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Upper Semicontinuity of Attractors for Approximations
of Semigroups and Partial Differential Equations

By Jack K. Hale, Xiao-Biao Lin, and Genevi¢ve Raugel

Abstract. Suppose a given evolutionary equation has a compact attractor and the
evolutionary equation is approximated by a finite-dimensional system. Conditions are
given to ensure the approximate system has a compact attractor which converges to the
original one as the approximation is refined. Applications are given to parabolic and
hyperbolic partial differential equations.

1. Introduction. Suppose X is a Banach space and T'(t), t > 0, is a C"-
semigroup on X with r > 0; that is, T'(t), t > 0, is a semigroup with T'(¢) continuous
in ¢, z together with the derivatives in = up through the order r.

Following standard terminology (see, for instance, Hale [12]), a set B C X is
said to attract a set C C X under the semigroup T'(t) if, for any € > 0, there is a
to = to(B,C,¢) such that T(t)C C N(B,¢) for t > to, where N(B,¢) denotes the
e-neighborhood of B. A compact invariant set A is said to be a local attractor if
there exists an open neighborhood U of A such that A attracts U. The set A is an
attractor if, for any bounded set B in X, A attracts B. Conditions for the existence
of an attractor may be found in Hale [12].

Now suppose the semigroup depends on a parameter A belonging to an open
subset of a Banach space, say T(t) = T (t), where T)(t)z is continuous in (¢, z, ),
the continuity in A being uniform on bounded sets. If A,, is a local attractor for
T),(t), then additional smoothing properties of T (¢) will imply there is a neigh-
borhood V of Ag such that T (t), A € V, has a local attractor A, and A, is upper
semicontinuous at \g, that is, dx(Ax, Ax,) — 0 as A — )Xo where, for any two
subsets A, B of X,

6x(A,B) = supdistx(z,B) and distx(z,B) = inf ||z — y||x.
T€EA z€B

The most general result of this type is due to Cooperman (7] and may be found
also in Hale [11]. The result for gradient systems is in Hale [12].

The spirit of this paper relates to the above property of upper semicontinuity of a
local attractor. Here we consider semigroups T}, (t) depending on a parameter h > 0
which “approximate” the semigroup T'(t) and give conditions under which there
exists a local attractor A for Ty (t) with the property that §x(An, A) — 0ash — 0.
The essential difference between the results here and the ones mentioned before
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is that the approximate semigroups can correspond to Galerkin approximations,
splines or discretizations in time of evolutionary equations. These approximations
have no uniform continuity property with respect to h.

The outline of the paper is as follows. In Section 2 we give a general approxima-
tion result which attempts to bring out the essential elements of the approximate
and exact semigroups to ensure that there is a local, compact attractor which is
upper semicontinuous. We also give one result in which we assume the approx-
imate semigroups have a local compact attractor and then infer that the exact
semigroup has a compact attractor. For the Navier-Stokes equation and the case in
which the local attractor for each approximation is a point, Constantin, Foias and
Temam [6] have given conditions which ensure that the original equations have an
equilibrium. Schmitt, Thompson and Walter [31] discuss the solution of an elliptic
boundary value problem in an infinite strip by analyzing solutions of approximate
differential equations. This aspect of the problem is important but much more
difficult and will be developed further in subsequent publications. The remain-
der of the paper is devoted to giving specific approximation schemes for particular
evolutionary systems for which the hypotheses of Section 2 are satisfied. These ap-
plications include spectral projection methods for sectorial evolutionary equations
and Galerkin approximations for parabolic equations as well as discretizations in
time. Some results about the approximation of the Navier-Stokes equations and of
a damped hyperbolic wave equation are also given.

In this paper the convergence of the attractor A, to A as h — 0 is considered
only in the sense of sets. The relationship between the dynamics on the attractors
also must be discussed. This problem is much more difficult and requires some
knowledge of the flow on A. Some results on the case in which the flow on A
is Morse-Smale have already been obtained and will appear in Lin and Raugel
[25]. For the case of a scalar parabolic equation in one space dimension with a
cubic nonlinearity, this latter property has been discussed for space approximation
using the Conley index (Khalsa [22]). Numerical computations using Galerkin
approximations have been done for a similar example (Mora [28], Rutkowski [30]).

2. A General Approximation Result. In this section we give a general
result on the approximation of a local attractor by “approximate” semigroups.
These results are very similar to local versions of the ones of Cooperman (7] or Hale
[11]. More precisely, let A > 0 be a parameter which will tend to 0 and let (X3)s
be a family of subspaces of X such that

(2.1) ’lin%)distx(:c,X;.) =0 forany z in X.

Let Tx(t),t > 0, be a C*-semigroup on X, with s > 0. Actually, Th(t)z, need
not be a priori defined for all t > 0. More precisely, we shall only assume that
Tw(0) = Idx,,Th(t + 8)zn = Th(8)Th(t)zp for s >0, t > 0 (as soon as Th(t + s)zn
and T (8)Th(t)z are well defined), that T (t)z, is continuous in ¢t and z, when it is
defined and finally, that T} (t)z is left-continuous at ¢, if T, (t)zs exists on [to, t1).
The semigroups T} (t) are said to conditionally approzimate T(t) on a set U C X
uniformly on an interval I = [to,t;] C RY if there are a constant h(I,U) > 0 and
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a function n(h,I,U) defined for 0 < h < h(I,U) such that
(22) Jim n(h,1,U) =0

and, for any 0 < h < h(I,U), if u € U N X}, has the property that T'(t)u, Th(t)u
are defined and belong to U for t € [0,t2] where to < t3 < t;, then

(2.3) IT()u — Th(t)ullx < n(h,I,U) forto <t <ts.

The semigroups T} (t) are said to epprozimate T(t) on a set U C X uniformly on an
interval I C R* if Ty (¢) conditionally approximates T'(t) on U uniformly on I and
if, moreover, for 0 < h < h(I,U) and any u € U N X}, the functions T'(t)u, Th(t)u
are defined and satisfy the inequality (2.3) for all ¢t € I.

The semigroups Ty (t) are said to (conditionally) approzimate T(t) on U C X
uniformly on compact sets of Rt if T,(t) (conditionally) approximates T'(t) on
U uniformly on any compact interval I C R*. We recall that, in the following,
N(B,¢€) denotes the e-neighborhood of a set B in the Banach space X.

LEMMA 2.1. Assume that there exist a bounded set By C X and an open set
Uo D N(By,dp) for some dy > 0 such that By attracts Uy under T(t). Moreover,
assume that there exist an open set Uy DO N(Bo,d;) for some dy > 0 and a constant
to > 0 such that Ty(t) approzimates T(t) on U, uniformly on compact sets of
[to,00). Then, for any €9 > 0, there are hg > 0 and 70 > to such that, for
0< h<hg, fort > 1,

Th(t)(UoNnU; N Xh) C N(Bc,eo).

Proof. Without any restriction, we can assume that €o < inf(dp,d;). As By at-
tracts Up, there exists 79 > to such that, for t > 79, T'(t)Up C N(Bo,€0/2). Thanks
to the hypothesis (2.2), there exists ho > 0 such that, for h < hg, n(h, [to, 270),U1) <
€0/2. Therefore, for h < hyg, for 79 < t < 279, Th(t)(Up N Uy N X) C N(Bo,¢o0)-
Let us remark that Up NU; N X, # &, because Uy NU; D N(By, inf(dg,d;)).

Now, let us prove by induction that, for t > 7o, Th(t)(UoNU1 N Xp) C N(Bo, o).
Assume that, for 79 <t < nrg, Th(t)(Uo NU; N Xp) C N(Bo,€0) and let us prove
this property for 7o <t < (n+ 1)7. If ng <t < (n+ 1)1, thent = (n— 1)1+ 7
with 79 < 7 < 279. Let ugp, € Ug N Uy N Xp; we have

Th(t)m)h = Th(T)Th((n - l)TO)UOh-

By the induction hypothesis, Th((n — 1)70)uon € N(Bo,€0) N Xp, and hence,
Th((n — 1)10)uon € Up NU; N Xp. Therefore, on the one hand,

T(7)Th((n — 1)70)uon € N(Bo,€0/2),
and, on the other hand,

1T (7)Th((n = 1)70)uon — Th(7)Th((n — 1)10)uonllx < €0/2.

Finally, Th(7)Th((n — 1)70)uon € N(Bo,¢0), for 19 < 7 < 279, i.e., Th(t)uon €
N(Bo,Eo) for o <t < (n + l)To. (m]

If the dynamical system T'(t) has a local compact attractor A, the hypotheses of
Lemma 2.1 can be weakened, as we shall see below.
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PROPOSITION 2.2. Assume that there exist a compact set A C X and an open
neighborhood N; of A such that A attracts Ni. Suppose that there are constants
hog >0, 8o > 0, to > 0 and two open neighborhoods No, N3 of A, with Ny C No C
N(N2,680) C N3, such that, for 0 < h < hy,

(i) T(t)N1 C N3 fort >0,

(ii) Ta(t)(N1 N Xp) C Np for 0 <t < o,

(iil) for any zp € N(Na,80) N Xy, there exists t(zp) > 0 such that Ty(t)zn € N3

for 0 <t <t(zp).
Also assume that Ty (t) conditionally approzimates T(t) on N3 uniformly on com-
pact sets of [to,00). Then, for any go > 0, there are h > 0 and 19 > to such that,
forO<h<handt>m,

(2.4) Th(t)(N1 N Xn) C N(A, €0).

Proof. As Tjy(t) conditionally approximates T'(t) on N3 uniformly on com-
pact sets of [to,+00), for any t; > to, there is a positive number h(¢;) so that
n(h, [to,t1), N3) < 6o/4 for h < h(t;). For any =, € NN Xy, and any ¢, to <t < ¢,
we want to prove that T} (t)z, € N3, because this will show that

IT(t)zn — Th(t)znllx < n(h,[to,t1], N3)

for to <t <t; and we may apply Lemma 2.1. Assume this is not the case. Then,
by (ii) and (iii), there exists t2, to < t2 < t1, such that T, (t)zp € N3 for 0 <t < to
and Ty(t2)zn & N3. But then T(t)zp € N(N3,80/4) for 0 < t < t3 and hence
Th(t2)zn € N(Na,80/2), which is a contradiction. This proves the proposition. 0O

Remark 2.3. If A is a local, compact attractor under the semigroup T'(t), then A
is stable, and there always exist neighborhoods Ny, N; satisfying (i) in Proposition
2.2.

To state the next result, we need some additional terminology. Following Hale,
LaSalle and Slemrod [13] or Hale and Lopes [14], a semigroup T'(t), ¢ > 0, on
a Banach space X is said to be asymptotically smooth if, for any bounded set
B C X, there is a compact set J = J(B) C X such that J attracts the set
{z € B: T(t)z € B for t > 0}. A special case of asymptotically smooth semigroups
are o-contracting semigroups (see Hale and Lopes [14]); T(t) is an a-contracting
semigroup if T'(t) = S(t) + U(t), where U(t), ¢t > 0, is completely continuous and
S(t), t 2 0, is a bounded linear operator for which there is a § > 0 such that
IS@ ) cxx) < exp(—Bt), ¢ > 0.

The next result gives conditions for the existence of compact attractors A, for
T} (t) and the upper semicontinuity of these sets “at h = 0”.

THEOREM 2.4. Assume that T(t) has a local, compact attractor A and that the
hypotheses of Proposition 2.2 are satisfied. If each Ty(t) i3 asymptotically smooth,
then there 1s hg > 0 such that, for 0 < h < ho, Ti(t) admits a local, compact
attractor Ap, which attracts Ny N Xy,. Moreover, 6x(An,A) — 0 as h — 0.

Proof. From Proposition 2.2, it follows that Ty (t)(N; N X3), ¢t > 0, belongs to
a bounded set in X},. The results in Hale, LaSalle and Slemrod [13] (see also [12])
imply the existence of a compact attractor A for T} (t) which attracts N3 N Xj.
Owing to Relation (2.4), we can take A, C N(A,e0). Since gq is arbitrary, we
obtain the result. 0O
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COROLLARY 2.5. Assume that T'(t) has a local compact attractor A and that the
conditions of Proposition 2.2 are satisfied. If each space X}, s finite-dimensional,
the conclusions of Theorem 2.4 hold.

In the general case, the hypotheses of Theorem 2.4 do not enable us to give any
information about the distance §x (A, Ax). However, if A is reduced to a point zg,
then, of course, under the hypotheses of Theorem 2.4, §( A, A,) — 0.

In the next result, we assume the attractors for the approximate semigroups
exist and conclude that the original semigroup admits an attractor.

PROPOSITION 2.6. Suppose there are bounded open sets Ny C Ny C X and
positive constants o, €g, ho, to, b such that, for each 0 < h < hg, the semigroup
Th(t) has a local compact attractor Ap C X, with N(Ap,&) C N1, and that

(i) An attracts Ny uniformly, that is, for any €, > 0, there 13 a 1 > 0, indepen-
dent of h, such that Ty, (t)(N1 N Xp) C N(Ap,€1) fort >,

(ii) Th(t)(N1 N Xn) C Na N Xp, for all t >0,

(lll) T(t)Nl C N3 for 0 <t <tp,

(iv) T(t)z vs well defined for £ € N(Na,&0) for 0 <t < &.

Also assume that Ty (t) conditionally approzimates T(t) on N (N2, €0) uniformly on
compact sets of [to,+00). Then, there exists T > to such that, for t > 7,

(2.5) T(t)N; C Ny.

If, in addition, T(t) is asymptotically smooth, then T(t) has a local compact at-
tractor A attracting Ny and, for any € > 0, there exists hy > 0 such that, for
0<h < hy,

(2.6) A C N(An,€).
Proof. Let us first show that
(2.7) T(t)N1 C N(Na,g0) forallt > 0.

Owing to (iii), T'(t) N1 C N(N2,&0) for 0 <t < to. Suppose that the property (2.7)
is not true; theén there exist z € Ny and to > ¢ such that T(t3)z € (N (N2,€p))
and T(t)z € N(Nz,€0) for 0 < t < t; (the existence of t2 is ensured by (iv)).
Thanks to the approximation property (2.1), there exist a positive number hq
and, for 0 < h < hg, an element z, € N; N X}, close enough to z so that, for
OStStQ, 0<hSh27

(2.8) IT@#)zn — T(t)z]lx < €0/3.
Moreover, there exists hs > 0, with hs < inf(hg, hs), such that, for 0 < h < hs,
(29) U(h, [th t?]’ N(N% 60)) < 6.0/3'

Thus, since T} (t) conditionally approximates T'(t) on N (N3, o) uniformly on [to, 2],
(2.8), (2.9) and (ii) imply that T'(t2)z € CI(N (N2, 2e0/3)), which is a contradiction.
Thus (2.7) is true.

Next we show that T'(t)N1 C N, for t > 7, where T > ¢ is a constant. Owing to
the property (i), there exists 7 > ¢o such that, for 0 < h < hg, Th(t)(N1 N Xp) C
N(An,€0/4) for t > 7. Now let z € Ny be given. As above, there exist a positive
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number hy, with hy < hg, and, for 0 < h < hy4, an element =, € N; N X} close to
z such that, for 0 < h < hy,

(2.10) IT(t)zn — T(t)z||x < €0/3 forallt, with0<t<2r
and
(2.11) n(h, [to, 27], N(N2,€0)) < &o/3.

As (2.7) holds and Tj(t) conditionally approximates T'(t) on N(N2,€0) uniformly
on [to, 27], we derive from (2.10) and (2.11) that T(t)z € N(An,3¢0/4) C Ny, for
T<t<2rT.

An easy induction, similar to the one of the proof of Lemma 2.1, shows that
T(t)x € Ny, fort > 7.

If, moreover, T'(t) is asymptotically smooth, we conclude, by using a result of
[7], that T'(t) has a compact attractor A C N; attracting N;. It remains to prove
(2.6). Let € > 0 be given. By (i), there exists 7, > to, independent of h, such
that T, (t)(N1 N Xk) C N(An,e/3) for t > 71 and for 0 < h < hg. Because of the
compactness of A, there exists hs, 0 < hs < hg, such that, for 0 < h < hs, with
each element z € A we can associate an element P,z in N; N X}, such that

|T(t)z — T(t)Prz|lx <€/3 for0<t<m.
Finally, there exists h;, 0 < h; < hs, such that, for any z, € Ny N X},
IT(t)zr — Th(t)zp]lx <e/3 forty <t <.

Thus, for 0 < h < hy, T(r1)z € N(Ap,€) for all z in A; and from the equality
T(71)A = A we deduce the inclusion (2.6). O

Remark 2.7. Property (2.6) means that éx (A, An) — 0 as h — 0. Let us remark
that, under the hypotheses of Proposition 2.6, §x (Ar, A) also tends to 0 as h tends
to 0. Indeed, as A attracts N, for any £, > 0, there exists 7, > to such that
T(t)An C N(A,e1/2) for t > 7;. On the other hand, there exists A > 0 such that,
for 0 < h < ;L,T](h, [to,Tl],N(Nz,éo)) < 61/2. Thus, Th(Tl)ﬂh C N(A,el) and,
since T(71)An = Ap, An C N(A,e1) for 0< h < h.

Remark 2.8. The assumption (i) in Proposition 2.6 that A, attracts N; uni-
formly is a very strong condition. However, one would expect numerical proce-
dures to have such a property. The detailed structure of the flow on the attractor
Ap could vary considerably with h. This depends on the flow defined by T'(t).
Consider, for example, a scalar equation @ = f(u), u € R, where the flow is given
by —>—e—>—e—<— If one approximates this flow numerically, two situations
could arise. One could obtain either the approximate flow —>—e—<— or
—>-e—<-e—>—e—<—. The global attractor in one case is a point and in the other is
a line segment. The global attractor for the original problem is a line segment.
For one of the approximation schemes, the attractors A, approach a point as
h — 0 which is a local attractor for T'(¢) and, for the other, A, approaches a line
segment which is the global attractor for T'(¢). If the flow on the attractor for
T(t) is less sensitive to small perturbations, this situation will not arise.

Let us now turn to the question of how close A, is to A with the measure
of closeness given by 6x (A, A). We give some results in this direction for some
particular cases.
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PROPOSITION 2.9. Suppose the hypotheses of Theorem 2.4 are satisfied with
the associated function n(h,I,N3) = ch for some positive constants c, Yo, in-
dependent of h and I C [tg,00). Then there is a constant c; > 0 such that
Sx(An, A) < c1h for 0 < h < hy.

Proof. The proof follows from the proof of Proposition 2.2 and Theorem 2.4
using the special function n(h,I, N3) =ch?. O

The hypothesis on n(h, I, N3) in Proposition 2.9 is not usually satisfied. A more
reasonable condition on n(h,I, N3) is given in the next result, but then we must
impose stronger attractivity properties of 4.

PROPOSITION 2.10. Assume the hypotheses of Theorem 2.4 are satisfied with
the associated function n(h, [to,t1], N3) = cohe*°'t for some positive constants
o, Y0, @0, tndependent of h and ty. If there are an open neighborhood U of A and
positive constants c1,Bo such that

ox(T(t)U, A) < cre Pt t>0,
then, for h < hg, we have
6x(An, A) < ch0Bo/ (@o+Bo)

for some positive constant c.

Proof. 1If

1 Co
—lo _h’mﬁo/(ao+ﬂo)’
Bo % ey

then &x(T(t)U, A) < cohoPo/(*0+Bo) for ¢ > t;. Since A is invariant, for any
zh, € Ay, there is a yp € Ap such that zp = Th(t1)yn. If 2 = T(t1)yn, then

lzh — zllx = [ITa(t1)yn — T(t1)ynllx < cg~/Poc hrobo/ (0 +ho),

t1=—

This completes the proof. O

Remark 2.11. If T(t) is a gradient system (for the definition, see Hale [12])
for which there is a t; > 0 such that T'(t) is either compact for ¢ > ¢; or an
a-contraction, and if the set of equilibrium points E (i.e., the points ¢ such that
T(t)¢ = ¢, t > 0) is bounded, then we know that T'(t) has a compact attractor 4. If,
in addition, each element of E is hyperbolic, then E is a finite set, dim W*(¢) < +o0
and A = Uy g W¥(9), where W*(¢) is the unstable set of ¢. Furthermore, if the
stable and unstable manifolds intersect transversally, there is an open neighborhood
U of A such that 6x(T(t)U, A) — 0 exponentially as ¢t — +oo.

Thus, if the approximate semigroups T} (t) satisfy the hypothesis of Theorem 2.4
with n(h, [to, t1], N3) = coh"e*t1, Ty (t) admits a local compact attractor A, for
h small enough and, by Proposition 2.10, we obtain a good estimate of x(Ax, A).

Now assume that, for A > 0, Tj(t) is a gradient system. Then, one can prove
that, for h small enough, the set of equilibrium points E}, of T}, is finite and has the
same cardinality as E, and one can give an estimate of éx(E, Ey) and 6x (En, E).
Moreover, Ap = Uy, cg, W*(dn), where W*(¢5) is the unstable set of ¢p. (For
more details, see Lin and Raugel [25]).

In Remark 2.11 we have encountered a situation where the conditions of Propo-
sition 2.10 are satisfied. One would expect that the hypothesis in Proposition 2.10
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that T'(t)U — A exponentially as t — +oo will be satisfied in specific evolutionary
problems, at least generically with respect to the vector fields. A more precise
statement is needed and certainly is nontrivial.

Let us end this section by pointing out that in some cases the semigroups T} (¢)
do not conditionally approximate 7'(t) on any open set U C X. In this case, one
has to use other ways to prove that T}, (¢) admits a local compact attractor A, for h
small enough. In Subsection 6.2 we shall encounter a typical example of this case.

3. Galerkin Approximation of Sectorial Evolutionary Equations.

3.1. Galerkin Approzimation of a Parabolic Equation. Let V and H be two (real)
Hilbert spaces such that V' is included in H with a continuous and dense imbedding;
the space H is identified with its dual space, and the inner product of H, as well
as the duality pairing between V and its dual space V', is denoted by (-,-) (so we
have the inclusions V C H C V', where the imbeddings are continuous and dense).
We introduce a continuous, bilinear form on V. x V: (u,v) € V x V — a(u,v) and
the corresponding operator A € L(V;V’) defined by

Vu,v eV, a(u,v) = (Au,v).

We denote by Cp the constant of continuity of the bilinear form a(:,-). We also
suppose that there are two constants v > 0 and 7o > 0 such that

(3.1) VeV, a(vv)+lvlh =l
Moreover, if
b(u,v) = a(u,v) — a(v, u),
we assume that there exists a constant C; > 0 such that
(3.2) [b(u, v)| < Cillullv|lvl|a-
Now we consider the nonliner equation
du/dt + Au = f(u),
653 2 f(w)
u(0) = uo,

where ug belongs to V and f: V — H is locally Lipschitz continuous (i.e., f is
continuous and, for any bounded set B of V, there is a constant kg such that
If(w) = f()ll# < kBllu = v]lv for u,v in B).

Remark 3.1. We may always assume that v = 0. If 49 > 0, we can set A; =
A + oI and replace Eq. (3.3) by

{ du/dt + Aju = f(u) + You,
U(O) = Ug.
Therefore, we assume in the sequel that vy = 0.

Let D(A) = {v € V; Av € H}. Note that D(A) is dense in V and H and
that A is a sectorial operator on H in the sense of Henry [17], so that we can
define the operators A* for any o > 0. (We recall that A is sectorial if and only
if the semigroup e~4t generated by A is an analytic semigroup.) If we define
X* = D(A%), a > 0, with the graph norm ||v||xo = |[|[A%v||x, v € X%, then X is
a Hilbert space normed by ||v||x= and X° = H (for more details, see Henry [17, pp.
26-29]). From the hypothesis (3.2) we derive at once that D(A) = D(A*), where

(3.3)
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A* is the adjoint operator of A, defined by (A*u,v) = a(v,u) for any u,v in V. By
using a result of Lions ([26, Théoréme 5.3]) we conclude that

(3.4) D(AY?) = D(A*Y/?) = V.

Thus we are in the context considered in [17, Chapter 3|, so that we can use
existence, uniqueness and regularity results for the solution of the equation (3.3).
In particular, we know that under the above hypotheses on A, f and ug there is a
unique solution in V of Eq. (3.3) on a maximal interval of existence (0, 7,,). Here
we assume that all solutions are defined for ¢ > 0, so that we can introduce the
map T(t): V — V, t >0, defined by T'(t)up = u(t, uo) and obtain a C°-semigroup
on V. We also suppose that T'(¢) has a (local) compact attractor A which attracts
a bounded open set O, 0 D A (see [12] for the existence of A).

Now let us turn to a finite-dimensional approximation of Eq. (3.3). Let h > 0
be a real parameter which will tend to 0 and (V) a family of finite-dimensional
subspaces of V. We introduce the operator Ay € L(Vj;V},) defined by

(3.5) Yoy € Vi, (Apwh,vr) = a(wp,vp) for wy in V.
Let Qn € L(H;V}:) be the projector on Vj, in the space H, i.e.,
Yv e H, Yop, € Vp,, (v —Qpv,vp) =0,
and let P, € L(V;V},) be the projector on V}, in the space V, i.e.,
Yv eV, Yu, €V, a(v— Pyo,v,) =0.

Now consider the following equation in Vj,:

{ dup/dt + Apun = Qnf(un),

(3-3)n up(0) = uon,

where ug, € Vj,. Equation (3.3), is an ordinary differential equation. We introduce
the map Tx(t): Vi — Vi, defined by Th(t)uon = un(t,uon) as long as up (¢, uon)
exists. Th(t)uon is continuous in ¢ and ugp when it is well defined and, if T} (t)uon
exists on [to,?1), it is left-continuous at ¢;.

In order to prove that Th(t) also admits a compact attractor Ay, for h small
enough, we need the following additional hypotheses on the spaces (Vj)5:

There exist an integer m > 0 and, for any £, % < B <1, aconstant C(8) >0
such that, for all w in X# = D(4P),

(3.6)(i) lw = Pawlly + lw - Quwllv < C(B)R*™PF=1/2)||w||xs,
and
(3.6)(ii) lw— Prwllg + |lw — Quwlla < C(B)AZ™8||w||xs.

Remark 3.2. The hypotheses (3.6) (i) and (3.6) (ii) are realistic and are satisfied
in many cases when A is an elliptic differential operator (see Ciarlet [5] and Example
3.1 below). We point out that in this case the quantity 2m in (3.6) is rather related
to the order of the diffrential operator A than to the order of the “approximation”
of V by V,. In Example 3.1 below, 2m remains equal to 2 (which is the order of
L), even if we replace P;(K) in (3.8) by a space of higher-order polynomials.
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Ezample 3.1. Let Q2 be a regular bounded domain or a convex bounded set in
R2. In Q we are given an elliptic operator of the following form:

2
3.7) Lv= i,,zﬂ ai;(z a (%J +§ c(z)v,
where the coefficients a;;, b;, ¢ are smooth enough and where L is assumed to be
uniformly and strongly elliptic. If A denotes the operator — £, with homogeneous
Dirichlet boundary conditions, then the hypotheses (3.1) and (3.4) are satisfied
with D(A) = H*(Q) N H}(Q), D(AY?) =V = H}(Q), H = L*(Q). And one can
find finite-dimensional subspaces Vi, of H}(2) such that the conditions (3.6) (i),
(3.6) (ii) are satisfied with m = 1. For instance, if {2 is a convex polygonal domain,
we introduce a uniformly regular family (75)s of triangulations in the sense of [5],
where Tj, is made of triangles with diameters bounded by ~A. And we set

(3.8) Vi ={vh €COQ)NHL(Q): VK € Th,vn|x € Pi(K)},
where P;(K) is the space of all polynomials of degree < 1 on K. In this case, the
hypotheses (3.6) (i) and (3.6) (ii) are satisfied with m = 1. Moreover, even if the

family (T,)s is only regular, the hypothesis (3.6) (ii) is satisfied and the condition
(3.6) (i) usually holds (see Crouzeix and Thomée [9]).

THEOREM 3.1. Under the above hypotheses, there exists hg > 0 such that,
for h < hg, Tx(t) admits a local compact attractor Ap, which attracts an open set
N1 NVy, where Ny is independent of h. Moreover, by (An, A) — 0 as h — 0.

Proof. We shall prove that the hypotheses of Proposition 2.2 are satisfied by
T(t) and Ty(t) for h small enough. Clearly, it is sufficient to show that there are
constants hg > 0, o > 0 and to > 0 and three open neighborhoods Ny, Ny, N3 of
A with N; € 0, N; C N2 C N(N2,80) C N3, such that the conditions (i) and (ii)
of Proposition 2.2 are satisfied and that Tj(t) conditionally approximates T'(¢) on
N3 uniformly on compact sets of [tg, +00). Let us prove this in two steps.

First step. As A is a compact attractor, there is a bounded open neighborhood
N; of A such that N; C 0 and T(t)N; C N; for t > 0. We choose a real number
€0 2 83000/'7, where Bo = ImmaXyeN, "’vllv, and we set N2 = N(Nl,eo). Finally,
let 8y be a positive real number and define N3 = N (N2, 8y). Now we want to prove
that there exists a constant to > 0 such that Tp(t)(N1 NVy) C N3 for 0 < t < ¢o.
Using classical arguments of the theory of differential equations, we easily see that
it is sufficient to prove the following property:

There exists a constant tg > 0 independent of h such that, for
any uop € Ny N V4, if Th(t)uon belongs to N (uon,€o + o) for
0 <t < t(uon), where t(uon) < to, then Th(t)uon € N(uon,€0)
for 0 <t < t(uon)-

As f is globally Lipschitz continuous on N (N3, &), there exist constants M; > 0
and L > 0 such that

(3-9)(1) Vv € N(N3,b0), [If(v)lla < My,

and

(A)

(3.9)(ii) Vv, w € N(Ns,b0), [ f(v) = f(w)llw < Lljv = wllv.
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If up, is the solution of Eq. (3.3)r, up — ugp satisfies the equation

(3.10) d(uh - uo;,)/dt + Ah(uh - ugh) = th(uh) + AhuOh.

Taking the inner product in H of the equation (3.10) by d(up — ugn)/dt, we obtain

2
d
+a (Uh — Ugh, d—(uh - UOh))
H t

d
'Ez(uh — Uoh)

(3.11) i/ ;
= <f(uh)7$(uh —’u0h)> Ea(uomuh Uoh)-
But
d 1d
(uh — Uoh, —(uh - on)) 5 dta(uh Uoh, Up — Uoh)
(3.12)

d
+ §b (Uh ~ Yo o (un — UOh))

so that we deduce from (3.11) and (3.12), by using the inequality (3.2), that
2

Y + §a—ta(uh — UQh, Up — Uoh)

d
az(uh — uoh)

<M,

d
a(uh — Ugh)

+ Ci|lun — uon|lv

d
—(up — uon)
dt °

H

da(u Up — Uoh)
dt Ohs Yh — UOh ),

which implies that
d 2 2 2 d
(3.13) aa(uh — Uoh, Un — Uon) < M7 + Ci|lun — uonllyy + 2aa(u0h,uh UQh)-

Finally, integrating (3.13) from O to ¢, and using (3.1) (with v = 0) and the
inequality ab < a?/2¢ + €b?/2, we obtain

2ty ME 207 [ 4C?
lunt4) = wonly < 20+ 220 [ fun(s) = wonlfy, ds + S fuanl
v 7 Jo v
Thanks to Gronwall’s inequality, we derive from the above estimate that
2 M2
614 lun) - ol < (222 ‘f’o Juanl ) 222/

If ugr, € N1 NV, (3.14) becomes

2, M2 4C? 2
(3.15) lun (tr) — vorlZ < ( "7 L4 7_;’33) e(2CT/Ntn

From (3.15) it is clear that there exists a constant ¢ > 0 independent of & such
that property (A) holds.

It remains to prove that T} (t) conditionally approximates T'(t) on N3 uniformly
on compact sets of [tg, +00).

Step 2. Estimate of ||Th(t)uon — T (t)uon|lv for to <t <ty when Th(r)ugn and
T(r)uon belong to N3 for 0 < 7 < t. To this end, we estimate the term
|7Th(T)uon — 7T () uon||lv for 0 < 7 < t. We set u(r) = T(r)uon, un(r) = Th(7)uon,
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Z(t) = tu(r) and Zx(r) = Tup(r). Using the equality QoA = A, P, one easily
shows that Z,(r) — P, Z(7) satisfies the equation

dt(Zh - PhZ) + Ah(Zh - PhZ)
(3.16)

= rQu(7(un) £ + 7 ( (@ = Po)) + s~ Pra

Taking the inner product in H of (3.16) by d(Z, — P, Z)/dt, we obtain, thanks to
the property (3.9)(ii),

d 2
‘ E(Zh - PhZ) + a (Zh - P, Z, (Zh - PhZ)>

< L|\Zn - Z|lv (Zh - PhZ)ll

(3.17) H

Je-na],

|(—1;(Zh - P,2)

H

d
+ ||uh - Phully —(Zh - PhZ)
dt

H

Using the relation (3.12) (where up — ugp is replaced by Z, — PrZ) and the hy-
pothesis (3.2) as well as the inequality ab < a%/2¢ + €b%/2, we derive from (3.17),

d
aza(Zh - PhZ Zh - PhZ)
(3.18) < (L2 + O 2n - thll% + L Z - 2|}
H— Z PhZ + ||uh - Phu”%{.

If we integrate (3.18) from 0 to t and then apply Gronwall’s inequality, we obtain
1(Zn — Pu2Z)(t)II3

t
< Cpe®st [/0 {IIZ(S) = PaZ(9)lly + llun(s) = Quu(s)lI%

(3.19)
+ [[u(s) — Quu(s)l|F + llu(s) — Pou(s)lI}

“ ~ P2(s))

)

where Cy and C3 are two positive constants independent of h and t. We now
estimate ||up(r) — Qru(7)||g,0 < 7 < t. The function Qnru — up satisfies the
equation

7 (Qhu up) + Ap(Qru — up)

(3.20) = Qnf(u) — Qnf(un) + (AnQn — QrA)u,
(Qnu — up)(0) = 0.
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Taking the inner product in H of (3.20) by Q,u—uy, and using the property (3.9)(ii),
we obtain

"Uh - Qnull} +~llun — Qnully
< Llju — Qrullvllun — Qruller + Lllup — Qurullv lur — Qnullx
+ Collu — Qrullv |lun — Qnullv.

By Gronwall’s inequality, the above estimate implies, after an integration from 0
to T,

(321)  flun(r) - Quu(r)l < Cac®>" ( / "lu(s) - Quu(s)IZ ds) ,

where C4 and C5 are two positive constants independent of 7 and h. Thanks to the
properties (3.6)(i) and (3.6)(ii), we deduce from (3.19) and (3.21), for 0 < ¢t < ¢y,

1Z(t) = Zu(D)II}
< CoeCrth®™ {IItAU(t)II?; + /0 (IIAU( W +

2dt

du
s (s )

+ IIu(8)||3/) dS} :

where Cg and C; are two positive constants independent of ¢ and h. On the one
hand, using Henry [17, p. 71}, one easily proves that, for 0 < 7 < ¢,

du
;E(T) y

(3.22)

(323) S Ko(Ng,éo)eKlt' ;{-

where Ko(N2,8) is a positive constant depending only on Nz and g, and K, is a
positive constant.
Since 7Au = 7 f(u) — 7 du/dt, we infer from (3.23), for 0 < 7 < ¢,

(3.24) I Au(r)|la < ta sup I1f ()l + Ko(Na, 6o)e™ 1.
v 3

On the other hand, since du(r)/dt belongs to H for 7 > 0, we may consider the
inner product in H of Eq. (3.3) by du/dt; thus, using a relation similar to (3.12),
we obtain, for 0 <t < ¢y,

e2s) [ ‘fj‘(s) ds <2 [ oD ds +207 [ Tulo)l do-+ ol

Since Au = f(u) — du/dt, we deduce from (3.25) that, for 0 <t < t;,

t
(3.26) / |Au(s)||4 ds < K2(N2,8)eX3tr,
0

where K2(N2,8) is a positive constant depending only on N; and é, and K3 is a
positive constant.
Finally, the estimates (3.22), (3.23), (3.24) and (3.26) give us, for 0 <t < ¢y,
12(t) = Zn(t)llv < Ka(N2,680)e">t A™

or, for tg <t <t,
Kstlhm

(3:27) lu(t) = un(@lly < KalNa, b0) ——
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where K4(N,6p) is a positive constant depending only on N and &, and Ks is a
positive constant. 0O

Remark 3.3. We also could have used the methods of Bramble, Schatz, Thomée
and Wahlbin (3], Fujita and Mizutani [10], Helfrich [16] or Johnson, Larsson,
Thomée and Wahlbin [20] for estimating ||u(t) — un(t)]lv. For the estimate of
|lu(t) — un(t)]lv when u is more regular, we refer the reader to Thomée [33] and to
Thomée and Wahlbin [34]. (See also the references in [33]).

Remark 3.4. Let Q) be a regular or convex, bounded domain in R"*, n = 1,2, 3,
and let f: R — R be a locally Lipschitz continuous function. Then, if n = 1, the
mapping f: u € H(Q) — f(u(z)) € L?(1) is also locally Lipschitz continuous. If,
in the cases n = 2 or 3, f satisfies the additional condition

(3.28) Vo,Yw €R, |f(v) - f(w)| < C(1 +|v] + [w|)?|v — ],

where

o<
n_

then the mapping f: u€ H!(Q) — f(u) € L%(Q) is also locally Lipschitz continu-
ous. If the condition (3.28) is not satisfied, we have in general to work in a space
other than H!(f2) (see Subsection 3.2 and Example 3.2 below).

3.2. An Extension of the Previous Result. Let us again consider the operator A
introduced in Subsection 3.1 that satisfies the properties (3.1) and (3.2). Now we
assume that f: V — H is no longer Lipschitz continuous. But instead, we suppose
that A is a sectorial operator on a Banach space Y C H and that f: Y* - Y
is locally Lipschitz continuous, for a real number ¢, % < a < 1. Furthermore, we
assume that the following continuous inclusions hold:

(3.29) Dy(A) > Y* >V Y < H,

where Dy (A) = {y€Y: Aye€ Y} and Y™ = Dy (A%).

We assume that all the solutions u(t,ug) of (3.3) are defined and belong to
Y fort >0, if up € Y*. Thus, the map Ty (t): Y* — Y*, t > 0, defined by
Ty (t)uo = u(t, ug), becomes a C%-semigroup on Y*. Finally we suppose that Ty (t)
admits a compact attractor A which attracts a bounded open set 0 D A. Then
there exists an open neighborhood N; of A such that N; C O and Ty ()N, C N,
fort > 0. :

Now we introduce a function f which is globally Lipschitz continuous from V
into H and coincides with f on 0. We consider the equation

{ du/dt + Au = f(u),
’l](O) = Uop.

Obviously, if ug € Ny then @(t, uo) = u(t, uo) for ¢ > 0. Let (Vh)n be the family of
finite-dimensional subspaces of V' introduced in Subsection 3.1. We suppose that

the spaces V}, are included in Y, satisfy the conditions (3.6) and the two following
assumptions:

for n > 3, o arbitrary for n = 2,

(3.30)

for any 3, @ < B < 1, there exists a constant 6(a,3) > 0 such

3 B
(3.31)(i) that, for v in Y?,

v = Paollye < ChZMO@B)|jy]|y 4,
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and
there exists a constant 6,, 0 < 8, < %, such that, for any vy in
(8.31)(ii)  Vhs
l[onllye < CR™2™ |lug]ly.

We point out that, as in (3.6), the quantity 2m essentially depends on the order of
the differential operator A. We consider the approximate problem

{mwme=mmm
up(0) = uoh,

for ugp, € V. We introduce the map f‘h( t): Vp — Vj given by Th( Juon =
Up (¢, uon). Since f is globally Lipschitz continuous, Tj (t)uop exists for any ¢ > 0.

(3.30)1

THEOREM 3.2. Under the above hypotheses, there exists ho > 0 such that, for
h < hg, Th(t) admits a compact attractor ,4;, which attracts the open set Ny NV,
(where Ny i3 given above). Moreover, by« (Ap, A) — 0 as b — 0.

Proof. Let tg > 0 be a fixed real number. For any t; > %y, we are going
to estimate || Ty (t)uon — Th(t)UOh“ya for to < t < t;, when ugp, € Ny. We set
u(t) = Ty (t)uon, @n(t) = Th(t)uon. Recall that u(t) = @(t). By virtue of the
conditions (3.31), we have

[u(®) = @n()llye < la(t) — Paa(t)llye + [|Pau(t) — Gn(t)lly=
< CR*™@ ) |lu(t)llys + Ch™>™ || Pya(t) — an(t) v,

where a < < 1.
Arguing as in Subsection 3.1 (see estimate (3.27)), we obtain

K
(332 AP - (Ol < Ka(F) o k020
to

Finally, by using Henry (17, p. 57], we deduce from the above estimates, for to <
t S tla

(333)  Jlu(t) — Ga(t)llye < Ke(B,N1)E

Since 6, < %, (3.33) implies that the hypotheses of Proposition 2.1 hold and The-
orem 3.2 is proved. O
Ezample 3.2. Consider the equation
du/dt — Au = f(u),
(3.34) ulan =0,

u(t) /e=0 = uo,

where, for instance, 2 is a convex polygonal domain in R2. If the function f: R —
R is locally Lipschitz continuous, but does not satisfy the condition (3.28), we
cannot work in the space V = H3(2). The map f: w € Y* — f(w) €Y is locally
Lipschitz continuous if Y = L?(Q2) and o > 3, or, if Y = L?(Q), p> 2 and a > 1.
(Indeed in both cases, Y* — L*(Q).)

Now assume that (3.34) admits an attractor A in Y* which attracts a bounded
set O D A. So we can introduce the quantity

(3.35) By = max o]l =0y,

Kqt

! sup(h,2"‘(1/2‘0°) , h2m0(a,ﬁ) ) .
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One easily constructs a function f satisfying

- [ f(z) for|z] < By,
(3.36) flz) = { 0 for |z| > 2B,.

The map f: w €V — f(w) € H is globally Lipschitz continuous and coincides
with f on 0.
Let us give an example of spaces Vj, in the case Y* = H2*(Q)NH(Q), 1 < a <
1. Let (Tn)n be a uniformly regular family of triangulations in the sense of [5]. We
set
Vi ={v € Cl(ﬁ) ﬁH&(Q): vr|k € P3(K), VK € Tp},

where P3(K) is the space of all polynomials of degree < 3 on K. Then, of course,
the hypotheses (3.6) are satisfied with m = 1. Conditions (3.31)(i) and (3.31)(ii)
hold with #(o,8) = —a and 0, = a — %

3.3. Approzimation of Sectorial Evolutionary Equations with Special Projection
Methods. More generally, let A be a sectorial linear operator on a Banach space X,
and consider the nonlinear equation (3.3) where now we assume that there exists a
real number a € [0,1) such that f: X* — X is locally Lipschitz continuous and
up € X*. As in Subsection 3.1, we introduce the map T'(t): X* — X*, t > 0,
defined by T'(t)up = u(t,up) and suppose that T'(t) has a (local) compact attractor
A which attracts an open set 0 O A. We assume that Re o(A) > v > 0, where o(A)
denotes the spectrum of A (if not, we replace A by A; = A+ al, Re 0(A;) > v
and replace Eq. (3.3) by Eq. (3.3)"). We also suppose that o(A) consists of isolated
points A, only, with no accumulation in the finite part of C, and that each A, is
of finite order. We arrange the points A,, in such a way that

¥<Reld; <ReAdy <---<ReAdp <ReApy1 <0

where Re \,, — +00 as n — +o00.

We denote by ®,, the generalized eigenspace corresponding to A,, by Py the
projection from X onto the space [®;, ®,,...,Pn] and by Qn the projection I — Py.
We assume that, for 0 < 8 < 1, || Pn||z(x5;x5) is bounded by a constant Kz > 0,
uniformly with respect to N. By [17, p. 21], for any € > 0, for any integer N, there
exists a constant K. y such that
e~ (ReAn 4y —e)t

77 for y=0,1.

(3.37) lA7e~ 4 QN2 (x,x) < Ken

Below, we assume that, for 0 < < 1,

(3.38) lim Ken

N—+oo (ReAnyy —€)P =0,

this condition being usually satisfied.
Now let us consider the following equation on Xy = Py X:

{ dun/dt + Auy = Py f(un),

33w un(0) = uon,

where ugy € Xn. Equation (3.3)n is an ordinary differential equation. Let us
introduce the map Tn(t): Xy — Xn, defined by Tn(t)uon = un(t,uon), as long
as un(t,uon) exists.
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THEOREM 3.3. Under the above hypotheses, there exists a number Ng > 0
such that, for N > Ny, Tn(t) admits a local compact attractor An which attracts
an open set O1 N X, where 01 i3 independent of N. Moreover, §xa(An,A) — 0
as N — +o0.

The proof of this theorem is very easy and is a consequence of Proposition 2.2
(the complete proof can be found in Hale, Lin and Raugel [15]).

4. Semidiscretization in Time of Some Parabolic Problems. We keep
the same notations and the same assumptions as in Subsection 3.1, but here we
moreover assume that the operator A is selfadjoint and has a compact resolvent.
(The generalization of the following results to the case where A is not selfadjoint,
but satisfies the condition (3.2), is left to the reader.) As in Subsection 3.1, we
assume that 4o = 0, and we consider the nonlinear equation

{ du/dt + Au = f(u),
u(0) = u?,

where 4% € V and f € C?(V;H), for instance. The hypotheses on f can be
weakened. Now let us turn to a semidiscretization in time of Eq. (4.1) by a one-
step method. More precisely, let k£ be a positive time increment, let ¢, = nk, n > 0,
and define an approximation u, of the solution  of (4.1) at time t,, by the recursion
formula

(4.1)

@D { Unt1 = (1= (1= 0)kA)(1 + 0kA) = uy, + k(1 + 0kA) =1 f(un),

Ug = uo,

where % <0#<1.

Remark 4.1. The results that we are going to prove below are also valid if we
replace f(uyn) in (4.1)k by f(6un+1 + (1 —6)uy,). But then the “linearized” scheme
(4.1)x becomes a nonlinear one.

More generally, the following results are also true if we replace (4.1)x by a scheme

that is strictly accurate of order 1 in the sense of Brenner, Crouzeix, Thomée [4]
" and is of the form

Ung1 = r(kA)un + kS g;(kA) f(un),
(42), +1 =r(kA) J;tb( )f (un)

Ug = uo,

where 7,q,...,¢m are rational functions of the variable z which are bounded, as
well as 2gj(2), 1 < j < m, for z > 0, and where |r(z)| < 1, for z > 0, and
|r(00)| # 1. The proof, in the case of the scheme (4.2)k, uses the same arguments
as below and the property that r(z) can be written as (1 — 2s(z))/(1 + 02), where
o is a suitable positive constant (for more details, see Raugel [29]).

Now we introduce the mapping Tx € L(V,V) defined by Tyu® = u;, where u; is
given by the formula (4.1)k. For any integer n > 1, TPu® = u,. We remark that
Tk is well defined on the whole space V and that Tf*: N — C%(V,V) is a discrete
semigroup. Although Sections 1 and 2 deal with C%-semigroups T(t): Rt —
C°(V;V) only, the definitions and the results contained there obviously extend to
discrete semigroups. For instance, a set B C V is said to attract a set C C V under
T} if, for any € > 0, there is an integer ng = ng(B, C,€) such that TPC C N(B,¢)
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for n > ng (the definitions of a local attractor and an attractor are unchanged; for
more details, see Hale [11], for instance).

Here we suppose that the map T'(t): V — V, t > 0, defined by T(t)u® = u(t),
where u(t) is the solution of (4.1), admits a local, compact attractor A which
attracts a bounded open set 0,0 D A.

THEOREM 4.1. Under the above hypotheses, there exists kg > 0, such that,
for k < ko, the process Ty admaits a local, compact attractor Ar, which attracts
an open set Np, where N 18 independent of k, Ny D Ax for every k. Moreover,
Oy (Ak,A) = 0ask— 0.

The remainder of this section will be devoted to the proof of Theorem 4.1. But,
beforehand, let us recall the following discrete analogue of Gronwall’s lemma, the
proof of which is left to the reader.

LEMMA 4.2. Let (an)n, (bn)n, (cn)n be three sequences of positive real numbers
such that (cp)n ts monotonically increasing and
n—1

(4.3) an+bn$c,,+)\§:am for n>1and X >0,

m=0

with ag + bg < cg. Then, these sequences also satisfy
(4.4) an + by, < cpexp(An)  for n>0.

Only for the sake of simplicity, we consider that the space V is equipped with
the norm

(4.5) VoeV, |y = (Av,v)"/2
Hence, the dual norm on V' is given by
v eV, Vv = (A", 02

Proof of Theorem 4.1. In order to prove Theorem 4.1, we shall apply the following
modified version of Theorem 2.4, the proof of which is left to the reader. Clearly,
the conclusions of Theorem 2.4 and hence of Theorem 4.1 hold, if the following
conditions are satisfied:

There exist four positive constants kg, ég, 61, @g, With ag > ko, and two open
neighborhoods Nj, N2 of A, with N; C Nz, such that, for 0 < k < ko,

(i) Tk is an asymptotically smooth map (this condition holds in particular if
T = Tik + Tor, where Ty is completely continuous and Tk is a linear strict
contraction);

(ii) T(t) N1 C Ng for t > 0,

(ili) T¢ N1 C N for 0 < n < ag/k,

(iv) TkN(Nz,lso) C N3, where N3 = N(Nz,80 + 61); and

(v) for any a; > ap, there exist a constant ko(a;, N3) with 0 < ko(a, N3) < ko,
and a function n(k, a1, N3) defined for 0 < k < ko(a, N3) such that

(4.6) lim n(k, a1, N3) =0,
k—o0
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and, for any 0 < k < ko(e1,N3), if u® € N3 has the property that Tpu® and
T (nk)u® belong to N3 for 0 < n < ay/k and 0 < nk < a2 + ko, respectively (where
ap < az < ap), then

4.7 TPu® — T(nk)u®|ly < n(k,a;, N3) for 2 cp<c?2
k k k

Now we show in four steps that the above conditions are satisfied.
(1) By (4.1)x, we can write, for any u® € V,
Tieu® = [(1+ 0kA) ™ u® + k(1 + 0kA) "L f(u%)] — (1 — 0)kA(1 + 0kA) 1O
= leuo + Tzkuo.

Let B be a bounded set in H; for any v € B, we have ||kA(1+0kA) " o]y < ||v||x-
Hence, for any fixed positive k, (1 + kA)~'B is a bounded set in D(A). Since
D(A) C V is a compact embedding, this proves that Ty is completely continuous.
On the other hand, as A is an elliptic operator, Tok, for kK > 0, is a linear strict
contraction as soon as 26 — 1 > 0. Condition (i) is proved.

(2) As A is a compact attractor, there is a bounded open neighborhood N; of
A such that Ny € O and T(t)N; C Np for t > 0. Let By = maxyey, ||v|ly and
By = maxyey, ||f(v)||m; we set eo = 4(B2 + B%)'/2 and Ny = N(N1,€o). Finally,
we choose a real number & > 0 and we set 6, = 2[(Bo + €0 + 60)? + BZ]'/2, where
B2 = mMaXye N (N2,60) ”f(v)”H

We remark that the condition (iii) is an immediate consequence of the following
property:
There exists a constant ag > 0 independent of k such that, for
any u® € Ny, if TPu® belongs to N(u®, &), for 0 < n < B(k,u0)/k,
with 0 < B(k,u®) < ap — k, then T7u® belongs to N (u®, &) for
0<n < (Bk,u%)/k) + 1.
Let u® € N;. We set u, = TPuO, i, = up, — u® and we assume that, for 0 < n <
B(k,u®)/k, TPu® € N(u® ¢&p). By (4.1)k, we have
(4.8) Uin — Un—1 + kAOUn + (1 = O)ilip_1) = kf(un—1) — kAU,
Taking the inner product in H of (4.8) by 4, — %,—1, we obtain

- - k. . k. . k - -
l|an — un—lnil + ‘2'"'“""%/ - §”un—l“%/ + (260 - 1)[|u, - un—l"?/

2
< k(f(un-1) = f(u°),ln — Un_y)
+ k(f(u°),tin — Gn-1) + k(AU°, &y, — Gipn_y),

(A)

or also,
lanlly = lln-1ll < kL2 ||dn-1ll}; + kBf + (Au®,itn — n-1),

where L > 0 is the Lipschitz constant of f on N3.
Summation over n yields

m
(4.9) lam+1lf < KL* Y lanlfy + k(m +1)Bf + [w°llv llEme1llv,

n=0
where m is the integral part of 3(k,u°)/k. Using Lemma 4.2, we infer from (4.9),
(4.10) limeel3 < (B3 + 2k(m + 1) B exp(2kL*(m + 1)).
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Let now ag be a positive constant such that
(4.11) (B2 + 209 B?) exp(2L%ap) < €9
and choose kg such that 0 < kg < ap. Then one deduces from (4.10) that ty,4+1 €

N(u®e0) if m+1 < ap/k, for 0 < k < ko. Thus, property (A) is shown. As the
proof of the condition (iv) uses similar estimates, it is left to the reader.

(3) Some auziliary estimates. We shall estimate

kY IT(nk)u® - TEu®ly

n=0
and
Y IT((n+ k)’ — Tt 'u®) — (T(nk)u® - TRuO) (1%
n=0

for 0 < m < a;/k, when TPu® and T(nk)u® belong to N3 for 0 < n < m and
0 < nk < mk + ko, respectively.

We set t, = nk and e, = TPu® — T(nk)u® = u, — u(t,). As it was pointed out
in Raugel [29, proof of Theorem 2.2], one easily shows that

m m
k> llenlly + Okllemally — k> 0(1 = 0)llenss — enlly

=0 =0
(4.12) " m "
<k |lfents+(1-0)eall?.
n=0

From the equations (4.1) and (4.1); we infer
ent+1 — €n + kA(Oent1 + (1 — 0)en)

(4.13 = k() - St - [ (G0 - Gren)) as
+ 0kA(u(tn) - u(tn+l))'

Taking the inner product in H of (4.13) by fep,+1 + (1 —0)en +71(€ént+1 —€n), Where
~1 > 0, we obtain the following inequality:

1 1 1
slensallly = Sllenllfs + 5(26 = Dllenss = enllfy + klifents + (1 = O)enl

k71 k’71 (

kv
+71llents —enlly + 7|Ien+1||?z —llenll¥ + (20 = Dllen+1 — enll?

< kLllenllv((0 +m)llent1 — enlln + IlenIIH]
+ 0kllu(tn) — u(tns1)llv [I0ens1 + (1 = O)enllv +villen+1 — enllv]

. (G- o,

+

[l[6ent1 + (1 = O)enllv +1llen+1 — enllv].
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Using the inequality ab < a%/2¢ + €b?/2 several times, we derive from the above
estimate:
||en+1”%1 - ”en"% + kllfent1 + (1 - 0)6,,”%/ +7llentr - en"%!

kv
+ kv llen+1lly — kvillenlly + = 2 (29 = 1)|len+1 — enll¥
k2602L2 + 'ylk L
20— 1 )

kL?
+keo> enlly + —llenll3
(4.14) llenlli o llen I

4,62
# (264 ) Butta) = ultns )l

4y, tnt1
(et )L

where €9 > 0 is a small enough constant.
Summation of (4.14) over n yields

2

du ds,
VI

du
E(S) - E(tn)

m m
lem+alld + kD N0enss + (1= el + 71 D lents — eallk
n=0 n=0

k
+ ket llema [} + (26 - 1) zjuawd—eaw
n=0

k62?L? IcL
<k (B + 2 )zymm+—-2wwg

+k@w 4“0)§:wmo ultns) I}

n=0

tn+1
n= 0 n

Now we set y; = sup(1,20(1 —0)/(26 — 1)) and we choose ko > 0 and &9 > 0 such
that, for 0 < k < ko, k62L?/(20 — 1) + v1kL?/2 + €0 < §. Then, thanks to (4.12),
we deduce from the previous inequality that

"em+l”H +5 Z ”Cn"V + Z len+1 — enll%

2
ds.
l

n=0
(4.15) < ?— Z llell% + C(6)k Z lu(tn+1) = u(ta)ll3
=0
tnt1 du 2
+C(0) Z/ dt ) = = (tn) . ds.

Using Lemma 4.2 we infer from (4.15):

lem+1lE + 5 Z lleall?, + Z len+1 — enll:

n_O n=0
2
(4.16) < C(8)exp (L—(:—;ll-))
tnt1 2
[knz_:()"“(tn+l) —u(ta)ll} + Z/ (tn) o, ds} .
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Let us set B3 = maxye s ||v||v. Then we can write

= 2 2 tmtt |l dy |2
(4.17) Y llultnts) — u(ta)l} < 2B3 +k t @, ds.
n=0 1
On the other hand, we have
m tht+1 du 2
>/ -S| as
n=0"tn v’
(418) 2 2
du tmt1 | @2y
<2k sup ||—(t)|| + k2/ =l s
tefo,a) Il 4t~y ts dt? ly.
and, as A~V2du/dt = A=Y/ f(u) — AV %4,
du ||?
(4.19) sup — )| < B2+ max|f()|%.
0<t<tm+1 t v vEN3
It now remains to bound the quantities
tm+1 2 tm+1 2, 12
/ k|20 ds and Tult g

By Henry [17, p. 71], there exist two constants Ko > 0 and K;(N3) > 0 such that,
for 0 <t < mk + ko,

du

—(t)|| +t/? du “ K1 (Ng)eKolaitko),
%

(4.20) |5 o0

Since the inequalities (3.25) and (4.20) hold, f'(u)tdu/dt + du/dt belongs to
L%([0,tm+1); H) and one easily proves that the function ¢ du/dt satisfies the equa-

tion

~fd [,du du ;o du du

(l) (Et' (tm) 1¢) +a (tTi't‘vQS) = (f (u)taa(b) + <E$¢)
(4.21) forp eV,

Hence, t du/dt belongs to the space H'([0,ty,+1]; H). For t > 0, Eq. (4.21)(i) can
also be written as

2
(4.22) ( (tiitz ,¢> (ti—?,d}) = (f’(u)t(;—t:,qb) for any ¢ € V.

We set ¢ = du/dt in (4.22); then, after an integration from 0 to ¢,,+1, we obtain

1
EG
(4.23) S%L““

2 tm+1 du 2
(t +1)+’7/ tl=
gl dt |y

3 tm+1
dt+ 5/()

du

— d
dt '

dull?

= de
dt ||

f%nﬁ
lt du
dt

d
du )(0).
H

+
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Since
tm+1 tm+l 2
[ ool < s 17 [ 2|
0 € N3 ' Jo dt |l
we deduce from (4.23), by usmg (3.25) and (4.20), that
tm+1 || du 2
(4.24) / t|=| dt < Ka(Ng)eHs(@itko)
0 dt|,
where K2(N3) and K3 are two positive constants.
If we set ¢ = A1 d%u/dt? in (4.22), we obtain
1 [tm+ pd%u)? du
Z -1/2Z2 =
2/0 t”A — dt += (t = ) (tms1)
1 [tm+ du tm+1 || du 2
< Z —1/2 ! 1/2__ / hatad
_2/0 A2 ) dtHdt+0 a|

1 dull®
+ = tl—= (0),
(5T

which implies, thanks to (3.25), (4.20) and (4.24), that

tm+1 2
(4.25) / e
0 v

Eﬁ(t)
where K4(N3) and K5 are positive constants.
Finally, from (4.16), (4 17), (4.18), (4 19), (4.24) and (4.25), we infer

(426)  llemslly + 5 n}_‘a lenll¥ + Zonen+1 enlly < kKg(Ng)eK7(@1tko)
where Kg(N3) and K7 are two positive constants.

(4) Estimate of ||T(nk)u® — Tpul|ly for ao/k < n < m+ 1, when Tpu®
and T(nk)u® belong to N3 for 0 < n < m and 0 < nk < mk + kg, respectively,
where ag/k < m < aj;/k. To this end, we at first estimate the term
ltn(T(tn)u® — TPuC)|ly for 0 < n < m. Formula (4.1) gives
tnt1Unt1 — tnlUn + kA(etn+lun+l +(1- a)tnun)

= ktpf(un) + k1 + 0k®Aupy,.
We set €, = tp(un — u(t,)). From (4.27) and from the equation (4.1) we deduce
Ent1— €n + kA(0Eny1 + (1 - 0)en)

dt < K4(N3)6K5(0!1+k0)’

(4.27)

tnt1 | 4 d
(438) = Kta(f(un) ~ Sultn)) - [ [d—<su<s)) - (S teuton) ] ds
tn s s /s=tn
+ 0kA(tnu(tn) — tny1u(tng1)) + ken + k(Ung1 — un) + 02 Aup .
Taking the inner product in H of (4. 28) by én+1 — én, we obtain

_ _ k. _ k
llén+1 — en”%{ + §”en+l”3/ ”en”v +5 (20 —=1)||en+1 — en”v

< klléntr - én"H[L"en"V + ”en”H + unt1 = unllH]
+ k”én+l - én||V[0k”un+1"V + 0”tnu(tn) - tn+lu(tn+l)"V

|
VI

!
k

/t:nu [%(su(s» - (%(w(s)))/s:tn] ds
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or also,
lensilly = lenlld < 2kL2lenlly + 2Kllenld + 2Klunts — unly

3 tn 1
4 g [k2||un+1uv+k L7 | gstewen]

tn+1 2
+k/ ds| .
tn v’

Summing the previous inequality over n and applying Lemma 4.2, we have

2
ds

%(su(s))

e lensal
m m
< Cexp(2kL*(m + 1)) [k Z el + & Z [un+1 = unllh
n=0 n=0
(4.29) fm 2
e Z funsl+ [ @) ds
1%
tm+1
+k /0 m(su(s)) ).
But
2 tm+1 du 2
(430) kS fumss - unlll <26 llemsr — enlly + K / T
n=0 n=0
and
m
(4.31) K2 lluntally < K*(m+1)B3.

n=0
Finally, we derive from (4.29), (4.30), (4.31), (4.26), as well as from (3.25), (4.20)
and (4.25), that

0< < "eﬂ+l”V < kl/2K8(N ) K9(01+k0)’
n

where Kg(N3) and Kg are posn:we constants.
Hence, we have

1/2

k
— n 0 < K9(01+k0)'
(4.32) /km<n<m+1 T (nk)u® — TPuO||y < oo Kg(N3)e

This completes the proof of Theorem 4.1. O

Remark 4.2. If f is locally Lipschitz continuous from V into H and from H into
V', we can improve the estimate (4.32) (and the proof is shorter). For estimates
in the case where f is globally Lipschitz continuous from H into H, we refer the
reader to Crouzeix and Thomée [8].

Remark 4.3. Now we consider a discretization in space and time of the equation
(4.1). More precisely, if (Vi)n are the spaces given in Subsection 3.1, we define
an approximation u? € V}, of the solution u of (4.1) at time ¢, by the recursion
formula

w [ Uhir=(1— (1= 0)kAp)(1+ 0kAn) " ul + k(1 + 0kAr) ' Qnf(u}),
(41)k { _.0
Uop =up €V,

(where Ay, and Q) are given in Subsection 3.1).
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Then in the same way as above, one proves that (4.1)? gives rise to a dynamical
system T} which admits an attractor A2. And 6y (AR, A) — 0 as h and k tend to
0.

Furthermore, if we are in the situation described in Subsection 3.2 and if kh—2™ <
C, where C is a positive constant, one can define a dynamical system T} which
admits an attractor A} in Y and 6y« (A}, A) — 0 as h and k tend to 0.

5. A Remark on the Two-Dimensional Navier-Stokes Equations. Let ()
be a regular, bounded domain in R2. The Navier-Stokes equations for the velocity
u(z,t) = (ui(z,t), u2(z,t)) and the pressure p(z,t) are

2
Z—?—uAu+§ui%+gradp=F in xRy,

(5.1) divu=0 in xRy,
u=0 on 0} X R,
u(z,0) = up(z) in 0,

where F and ug are given and v > 0 is the kinematic viscosity. Let us denote by
H’(Q) the space (H’(2))? for j = 1 or 2 and by L?(f2) the space (L2(Q))2. We
consider the space
V ={g€(C(7)*dive =0}
and denote by H and V the closures of V in L?(2) and H!(f2), respectively. The
spaces H and V are provided with the inner products
(u,v) = ZZ:/ u;v;de, and ((u,v)) = f: uk Jui dz
- ’ 21/ 02025
respectively, where z = (z;, z2).
We also set |u| = (u,u)'/? and ||u|| = ((u,u))'/? for w in H and V, respectively.
Let us denote by P the orthogonal projection of L?(f)) onto H. We define
A = —PA to be the operator with domain D(A4) = H2(Q)NV acting in H and use
the same notation for its extension to an operator from V into V’. Since A~ ! is a
compact selfadjoint linear operator in H, the spectrum of A consists of an infinite
sequence
0<Ar <A<

of eigenvalues (counted according to their multiplicities), A\, — 00 as n — oo, and
there exists an orthonormal basis {¢,}»>1 of H such that
A¢n=/\n¢n, n=1,2,....

For any N > 1 we denote by Py the orthogonal projection in H (and in V,V’, D(A))

onto the space Vi spanned by ¢1,d2,...,én. For u = (u1,us) and v = (vy,vs) in
H!(12) we define B(u,v) € V' by

2
_ 'avk
(5.2) (B(u,v),w) = j%z:l /n u; 6_zjwk dz YweV.

Then B is a bilinear continuous operator from H!(Q2) x H!(Q2) into V' and this
operator can be extended as an operator from H™! (Q2) x H™2(2) into V' or H, for
appropriate values of m; and my (see Témam [32] for instance).
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Using the above notations, it can be shown that (5.1) is equivalent to the fol-

lowing initial value problem
du/dt + vAu + B(u,u) = f in H,
(5.3) {

u(0) = uo,
where we assume that f(z) = PF(z) and ug belong to H and V, respectively (see
[32] for further details). Let us point out that f does not depend on ¢.

Now we introduce the map T'(t): V — V, t > 0, defined by T(t)up = u(t),
where u(t) is the solution of (5.3). It is well known that T'(t)ug exists for any ¢t > 0
and any up € V and that T(t) is a C%-semigroup on V (see Ladyzhenskaya [23],
[24], for instance). In the same papers she also showed that T'(t)ug has its lim as
t — 400 bounded by a constant independent of the initial data, i.e., T'(t) is point
dissipative. Since T'(t) is compact for ¢t > 0, we deduce from a result of Billotti and
LaSalle [2] that T'(t) admits a compact attractor A which attracts bounded sets of
V (see also [12]).

Now let us consider the following differential system on the space Vn spanned

by ¢l,¢2a"')¢N:
5:3) { duy/dt + vAun + Py B(un,un) = Py f(z),
N un(0) = uon,

where ugy € Viy. We introduce the map Tn(t): VN — Vi, t > 0, defined by
Tn(t)uony = un(t), where un(t) is the solution of (5.3)n. As above, T (t) is a
CP-semigroup on Vy (see Témam [32] for instance). In [32, Section 14.2], it is also
shown that T (t)uon has its lim as ¢t — 400 bounded by a constant independent of
the initial data and of N. Thus, by (2], Tn(t) admits a compact attractor Ax which
attracts bounded sets of Vy. But thanks to Theorem 2.4 we obtain the following
more precise result (for related results, see Constantin, Foias and Témam [6]).

THEOREM 5.1. For any N > 1, Ty admits a compact attractor An which
attracts bounded sets of V. Moreover, by (An,A) — 0 as N — +oo.

Theorem 5.1 is a straightforward consequence of Lemma 2.1. In order to prove
that ||T(¢t)un — Tn(t)un||v satisfies the conditions (2.2) and (2.3), we use relations
and inequalities which are similar to those contained in [32, Section 3.1]. In partic-
ular, we use the Young inequality, Gronwall’s lemma, technique (see [32, Formulas
(3.10), (3.12)]), Lemmas 11.1 and 14.3 of [32] and the following inequality:

|(B(u, ), w)| < Ciluf*/?|Ju]]/?|v]|/?| Av]*/* w]
VueV, ve D(A), weH.

The proof of Theorem 5.1 is given in Hale, Lin and Raugel [15].

Remark 5.1. The same kind of proof shows that if A,, is the attractor associated
with (5.3) for v = vp, then 8y (Ay, A,) — 0 as v — v, where vy # 0.

Remark 5.2. The generalization of Theorem 5.1 to an approximation of the
Navier-Stokes equations by a finite element method seems technically involved.
In [19], Heywood and Rannacher have given uniform in time error estimates for the
approximation of the Navier-Stokes equations by a finite element method when the
solution is exponentially stable (see [18], [19] for the definition). The referee has
called our attention to this recent paper ([19]) of Heywood and Rannacher and has

(5.4)
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pointed out that our method of proof of Lemma 2.1 has some analogy with their
proof of Theorem 3.2 in [19].

8. Approximation of the Damped Wave Equation. Let (2 be a bounded
domain in R3, a be a positive constant and consider the equation

0% + 2a du —Au=—f(u)—g(z) inQx(0,00)
o2 T %ot - g )
(6.1) u=0 on 01,

Ou
(u; E) o = (¢’ lb),

where g belongs to L2(2) and (¢,%) belongs to the space X = H(Q) x L%(0).
We assume that the boundary 02 of 2 is smooth enough or that  is a convex
domain. Furthermore, we suppose that f € C3(R) and that there are constants
~ >0, C; >0, with 0 <~ < 2, such that
6 [VOISOmETD, /@ISO

' If"(v)] € Ci(jo] + 1), 1" ()| < C1 forallv e R.
Inequalities (6.2) imply that the map f: ¢ € H}(Q)) — f(¢o(z)) € L3(Q) is a
compact C2-mapping from HJ(Q2) into L?(12). Henceforth, we equip the space X
with the norm

(6.3) 1@, ¥)llx = (IolFry ) + 181122 () ? V(4,9) € X.

As it was proved in Babin and Vishik (1], for any (¢,v) € X, Problem (6.1) has a
unique solution u(t), for ¢ > 0, and the pair (u, du/dt) belongs to C°([0,+00); X).
Furthermore, if we set T(t)(¢,%) = (u(t),du(t)/dt), for t > 0, then T(t): X —
X, t >0, is a C%-semigroup on X.

Now suppose there is a constant C > 0 so that f satisfies

(6.4) fw)v>-C, f'(v)>-C forallveR.

Let us introduce the Liapunov functional V' given by
1 1
Ve = [ [5|V¢>(w)|2 + L2 (@) 4 F0(@) + o(@)0(2)| da,

for all (¢,9) € X, where F(v fo f(8)ds. It was proved in Babin and Vishik [1]

that
o5 { V(8,9) 2 §I¥l3s () + 1613 q) — Ca
’ V(9,%) < 519l32(q) + Csllolfyy ) + Cs

where C3, C3, Cy4 are some fixed positive constants, and that, for ¢ > 7 and for any
solution u of (6.1),

(6.6) V <u(t,-),g—1:(t,~)> -V (u( 7,), Zt ) 2a/ / [ (s, :c] dz ds.

The properties (6.5), (6.6) imply that the orbits of bounded sets are bounded. In
particular, there exist two functions Co(R) and C;(R) of R such that, if

(6.7) l(#¥)llx < R,
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then
and
(6.9) IT(t) (¢, ¥)lx < Ci(R) VteR.

Moreover, it was shown in Hale [12] that T'(¢) is point dissipative and is an o-
contraction. Therefore, in view of a result of Massatt [27], T'(t) admits a compact
attractor A in X which attracts bounded sets of X (see Hale [12, Theorem 6.1]).

6.1. Approzimation By a Special Projection Method. Let us recall that the
spectrum of the operator —A with domain D(—A) = H%(Q2) N H} () consists of
an infinite sequence

0<A <A<

of eigenvalues (counted according to their multiplicities), A\, — +00 as n — +o0,
and that there exists an orthornormal basis {wy }n>1 of L2(f2) such that

(6.10) —Awp = ApWn.

Note that {/\;l/an}nzl is an orthonormal basis of H}(Q2). For any N > 1 we
denote by Py the orthogonal projection in L?(f2) (and in H}(f2)) onto the space

Vi spanned by w;,ws,...,wn, and we consider the following equation in Vy:
0%u ou
— 205" — Auy = —Pyf(un) = Prg(2),
6.1
(o un un = (¢n,¥N)
) at t=0 b I

where (¢n,¥n) belongs to the space Xy = Vy x V. We can prove, as for Problem
(6.1), that, for any (¢n,¥n) in X, the equation (6.1) 4 has a unique solution uy(t)
for t > 0. Moreover, if we set T (t)(én,¥n) = (un(t),dun(t)/0t) for t > 0, then
Tn(t): XNy — Xn, t >0, is a CO-semigroup on Xn.

THEOREM 6.1. For any N > 1, Ty admits a compact attractor Ay which
attracts bounded sets of Xn. Moreover, §x(An,A) — 0 as N — +oo.

Proof. (1) We at once verify that, for t > 7, for any solution un of Eq. (6.1)n,

v (un(t.). 22 0,)) = (untr, Z 1)

=_2a//(a“"’ ) dz ds.

The estimates (6.5) imply that the orbits of bounded sets are bounded indepen-
dently of N. In particular, Tn(t)(¢n,¥n) satisfies the estimates (6.8) and (6.9),
for any (¢n,¥n) satisfying (6.7). As T (t) is compact, the orbit through (¢n,¥n)
is precompact and its w-limit set must be an invariant set. Relation (6.11) implies
that its w-limit set belongs to the set Exn of the equilibrium points. Using the
condition (6.4), one easily proves that there exists a constant ro > 0 such that

(6.11)

(6.12) VN >1, EnN C Bx(ro),

where, for any r > 0, Bx(r) = {(¢,¥) € X: ||(#,¥)|lx < r}. Let us also set
Bx, (r) = Bx(r) N Xn. Then, for r;, = 27y, the ball Bx(r;) attracts all points




UPPER SEMICONTINUITY OF ATTRACTORS 117

of Xn (i.e., for any (¢n,¥n) € XN, there exists tx > 0 such that, for ¢t > ty,
Tn(t)(¢N,¥N) € Bxy(r1)). We remark that the orbit of Bx, (r;) is included
in Bx, (Ci1(r1)), where C;(ry) is given by (6.9), and that Bx, (Ci(r1)) attracts
a neighborhood of any point and, hence, all compact sets of X. We now set
Ry = C1(C1(r1)). Arguing as in Hale [11, Theorem 2.1}, one finally shows that
Tn(t) admits a compact attractor Ay which attracts bounded sets of Xy and is
included in the ball Bx(Rp) N Xn.

(2) In order to prove that éx(An,A) — 0 as N — +oo, we show that the
hypotheses of Lemma 2.1 hold. Let N; = Bx(R;) be a neighborhood of 4. We
shall prove that Tn(t) approximates T'(t) on N; uniformly on compact sets of
[0,400). Let t; be any positive real number. We first estimate

(u(t) — Pnu(t), Z_?(t) - 31;1;"‘(t)> “x

for 0 < t < ty, where (u(t),0u(t)/dt) = T(t)(¢n,¥n) and (dn,¥N) € N1 N XN.
We have
62

(6.13) 50w~ Prvu)+ 202 (u— Pyu) - Au — Pyu)

at
= —(I — Py)f(u) — (I - Py)g(z).

Taking the inner product in L2(Q) of (6.13) by d(u — Pyu)/dt, we get after an
integration from 0 to ¢,

2

2 (u~Pyu)()

+ [lu(t) - PNu(t)"i{g(n)
L ()
(6.14)

S % ( sup (1 = Pw) f(u(s))lIZ2(q) + 10 — PN)g(z)||2L2(Q)> ,
3€(0,t4]

Since f is a compact mapping from H}(Q) into L2(f2) and u(s), 0 < s < ¢, belongs
to the bounded set B(C1(R1)) = {v € H}(): [lvllaza) < Ci(R1)}, we deduce
from (6.14) that, for 0 <t < t;,

2

+llu(t) = Pru(®)lI @) < m(N,t1,Cr(Rr)),

(6.15) ”%(u — Pyu)(t)

L%(Q)
where
(6.16) Nl_l.liloonl(NatlaCI(Rl)) =0.

Now we estimate
| (Pt = o). et — v )|

for0 <t <ty, where (un(t),dun(t)/dt) = Tn(t)(¢n,¥n). The function uy — Pyu
satisfies the equation

2

(6.17) 2-—(uN — Pyu) + 2&%(111\; — Pyu) — A(uny — Pyu) = Pn(f(u) — f(un)).

ot?
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Taking the inner product in L2(Q) of (6.17) with d(uy — Pyu)/0t, we obtain

d
—(un — Pnu)

10 2 10 .
(6.18) 20t ( Lz«n) T g0 luv ~ Prulli o)
2 2

L 2 L 2
< %“UN - PN“”H&(Q) + ‘2‘5”1‘ - PN“”H&(Q)’

where L > 0 is the Lipschitz constant of f in the ball B(C;(R;)). Now using
Gronwall’s lemma, we derive from (6.18) as well as from (6.15) that, for 0 < s <'t,
2

| 2t = P

+llun(t) = Pvu)liz o)

(6.19) L2(a)

<ol v o).
The estimates (6.15), (6.16) and (6.19) show that T (t) approximates T'(t) on N;
uniformly on compact sets of [0, +00). O
6.2. A More General Galerkin Method. Let h > 0 be a real parameter which
will tend to 0 and (Vi) be a family of finite-dimensional subspaces of H}(f2). We

denote by [-, -] the inner product of L2({2) and by a(-, ) the inner product of H}(Q2),
ie.,

(6.20) Yv € H3(Q), Yw € H3(Q), a(v,w) = / VoVuwdz.
Q
As in Subsection 3.1, we denote by @, € L(L%(12);V,) and Py, € L(H}(Q); V) the

orthogonal projectors on V}, in the spaces L?({2) and H} (), respectively. We also
introduce the operator A, € L(V};V4) defined by

Yop € Vi, (Apwp,vp) = a(wp,vy) for wy € Vi

We consider the following equation in Vj:

aatu2h + 20 aaith + Apun = —Qn f(un) — Qng(z),
(6.1)n
(uh,aaith> = (¢h)¢h)’
t=0

where (dn,¥n) belongs to the space X, = Vj, x V. As in Subsection 6.1, we
introduce the map Tj(t): X — Xj, for t > 0, defined by

Th(dn, ¥n) = (un(t), Qun(t)/0t),

where uy, is the solution of (6.1),. So we obtain a C°-semigroup on Xj. As in
Subsection 3.1, we need some additional hypotheses on the spaces (V3 )s:

there exists a constant Ko > 0, independent of h, such that, for

(6.21)(i) 2w h>0,
1Qnll 2 (a2 ()12 () < Ko

and
there exist two constants Ky > 0 and 8 > 0, independent of A,

(6.21)(ii) such that, for any w in H}(Q2),

llw — Prwllz2a) + lw = QuwllL2a) < K1k wl g (-
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(Usually, 6 is taken equal to 1.) Finally, we introduce the Hilbert space ¥ =
L*(Q) x H~Y(Q), normed by [|(,%)lly = (l6l32 + [¥l1%-1(q))"/2 Below we
denote by [-, ] the inner product in L?(2). Now we are able to prove the following
result.

THEOREM 6.2. For any h > 0, T, admits a compact attractor A, which at-
tracts bounded sets of X;, and is contained in the ball Bx(Ro) N X}, where Ry is a
constant independent of h. Moreover, by (An, A) — 0 as h — 0.

Remark 6.1. In Section 3 we proved that éy (An, A) — 0 as h — 0. Here, we
can no longer prove that 6x(An, A) — 0 as h — 0, because T(t) has no longer a
smoothing action.

Proof of Theorem 6.2. (1) First we show in the same way as in the proof of
Theorem 6.1 that, for any h > 0, T} admits a compact attractor A, which attracts
bounded sets of X} and is contained in Bx(Rg) N X;, where Ry is a constant
independent of h. Note that Ry can be chosen so that A is also contained in
Bx(Ro).

(2) Now we check that, for any r > 0, there exists a constant L(r) > 0 such that,
for all v and w in the ball B(r) = {v € H}(Q): [[vl|lz3(q) < 7}, we have

(6.22) If(v) = fw)lla-1(q) < L(r)[lv — wl|L2(q)-
Indeed, we can write

Jalf(v(2) — f(w(2)))®(z) dz

If(v) = f(w)|lg-1(a) = sup

®eH(Q) @1l 72 ).
< sup Jo Jo £(w(z) + 7(v(2) — w(2)))(v(z) — w(z))®(z) dz dr.
DeH)(Q) @l a2 ()

Hence, using the hypothesis (6.2), we obtain
I f(v) - f(w)”H—l(n)

1/2
< sup (/ |v(z z)|2dz)
®eHI(Q) ||‘I’||H'(n)

< ( /ﬂ 2jv(@))? + [w(z)] + l)da:)

<([ |<1>(x>|6dx)1/6},

where § = sup(3,6 — 37). As H}()) — L8(Q), the property (6.22) is a direct
consequence of (6.23).

(3) Now, for any ¢; > 0, we estimate ||(u(t) — un(t), Ou(t)/dt — dun(t)/0t)||y for
0 <t <t;, where u(t) and u(t) are the solutions of the equations (6.1) and (6.1),
respectively, with initial condition (@, %r) € Bx(Rp). Thanks to the hypothesis
(6.21)(ii), we have, on the one hand,

(6.23)

(6.24) lu(t) — @nu(t)|lL2(q) < K1h?Ci(Ro),
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and, on the other hand,

0 0 0 0
20— 5:Quu(®) :

= sup |28 - 2 Quuo = Quo| Mol

.H-l(ﬂ) vEH}(Q)

< sp |22-2 llv — Qnvllz2 (o)
T veH() |10t Ot vy ey
which gives
Jdu 0
(6.25) No- g <R

It remains to estimate the term |[(Qnu(t) — un(t), 0Qnu(t)/0t — dun(t)/0t)|ly
for 0 <t <t;. Note that by (6.21)(i), @» can be extended to a continuous, linear
operator from H~!(Q) into V), and that the element up — Qpu thus satisfies the
equation

2
%(Uh — Qnu) + 20‘%(% — Qnu) + Ap(up — Qnu)

= —Qn(f(ur) — f(u)) — (AnQr — QrA)u.
We now introduce the operator S, € L(H~1(Q);V}) given by

(6.26)

(6.27) Vf e H_I(Q), a(Shf,vn) = [f, vh], Yup, € Vj,.
Clearly, one has
(6.28) ISk fll ) < ellflla-1(0),

where ¢ > 0 is a constant independent of A.
Taking the inner product in L2(f2) of (6.26) by Si(d(up — Qru)/dt) and using
the relation (6.27), we obtain

02 S d S
a (5{5 h(un — Qnu), 3 n(un — Qh"))

+ 200 (Sh%(uh - Qnu), Shg‘t'(uh - Qhu))

(6.29) +a (uh - Qnu, Sh%(uh - Qhu)>

= - [ ) = 1.5 35 (un - Qv
+a (u - Qnu, Sh%(uh - Qhu)) .
But
a (U - Qnu, Sh%(“h - Qhu)) =a (Phu - Qnu, Sh%(uh - Qhu)>
= [Phu - Qhu, %(Uh - Qhu)] = [Phu - u, %(uh - Qhu)]

and

a (uh - Qnu, Sn%(uh - Qhu)) = [Uh - Qru, %(Uh - Qh“)] .
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Then, from (6.29) we can derive the following inequality:

1010
351 “528"(1‘" - Qhu)

2 2

+ 2«
Hl(Q)

2
ash(uh - Qnru)

Hj(9)

10 \
+ 55 lun — @nullzz o)

<Nf(u) = f(un)ll-1(a)

ad
ash(uh — Qhu)

HY(Q)

%(uh — Qnu)

+ |lu — Prul|L2(q) .
L

Using the property (6.22) and the fact that (u,du/0t) and (up,dup/3t) belong to
Bx(C1(Rp)), we infer from the above estimate that

2

0o 9 \
3 aSh(uh - Qnru) . + E"uh = Qnullz2(q)
(6.30) LGy (Ry
< — ( ;( )) {”U - QhU"%z(n) + ||up — Qhu"%g(n)}

+2C1 (Rp)||u — Phu"Lz(Q).

Integrating (6.30) from 0 to ¢ and using Gronwall’s lemma as well as the hypothesis
(6.21)(ii), we get, for 0 <t < ty,
2

+ [(un — Quw)(#)l|72(qy < Katre""1 RS,

(6.31) ”%Sh(uh - Qnu)(t)
HY(Q)

where K, > 0 and K3 > 0 are two constants depending on Ry only. Now we remark
that

0
sup = (un — Qnu ,v] V|| g1
H-1(Q) vEH}(D) [at( hol /lIvllaya)

a3
sup |=—(ur — Qnru ,th] V|| g1
o [ 5i(en —Qu). @ue] /bl o

0
=8@¢{§&m—@mnwyMMm)
vEH}(Q)

| 50 - @

and therefore, thanks to the hypothesis (6.21)(i),

0
< Ko ash(“h — Qnru)

(6.32) “%m—%w

H-Y(0) Hi (D)

Finally, by (6.24), (6.25), (6.31) and (6.32), we obtain, for 0 <t < ¢4,

Buh

(u(t) — un(t), %(t) - —5t—(t)) < Kyt'2eKst1pf/2,

Y

(6.33)

where K4 and K5 are positive constants depending on Ry only.

(4) Since, for any h > 0, A, C Bx(Rp), we deduce from the property (6.33), by
arguing as in the proof of Proposition 2.10 (or in Remark 2.7), that, for any gy > 0,
there exists hg > 0 such that, for h < hg, by (An, A) < eo. O
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Remark 6.2. The results of Theorems 6.1 and 6.2 extend easily to the cases
where (1 is a bounded domain in R or R? (for the conditions on f, see Babin and
Vishik [1] or Hale [12]).
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