Verlag, Berlin/New York, 1978.

. J. HaLE, “Theory of Functional Differential Equations,” Springer-Verlag, Berlin/New

York, 1977.

J. K. HaLe anp X.-B. LiN, “Symbolic Dynamics and Nonlinear Semiflows,” LCDS

Report No. 84-8, Brown University, May 1984. Annali di Mat. Pura Appl., to appear.

. J. HALE AND W. OLiva, One-to-oneness for linear retarded functional differential
equations, J. Differential Equations 20 (1976), 28-36.

. J. K. HALE, L. T. MAGALHAES, AND W. M. OL1va, “An Introduction to Infinite Dimen-
sional Dynamical Systems—Geometric Theory,” Springer-Verlag, Berlin/New York, 1984.

. X.-B. LiN, “Exponential Dichotomies and Homoclinic Orbits in Functional Differential

Equations,” LCDS Report No. 84-17, Brown University, 1984; J. Differential Equations,

in press.

J. MaLLET-PARET, Generic periodic solutions of functional differential equations, J. Dif-

Serential Equations 26 (1977), 163-183.

J. MALLET-PARET, Generic properties of retarded functional differential equations, Bull.

Amer. Math. Soc. 81 (1975), 750-752.

S. NewHOUSE AND J. Pauis, Bifurcations of Morse-Smale dynamical systems, in

“Dynamical Systems” (M. Peixoto, Ed.), Academic Press, Orlando, Fla., 1973.

K. J. PALMER, Exponential dichotomies and transversal homoclinic points, J. Differential

Equations 55 (1984), 225-256.

J. SotoMAYOR, Generic bifurcation of dynamical systems, in “Dynamical Systems” (M.

Peixoto, Ed.), Academic Press, Orlando, Fla., 1973.



