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Abstract

We consider a reaction—diffusion equation in one space dimension whose initial condition is approxi-
mately a sequence of widely separated traveling waves with increasing velocity, each of which is asymp-
totically stable. As in [25.,24,14], we show that the sequence of traveling waves is itself asymptotically
stable: as t — 0o, the solution approaches the concatenated wave pattern, with different shifts of each wave
allowed. Our proof is similar to that of [14] in that it is based on spatial dynamics, Laplace transform, and
exponential dichotomies, but it incorporates a number of modifications.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

Consider a system of reaction—diffusion equations in one space dimension,

Uy =uyy + f(u), (1.1)

with f : R" — R" of class C2. A concatenated wave pattern for (1.1) consists of the following
data:
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Fig. 1.1. For the case m = 3, the concatenated wave pattern consists of three waves separated by two lines I'; and I'5.

e asequence e, e, ..., ey, of equilibria of the ordinary differential equation u; = f(u), with
m>2;

e an increasing sequence ¢| < ¢y < -- - < ¢, of real numbers;

e for j =1,...,m, a traveling wave solution of (1.1) with velocity c¢;, g;(¢), { =x — ¢jt,

with gj(—00) =e;_1 and g;(00) =e;.

The equilibria e; are not necessarily distinct.

We are interested in solutions of (1.1) that are close to the sequence ¢, ..., g, of traveling
waves. To discuss such solutions, let y denote an increasing sequence y; < y» < --- < y,, of real
numbers. Associated with y is a realization of the concatenated wave pattern defined by dividing
the domain R x R, with coordinates (x, ), into m regions and placing one traveling wave in

each region; the jth wave is initially centered at y;. More precisely, for j =1,...,m — 1, let
cj = %(cj + ¢j+1), the average speed of the waves ¢g; and g1, and let x; = %(yj + Vit
j=1,...,m—1.Let xo = —00 and x,, = 0o. Define

Fi={(x,t):x=x;+c¢;t,t >0}, j=1,....m—1,
sz{(x,t):qu+5j,1t<x<xj+5jt, t>0}, j=1,...,m.
Thus Q1 = {(x,1) : —co <x <x1+cit, t =0} and @, = {(x,1) : Xp—1 + C—1t < x < 00,

t > 0}. See Fig. 1.1; I separates €2; and €2 1. The realization of the concatenated wave pattern
associated with the sequence y is the function u¥ (x, ¢) defined on the union of the Q; by

w(x,t)=qj(x —y; —cjt) for (x,1) € Q;j.
The center of the wave g; in €2; moves on the line
M;={(x,t):x=y;+cjt, t =0}.
The lines 'y, ..., Ty—1, My, ..., M, spread apart as ¢ increases. The function u¥ (x, t) satisfies
(1.1) in each €2;. It is not continuous across the I';, but the jump in u¥(x, ¢) along I'; goes to 0
exponentially as t — oo.

In ©; it is natural to replace x with the moving coordinate §&; = x — y; — c;z. In
& jt-coordinates, £2; corresponds to

Q={Ej, 1):xj1 —yj+(Cjo1 —cpt <& <xj—yj+ (E —cji).

The line M; in Q; becomes §; =0 in Qj.
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Given a function u(x, t) on R x R¥, its restriction to £ j corresponds to a function i ;(&;, t)
on Q; givenby u;(§;, 1) =u&; +y; +cjt, t).
Let I; denote the interval (x;_1, x;).

Definition 1.1. A concatenated wave pattern is exponentially stable provided there exists y < 0
such that for each € > 0 there exist x > 0 and § > 0 for which the following is true. Suppose
min(y;j+1—y;) > x and ug' € H'(R) satisfies ||u8"(x)—qj(x—yj)||H1(,],) <dforj=1,...,m.
Then there is a solution #*(x, t) in R x R to (1.1) such that

(1) u(x,0) = ug"(x); ‘
(2) inQ;,u" (&, 1) =qj&—Bj()+Y;(&j,1),andast — oo, B;(t) and Y (§;, 1) are O(e”");
(3) in appropriate function spaces, ||,3j @l <eand ||Y;Ej, D <e.

Since ﬂ (1) is O(e’"), lim; 00 B (1) exists. Thus the definition says that if the initial condition
u“(x,0) is close to the concatenated wave pattern at ¢ = 0, then the solution approaches a shifted
concatenated wave pattern as ¢ — oo. Different shifts are allowed in different ;.

In the coordinates (§,¢) = (§;,1), (1.1) becomes

ur=uge +cjug + fw), §=§ =x—yj—cjt. (1.2)

The traveling wave ¢ (§) is a stationary solution of (1.2). The linearization of (1.2) at the travel-
ing wave g;(§) is

Ui =Ug: +cjUs + Df(q; E)NU, E=&=x—y;—cjt. (1.3)

Define the linear operator £; on L%(R) by

LijU=Ug +cjUs +Df(q;jENU.
We shall assume that for j =1,...,m,

(A1) g;(&) approaches its end states exponentially as & — F00.

(A2) There is a number n < 0 such that for j = 1,...,m, the half-plane %i(A) > n contains
only resolvent points of £ ;, except for the simple eigenvalue A = 0, with one-dimensional
eigenspace spanned by q;..

Assumptions (A1) and (A2) imply that the individual traveling waves are exponentially stable.
From the form (1.3) of the system, the linear operators £; are sectorial.
Assumption (A1) implies

(A1’) There are numbers K > 0 and > O such that for j =1,...,m,
(@) llgj€) —ej_1ll < KeM for& <<0;
(i) llg; (&) —ejll < Ke ™" for & >> 0;
(iii) IIq}(S)II < Ke Ml and IIq}’(S)II < Ke &l for |&] >> 0.

We now state the main result of this paper.
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Theorem 1.1. Assume (A1) and (A2). Then the concatenated wave pattern is exponentially stable.
Moreover, let n and u be given by (A2) and (Al'), and let

1 1
v = max <17, —E/L(Cz —C1)y.nns _EM(Ck — ck_1)> < 0. (1.4)

Then in the definition of stability, one may take v <y <.

The result says that if the individual traveling waves are exponentially stable, then the con-
catenated wave pattern is exponentially stable.

Essentially the same result was proved by Doug Wright [25] and Sabrina Selle [24]. However,
their approach does not use concatenated wave patterns, but instead uses a sum of traveling
waves. We have found it difficult to apply this approach to problems in which the traveling
waves were degenerate in some manner at their end states, because of the “smearing” of the
waves inherent in using sums. We were therefore motivated to try to develop a stability approach
to concatenated wave patterns in which the different waves are more clearly separated, and their
interactions can perhaps be more precisely seen.

Wright’s work has been generalized to two space dimensions [26] and to lattice differential
equations [6]. There is also work on concatenated wave patterns for scalar problems that uses
methods limited to scalar problems such as the comparison principle; see [4,3]. In addition,
there is a literature on the related problem of fronts that approach each other; see for example
[27,18,23].

Our approach uses “spatial dynamics,” which was developed by Kirchgassner [7], Renardy
[20], Mielke [17], Sandstede, Scheel, and collaborators [19,1], Lin [10,11] and others. The idea
of spatial dynamics is to treat the space variable as time, and evolve functions of ¢ to the left
and right. With the aid of Laplace transform in ¢ and exponential dichotomies in &, one can
decompose a function of 7 into a part that decays to the left and a part that decays to the right.
A recent paper that uses Laplace transform in this manner is [21].

Here is a brief outline of the paper. In Section 2 we reduce the problem of proving Theorem 1.1
to one of proving a linear result. In Section 3 we reduce the problem of proving the linear result to
one of proving two lemmas. The proofs of these lemmas occupy the remainder of the paper. One,
the Tail Lemma, deals with canceling a discontinuity in the solution along one of the lines I';,
where the tails of two traveling waves interact. The proof of this lemma uses the linearization of
the reaction—diffusion equation at the equilibrium e, which has spectrum in A < v < 0. The
other, the Interior Lemma, deals with canceling a discontinuity in the solution near one of the
lines M, i.e., in the interior of the jth traveling wave. The proof of this lemma uses the linear
operator L ;, which has the eigenvalue 0.

In order to prove these two lemmas, in Section 4 we give some background about exponential
dichotomies and Laplace transform. Much of this background comes from [10]. The two lemmas
are proved using the material of Section 4 in Sections 5-6.

The organization of the paper is intended to make the structure of the argument clear in Sec-
tions 2-3. Our hope is that the structure of the argument can be used in less standard situations,
for example, when the operators £ are not sectorial or have essential spectrum on the imagi-
nary axis. However, the choice of spaces used in Sections 2-3, and the proofs of the lemmas in
Sections 5-6, rely on the strong assumptions we have made.

Our approach to the problem of stability of concatenated waves was first presented in [14].
The present paper differs from [14] in a number of respects, including: (1) a more standard
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ed-definition of stability of the concatenated wave pattern; (2) a simpler treatment of linear im-
plies nonlinear stability (Section 2) that in particular does not attempt to determine the ultimate
phase shifts as variables in the problem, and thus differs from the approach of Sattinger in [22];
(3) greater emphasis on the structure of the argument (Sections 2-3); (4) generalization and de-
tailed proof of a key lemma about the smoothness of the solution of a second-order linear partial
differential equation that is almost time-independent (Lemma 4.6); (5) an alternate construction
of the solution to a certain linear ODE satisfying an internal jump condition, near a parameter
value where there is no exponential dichotomy (Section 6, Step 2).

2. Reduction to a linear problem
2.1. Spaces and jumps

Define the Banach spaces

Hk(R+) = Wk’z(R+, R™), k > 0, the usual Sobolev space;
Hf >k (RY) = A (RY) x HR(®RY), k1 >0, kp > 0.
As usual, HO =12
Let © be an open subset of R x R, with coordinates (x, ¢). Define the Banach space
H>'(Q) ={u:Q— R" | u, uy, uxy and u; € L>(2; R"};
lull gy = llullp2 + luxll g2 + luxxll g2 + el 2.
We use the subscript 0 to denote a subspace of functions that equal 0 at r = 0; thus Hé‘ (RT) c
HK(R™) consists of functions in H*(R*) that are 0 at t = 0.
For a constant y < 0, define:
HY®RT, y)={u:R" > R" |e"'ue HX®RYY: ullgegs ) = le™" ull grggs).-
H'R(RT ) = HRRY, y) x HR(RT, ).
LYQy)={u:Q—>R"[e "ue LAY llull 2., =lle " ul2q-
H> Q. y)={u: Q> R" e "'ue H*'(Q}: lulg2iq.,) = lle”" ull z21q).-
X'RT, y)={u:R" > R | e i€ R [ullyi s, = 1w + lle" il 2+
The change of coordinates £ = x — y — ¢t converts 2 to a subset Q of R x RT, with co-

ordi~nates (&,1), and converts a function u(x,t) on Q to a function u(&,t) = u(§ +y + ct,t)
on Q.

Lemma 2.1. The map u — i is a linear isomorphism of H>'(Q,y) to H>' (2, y). The map
u — i and its inverse it — u both have norm at most 1 + |c|.
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Proof. Letu € Hy'' (Q, ). Then iig = uy, figg = txy, il =ty + cjuuy. Thus
el + lloeg | + Nage I + laell < Nl + oIl + Nl + o ll 4 le el
Here all the norms are in L2(2, y). The lemma follows easily. O

Let £(xp,c) = {(x,1) : x =x¢ — ct, t > 0}. We shall sometimes denote £(xo, c) simply by £.
Ifu e H>'(Q, y) and £(xq, c) C  (resp. £(xo, c) is the right- or left-hand boundary of ), then
u has a naturally defined restriction (resp. extension) to £(xgp, ¢) called the trace of u on £(xg, ¢).

Lemma 2.2.

(1) Ifu e H>Y(Q, y) and £(xq, c) C Q2 or £(xq, c) is the right- or left-hand boundary of S, then
the trace of u on £(xo, ¢), as a function of t, belongs to H*>*02(R* y). The mapping
u —> Ulg(xy,c) is bounded linear from H>(Q, y) to HO-75x025 (RT, ¥). Moreover, there is
a number K > 0, independent of xo and c, such the norm of the linear map is at most
K1+ |c|).

Proof. Forc =0, see [15], vol. 2, Theorem 2.1. For ¢ # 0, use Lemma 2.1 followed by restriction
or extension forc=0. O

Now let Q~ and QT be open subsets of R x RT such that the line £ = £(x, ¢) is both the
right-hand boundary of Q™ and the left-hand boundary of Q*. Letu™ € H>'(Q~, y) and u™ €
H>'(Q*, y). Let u be the function on Q~ UQ™ that equals u~ on Q™ and u™* on Q. We denote
the jump in u across £, a function of ¢, by [u](£) = uy(t) —u—_(¢). By the previous lemma, [u]({)
is defined and belongs to HO7>*0-23 R+ ).

Lemma 2.3. If [u](¢) = 0 in HO*02(R* y), then u extends to a function in H>'(Q~ U LU
Qt, y).

Proof. The proof is an exercise in trace theory. Let w be the function on Q~ U£U Q™ that equals
u; on Q~ and u} on Q*. Integrating against a test function and using integration by parts, it
is easy to show that u, = w in LZ(Q~ U £ U Q%) if [u](¢) = 0. Thus u, € L2(Q~ UL U Q™).
Similarly one shows that u,, € L?(Q~U£UQ™T). Itis clear that u and u, are in L>(Q~ULUQT).
Therefore u € H>'(Q-ULUQt, y). O

Let u(x, t) be any function defined on U2 ;. Then u(x, t) corresponds to a sequence of func-
tions i1 (&1,1), ..., Um(&n, t), where it ;(§;,1) is defined on Qj, with @; (¢, ) =u¢; +y; +
cjt,t). Conversely, given ity (§1,1), ..., iy (&n, t), one can define u(x, t) on UQ; by

u(x,t)=u;(x —yj—cjt,t) on Q;.

If each @ is in H 21 j»v), then the trace of ii; is defined on the left and right boundaries
of Qj, so we have

[wl(T)) =ujr1(xj —yjt1+(C; —cjp)t t) —uj(xj —y; +(¢j —cj)t,1). (2.1

We shall also use the notation [i ;](I"j) to denote (2.1).
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2.2. Reformulation of the problem in Qj
Recall from Definition 1.1 that in € j» the solution of the initial value problem of interest is
i &0 =q;&; +Bj(®)+Y;Ej.0).
Then in j» (1.1) can be written

0Yj +qjE+ BB =Y +¢;0 Y+ [ E+B)+Y) — flg;E+B)).
E0=(E.neQ; 2.2)
We now reformulate (2.2) by expanding about (Y}, 8;) = (0, 0). With (§,1) = (§;, 1), write
FlgjE+B)+Y) = fqjE+Bj)—Df(qjE+B)Y;=Fji(€. Y. B}, Y,

Df(qj(+Bj)) — Df(q;(&)) = Fj2(5, Bj)Bj,
q;(E+Bj) —qj(&) = Fj3(, BB,

with
1
SRIND =/(1 — D f(qj (€ + ) +sY;)ds,
0
1
Fja(E, B)j) = / D2 f(qj(& +sB)))ds,
0
1
FjS(Evﬁj):/Q}/(s‘f'sﬂj)d&
0
Let

Fi(, Y}, B Bj) = Fn(&, Y, BH(Y;, Y)) + Fjo(&, B)Y; B; — Fj3(E. BB, Bj-
Wirite (2.2) as
0 Yj+q;(E)Bj =0ee Y +cj0c Y+ Df(qj(E)Yj + Fi(&. Y}, B, B))
E. D= 10eQ;. (2.3)

We also expand the initial conditions and the jump conditions across the I'; about (Y}, 8;) =
(0,0). With (§,1) = (&§j,1), write
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1
4G +B)) —q;&) — Bai(6) =G BB G b)) = f(l — )4/ & +5B;) ds.
0

Initial conditions for (Y (&, 0), B;(0)) for (2.3) must satisfy the equation

U E + ). 0) = 09(E.0) = q; (6 + B (0) + Y, (£.0)
=4, () + B0} () + G (€. Bj(ONBIO) + Y, (6.0), E=Eclj.

2.4)
Across I'; we have
0=[w(T;]1=1[ua§1T1=1g;&; +BHIT ;) + [Y;1(T))
=[Qj@j)](rj)+[.3j43(§j)](rj)+[Gj(5ja,3j),3j2'](rj)+[Yj](rj)- (2.5)

2.3. Approach

Given y <0, to solve (1.1) with the initial condition u*(x, 0) = ug'(x) € H 1(R), we need to
find pairs (Y (£, 1), Bj (1)) € H>' (2, ) x X'R*,y), j=1,..., m, that satisfy the following
conditions, which come from (2.3), (2.4), and (2.5):

(N1) In Q;, (Y}, B;) satisfies

0Yj+q;(E)Bj = e Yj +¢;0cY; + Df(q; )Y + Fi (€, Y}, Bj. ),
(0= 1eQ;
Y;(§,0) +5j(0)q;-($) =u(E+y;,0)—q;&) —G;(, ﬂj(o))ﬂjz-(o), §=§j¢€l;.
(N2) Along T';,
[Y;1(T;) + [ﬁjCI}(éj)](rj) =—[q; EHIT ;) =[G (&, ﬂj)ﬂ?](rj)
[Y;e]1(T;) + [ﬂjq}/(é'j)](rj) = —[Q}(Sj)](rj) —[Gje (&5, ,Bj).sz‘](Fj)~
Note that the requirement that 8; € X' (R, y) implies that 8;(c0) = B, (0) + fooo Bj(t)dt is
finite, because

o0 o0
/ B0l = / B Oldr < e | 2 e 1B Ol 2
0 0

= Cly D218 Ol 2r -

In order to solve the nonlinear system (N1)—(N2) we sha]l first consider the following non-
homogeneous linear problem. Let n <y < 0. Let hj € L2(Qj, v)h,j=1...m w;e€ Hl(Ij),
j=1,...m;and J; € HOP*XOBR* y), j=1,...m — 1. Assume
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[(wj, wje)lx;) = J;(0). (2.6)

Find pairs (Y;, 8;) € H>'(Q},y) x X'(R*,y), j =1, ..., m, that satisfy the following condi-
tions.

(L1) In Q;, (Y}, B;) satisfies

OYj+q;(E)Bj = e Yj+¢;0sY; + Df(q;E)Y; +hj(5, 1), (1)=&, 1)eQ;,
Yi(€0) + B0} E) = w;®), E=& el

(L2) Along I';,
(Y}, Y;)1(T)) + [(Biq;(E)), Biqf N1 =J;.

Let Y =[["(H>'(Q;, y) x X' (RT, y)), and let Z denote the subspace of [}" L%(2}, y) x
[T HY(1;) x ]_[q"_1 HO75x025(R+ 1) for which (2.6) is satisfied.

Theorem 2.4 (Linear Theorem). Assume (Al) and (A2). Fix y, n <y < 0. Ifmin(yj11 — y;) is
sufficiently large, then the linear problem (L1)—(L2) has a solution (Y1, B1), ..., Ym, Bm)) €Y
given by a bounded linear mapping

K:Z-=Y, Khiy,....,hpm,wi, ..., Wy, J1, ..., Jn—1) = (X1, B1), ..., X, Bm)).
The bound is independent of y1, ..., Ym.

We emphasize that the linear problem (L.1)—(L2) does not have a unique solution, since we
have not specified subspaces in which the Y; are to lie. The assertion of the Linear Theorem is
that there is a precisely defined linear map K that picks out one solution of (LL.1)-(L2) for each
value of (hy, ..., Wy, wi, ..., Wy, J1, ..., Jn—1).

Actually, for the linear problem (L1)~(L2), the sum U;(,1) = Y;(§,1) + B; (t)q} (&) is
uniquely defined, although the pair (Y}, 8;) is not. Moreover, each 8;(00) is uniquely defined.

We outline the proof of the Linear Theorem in Section 3, with the proofs of two key lemmas
deferred to the remainder of the paper. Given the linear result, one proves the following more
precise formulation of Theorem 1.1.

Theorem 2.5 (Nonlinear Theorem). Assume (Al) and (A2). Let v be given by (1.4). Fix y,
v <y <0, and let € > 0. Then there exist x > 0 and § > 0 such that the following is true. If
min(y;+1—y;) > x andug € H'(R) satisfies ||u8x(x)—q.,-(x—yj)||H|(,j) <8forj=1,...,m,
then the nonlinear problem (N1)—(N2) has a solution (Y1, B1), ..., Ym, Bn)) € Y. Moreover, for
each j, ||Y,~||Hz_1(s~2j’y) < € and ||:3j||X1(R+,y) <e.

Proof. The argument follows a standard template. A solution of the nonlinear problem
(N1)-N(2) is given by the fixed point of the mapping F = K o A/, where N : Y — Z is given by

(Y, BTy = (Fj(&, Y By BOITy, u® (& + 3, 0) — q;(€)) — G}, B (O)BF O]},
—[g; (&), qjEDIT) =[G}, BT G, (&, BHBAT NI,
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Note that

Mg EDN = llgj+1(xj —yj+1+ (C; —cjr1)t) —qj(xj —yj +(¢; — )l
<lgjr1(xj —yjr1+(Cj —cjr)t) —ejll +lej —qj(xj —y; +(¢c; — )l

< KePMi—Yjn1+@—cj4)0) o g om0 —yj+E—ept) < ke_%l‘«(cj+l_cj)[.

Similar estimates apply to [q} EN) G (&), Bj)], and [ngj (¢, B;)]. This is the reason for the
requirement that v < y.
For notational simplicity, let (Y, 8) denote (Y, 8;) ’;’z |- Then

N Y. B) = O, u (& +1.0) — 4;ENI-y. g, E). g, ENIT NI + O AIP).

In fact, there are numbers K > 1 and € > 0 such that if min(y;+1 — y;) is sufficiently large and
max |ug' (x) —q;(x — yj)”Hl(Ij) is sufficiently small, then,

() IN(Y, B) = N(0,0)| < KI|(Y, B)II* for |I(Y, B)| < €
@) IDN . Bl =KX, B for I(Y, Pl <€;

A Ikl =K;

@) IN(0,0) < 5%

We may assume € < 1/2K2. Then || F(0, 0)|| = [KKN(0,0)|| < § and

IF (Y. B) — FO,0)| < KN (Y, B) —N(©,0)| < K?e* < %
Therefore F maps the e-ball in [[]'(H>'(Q;,y) x X'(R*, y)) into itself. For [|(Y, B)| <€,

IDFY, B < K|DNY,B)| < K?e < % Therefore F is a contraction of that ball. The fixed
point is a solution of (N1)-(N2). O

3. Proof of the Linear Theorem 2.4

In Section 3.1 we review some facts about a single traveling wave. In Section 3.2, we solve the
initial value problem (L1) in each j»ignoring the jump condition (L2). In Section 3.3, we state a
result, the Jump Theorem 3.2, about the solution of the full linear system (L1)~(L2) with 2; =0,
w; =0, and J;(0) =0, i.e., zero forcing, initial condition zero, and jump at t = 0 equal to zero to
match the initial condition. Then we combine the two solutions to prove the Linear Theorem 2.4.
In Section 3.4 we state two key lemmas, and in Section 3.5 we use these two lemmas to prove
the Jump Theorem. The proofs of the two lemmas are given in the remainder of the paper.

3.1. A single traveling wave

The traveling wave q;(§), & =&; =x — y; — c;t, satisfies the ODE

q7 +cjq;+ f(gj)=0.
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The function (#(§), v(§)) = (g, (&), q} (£)), —00 < £ < 00, is a heteroclinic solution of the asso-
ciated first-order system

ug =v, ve=-—c;jv— f(q;) 3.1
that connects the equilibria (e; 1, 0) and (e;, 0). Assumption (A2) implies that these equilibria
are hyperbolic saddles with n eigenvalues having positive real part and n having negative real

part.
Let Ef. be the adjoint operator for £; on L’ (R),

Liz=2z¢e —cjze + Df (g (6))*z. (3.2)

The kernel of L’j is spanned by a function z ;. Since q;. is not in the range of £, ffooo (2, q} yd& #
0. We choose z; so that

f(z,-,q;-ms:l. (3.3)

The spectral projection to ker(L;) is

PiU = /(Zj,U)d%‘ q.

We have the spectral decomposition U =Y + ,Bq} with

YeR(I—P;)=RL;={V: f(zj,Y)d§=0}.

—00
3.2. Solution of (L1)

In this subsection we consider each §~2.,~ separately. Given a forcing function % ; € L2(§~2.,~, ¥)
and an initial condition w; € Hl(ll,'), we look for a solution (Y}, 8;) of (L1) in H2’1(S~2j, y) X
X'(RT, p).

Proposition 3.1. Assume (Al) and (A2), and assume min(y;i1 — y;) is bounded below
by a positive number. Fix y, n <y < 0. Then the linear problem (Ll) has a solution

((Yfl), ﬂl(l)), ey (Y,,(11), ﬂ,g,l))) € Y that is given by a bounded linear mapping

SR B PRI RS | RO R
1 1

1 1
KO, oo by wi, o we) = (0, B0, (D, D)),

The bound is independent of yi, ..., Ym-
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We remark that (L1) does not have a unique solution. The assertion of Theorem 3.1 is that
there is a precisely defined linear map /C(!) that picks out one solution of (L1) for each value of
(hl,-~-,hm,w1,~~,wm)~

Proof. We shall need linear extension operators from L2(§2 j.y) to L*(R x RT, y) and from
H'(I;) — H'(R). Functions in L2($2;, y) can be extended to L2(R x R*, y) by taking them to
be 0 outside £ ;- For amethod of extending functions in H 1 U)o H 1 (R), see [5], Theorem 6.44.
If min(y; 41 — y;) is bounded below by a positive number, then these extension operators can be
chosen to have a uniform bound K independent of the choice of y1, ..., y,. We shall denote all
such extension operators by &.
Leti; =E&hj € L>(R x R, y), and let w; = Ew; € H'(R). Then consider the initial value
problem
U =Use +¢cjUs + Df(q;(ENU +hj(€, 1), (6,1) eRx R U, 0)=w;(§), £ €R.
34
The solution of (3.4) can be written as U (§,1) =Y (&,¢) + ﬂ(t)q} with Y (-, 1) € RU — Pj).
Applying the operators I — P; and P; to (3.4), we obtain
Yy =Yee +¢;Ye + Df(qj ()Y + U —PphjE, 1), YE0=U-Ppw;, (3.5)
B=Pih;,  BO)=P;w;. (3.6)
Now R(I —P;) = RL; is invariant under £;, and L;|R(I — P;) is sectorial and generates an
analytic semigroup ¢Li’. We have

t
Y&, 1) =S —Ppw; () + / LI —PphjE, ) dx,
0

t
B)="Pjw; +/7Djljlj(§,‘l:)d‘r.
0

From Lemma 3.11 of [10] it is easy to show that ¥ € H*'(R x RT, y) and satisfies
1Yl g2t mxrt,y) < Crlllwll gigy + ||}_lj||L2(RxR+,y)) = CiKUwjllgay) + 1Al ;)
Also, we clearly have

||,3||XI(R) =10+ ||B||L2(R+,y) = C2(||‘I),/||H1(R) + ||Bj||L2(RXR+’y))
= QKUwillga;) + ”hj”LZ(QJ,J,))-

Finally, to solve (L1) in Q j» we let
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3.3. The Jump Theorem and the proof of the Linear Theorem

Consider the following linear problem: given jumps fj € H8'75X0‘25(R+, y), j=1,...,
m — 1, find pairs (Y]@), ﬁj(.z)) e Hj»‘(fzj, y) X Xé(RJF, y), j =1,...,m, such that the functions

0P .0 =Y P00+ B q) &) satisty

Uy =Us +cjUs + Df(q;ENU.  (E.0)=(§j.1) €Q;, (3.7)
UE0=0, £=¢¢€lj, (3.8)
[U;, Uie)I(Tj) = J;(T)). (3.9)

Note that this linear problem has zero forcing and initial condition zero.

Theorem 3.2 (Jump Theorem). Assume (Al) and (A2). Fixy, n <y < 0. Ifmin(y;1 —y;) is suf-

ficiently large, then the linear problem (3.7)—(3.9) has a solution ((Yl(z), ,31(2)), e (Yn(,z), ,B,(nz))) €
Yo that is given by a bounded linear mapping

m—1

K [ B OB®Ep) > Yo, KOG Jw) =2 8D v B2,
1

The bound is independent of y1, ..., Ym.
As usual the solution is not unique, but one solution is given by a precisely defined linear map.
Given Proposition 3.1 and Theorem 3.2, the Linear Theorem 2.4 is proved as follows. Given
hj, w;j,and J;, let ((Yl(l), ,Bfl)), e (Y,,(11), ,8,%1))) be the solution of (L.1) found in Theorem 3.1.
For j =1,...m, define the function 0" (&;.1) on &; by 0" &;.1) = ¥V &;.0) + Vg &)).

Then define
Ti(Cy) = 1) = [0, THIr)).
Note that J; € HO*02(R*, ) and
J;(0)=1[J;(0)] — [w](0) =0.
Use Theorem 3.2 to find the functions U® = Y@ (&, 1) + B9 ¢/ (£,). Set
7 i = s j 45550
1 2 1 2 .
V=Y y®o gi=p 487 j=lm.
3.4. Two lemmas

The proof of the Jump Theorem 3.2 relies on two lemmas. In this subsection we state the two
lemmas and show how they yield Theorem 3.2.
Let N > 0. Assume that min(y; 41 — y;) > 2N. In xt-coordinates, let
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Qj—— — Qju
j r; Mo Mju

Vi YN X yi-N i

Fig. 3.1. Sets defined in Subsection 3.4.

Mf={(,0):x=y;j+N+cjt, 120}, j=1,....m—1,
M;+1={(x,t):x=yj+1—N+Cj+1l,IZO}, J=1L....m—1
+ .
theumonoftheM andM]H, j=1,....m—1,
A}':theopensubsetofﬁjbetweenMT"andFj, j=1,...,m—1,

A7, , = the open subset of ;| between I'j and M

i+l j=1,...,m—1,

Jtr

= the union of the A+ and Aj+1’ j=1...,m—1.
See Fig. 3.1.

3.4.1. Tail Lemma
The Tail Lemma, which deals with canceling discontinuities along the I"j, is most easily stated

in xt-coordinates.
Let¢; € Hg'75xo'25(R+, v),j=1,...,m.On A,i.e., near the union of the I';, we look for a
function U (x, t) that satisfies

Ui=Ue + Df(q;(x —yj —cjt)U, (x,1)in AT, (3.10)
Uz=Uxx+Df(q1'+1(x—yJ‘+1 —cjriU,  (x,0)in Ay, (3.11)
U(x,0)=0, [(U,U)IT ) =¢;. 3.12)

The solution should decay exponentially in ¢ as t — oo and in x as (x, t) moves away from I';.

Lemma 3.3 (Tail Lemma). Assume (Al) and (A2). Fix y, n <y < 0. Then there is a number
N > 0 such that if min(y;11 — y;) > 2N, then the linear problem (3.10)—(3.12) has a solution

Ux,t)in HOZ’l (A, y) that is given by a bounded linear mapping

m—1

IC(3) l_[ H075><025( y) — H (A,)/).
1

The bound is independent of yi, ..., ym. There are numbers C > 0 and & > 0, independent of
Y1, - -5 Ym, Such that the solution satisfies the estimates
10yl = Ce™ Mgl Uy < Ce ™™gy, (3.13)

where all the norms are in HO7*0-2 (R, y).
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Note that the assumption min(y;+1 — y;) > 2N implies that y; + N < x; < yj+1 — N, so
xj—yj—N>0andyjy1 —N—x;>0.

3.4.2. Interior Lemma

The Tail Lemma produces discontinuities along the lines in M ; the Interior Lemma deals with
canceling them. To state the Interior Lemma, we will work in a single moving coordinate & =
& =x —y; — cjt. In &t-coordinates, let M, denote the line § =a. Let ¢ € H8‘75X0‘25(R+, y).
We consider the problem

U =Ug +cjUs + Df(q;ENU, (5,1) eRx R\ M,), (3.14)
UE,00=0, [(U,U)My) =6. (3.15)

Lemma 3.4 (Interior Lemma). Assume (Al) and (A2). With N given by Lemma 3.3 and
min(yj+1 — yj) > 2N, let a=—N or N. Fix j, and fix y, n <y < 0. Then the linear prob-
lem (3.14)~(3.15) has a solution U = Y&, 1)+ B (t)q} (&) with

(1) Yj € Hy'(R x RT\ My, y) and P;Y;(-,1) =0 for each t;
) Bj € X )RT,y).

The solution is given by a bounded linear mapping

K@ HYTOBRY ) » HP 'R x RT\ My, y) x XA®RY, ), KD(p) = (v, ).

The bound is independent of j and y1, ..., Y. There are numbers C > 0 and o > 0, independent
of Y1, ..., Ym, such that the solution satisfies the estimates
1UIr, I < Ce itV )g ) |[U[p,|| < Ce™*W V"], (3.16)

where all the norms are in HO*>*023 R+ ).

Note that the assumption min(y;+1 — y;) > 2N implies thatx; | < y; +a <xj,s0y; +a—
xj—1>0andx; —y; —a>0.

3.5. Proof of the Jump Theorem

We use the Tail Lemma 3.3 and the Interior Lemma 3.4 to prove the Jump Theorem 3.2 by an
iterative procedure. We work in x¢-coordinates, in which the system (3.7)—(3.9) becomes

Ut=Uxx+Df(q]')U, (x,t)er, j=1,...,m, (3.17)
Ux,0)=0, (3.18)
[(U, U)I(T;) = J;j(T)). (3.19)

Let

A = 'Hllax ||Jj(Fj)||Ho.75x0425(R+,y)-
J=L...m
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Choose N so that the Tail Lemma 3.3 is true, then let min(y;+1 — y;) be sufficiently large
so that for j = 1,...,m, the coefficients Ce=¥®i=%=N) and Ce=@0i+1=N=%j) in (3.13), and
Ce=@0jta=xj-1) and Ce~*&j =¥~ in (3.16), with a = £ N, are at most k < %, so that 4x2 < 1.
Let K be the larger of the bounds for the linear maps K@ of the Tail Lemma and K® of the
Interior Lemma. K is independent of j and yi, ..., y,.

For each j =1,...,m, given the jump fj H0‘75X0'25 (RT, y), we set f[O] = J~' and use

the Tail Lemma with ¢; = J 7% For each J» the Tail Lemma produces a functlon U talH (o1 (x,1)

1— [0]
defined on A;r, and a functlon U;‘il (0] (x,t) defined on A/+1’

to be 0 elsewhere, and we set U?il[0] — Z?:l (U;‘“Pr oy U;’ill (0] ) Uillol(x 1) is a solution

of the homogeneous problem (3.17)—(3.18) on the complement of the M;‘, I'j, and M. For

see Fig. 3.1. We extend each

each j =1,...,m, it has the correct jump f (o] along I';, but has undesired jumps along M;.r

and M~ i1 which we denote ¢+[0] and d) [O] | respectively. In H 0.75x0.25 (R*, y), we have

0 710
max (¢ 116 15D <l T < weA,

To eliminate the undesired jump along M * (resp. M +1)» we use the Interior Lemma 3.4
with a = N (resp. with j replaced by j + 1 and a= —N) and ¢ = ¢> +Hol (resp. ¢ = ¢ [O])

j+1
We denote by Uj O (regp. Uiy int-— [O) the solution produced by Lemma 3.4, translated into

xt-coordinates, then restricted to Q (resp. 24+1) and extended to be 0 outside €2 (resp. £2;41).
We set Um0 — > (U;m+[0] + U}rj:[o]). U™Ol(x 1) is a solution of the homogeneous
problem (3.17)—(3.18) on the complement of the M+ I'j,and M, .For j =1, ..., m,its jumps
along M *and M 1 are minus those of U tail [0] (x, t) but it has a small undesired jump along I,

which we denote _]/' .In H075%025 (R*, y), we have

1 0] 0 0
T < el 0+ 16T+ 19 151+ 10 D < 42

For j = 1, the first of the four summands is missing, and for j = m, the last of the four summands
is missing. A A
The function U1 = y@il 0] 1 yintl0] j5 3 solution of the homogeneous problem (3.17)—(3.18)

in the complement of the I";. For each j, its jump along I'; is J J[O] —J ][1].

We now iterate the procedure, beginning by using the Tail Lemma for each j with ¢; = fj[ll.
For each j =1, ..., m we obtain

e sequences of functions U;.aiH' k] (x, t) defined on A}' and U;ilrll_ (k] (x, t) defined on A]TH
k=0,1,2,..;

e sequences of jumps ¢ 1 defined on M+ and ¢ +1 I defined on M~ i1 k=0,1,2,..;

e sequences of functions U int+] defined on Q;\ M and U m[ O defined on © J1\ Mj_+1’
k=0,1,2,.
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We set
m

m
tail [k] __ ta1l+[k] tail—[k] int [k 1nt+[k] int—[k]
vt = 37 (o o) o= 3T (o o).
j=1 Jj=1

Ukl = gaillkl 4 gyintlkl 71k s a solution of the homogeneous problem (3.17)—(3.18) in the

complement of the I';. Its jump along I'; is jj[k] — fj[.k+1], where
1T gorsxo2s s ) < (@D (3.20)

We wish to obtain the solution whose existence is asserted in the Jump Theorem by summing
the UK. The summation will be done in each $2;. The restriction of U] to Q; corresponds, in
& jt-coordinates, to

U ]t [k]+Uta1l+ [k]+U1nt ]+U]i-m+ [k]

Given a subset S of 2, we use S to denote the corresponding subset of €2 j- With this notation,
the first (resp. second) summand is nonzero only on 1~\j7 (resp. [\j), and the third (resp. fourth)
summand has a jump along A;Ij_ (resp. A;I;’). Nevertheless the sum has no jumps along M]i For
Jj =1, the first and third summands are missing; for j = m, the second and fourth summands are
missing.
The functions U
e, 0+ B qj(gj) with ¥ e gt @\ M7, y)and ﬁj € X RT, y). We set

~intt [k] ryintd [k]

produced by the Interior Lemma are in the form U

Y][k] Jt11—[k]+ﬁ;ail+[k]_i_Yj—[k]_i_Y;-[k]’ ﬂk] ’ ﬂ k] ’ —i—ﬂ

Using || - || to denote || - || o7sx0.25g+ ), from the Tail Lemma, the Interior Lemma, and (3.20),
we have

~ tail+ [k] i
max <||Uj [

1— [k 7k
o 10 i, ) <K= K@ a, @2

Jj+1

+[k] . +[k] +[k] 7lk] 2Nk
max (17 M 2@y - 187 Wl ) ) = K979 = Kl 7 < K@) a

(3.22)

Finally we set

o0 o
[k] k] 7
=3 v Biay =Y 8. Uj=Y;+pjq;.
k=1

k=

—
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Now each summand of ¥*! is in Hg o1 (S, y) for an open subset S of Q j bounded by a vertical

J
line, and by construction the sum Y}k] has no jumps along those lines. Hence by Lemma 2.3 the

sum is in H02~‘(§zj, y). From estimates (3.21)—(3.22) and k < %,

[k] 2\k
1Y M0, ) < 4K Ge2)FA
Since 4c2 < 1, Y; is in Hy''(Q;, ). Similarly, using (3.22), §; is in X}(R™, ). The jump in

the U; across T'; is

o0

S ST _ 01 7
Z(Jj Jj >_‘,j =Jj
=1

as desired. (The series converges by (3.20).) Moreover, independent of j,

4K
max (1Y) 521, Bill gy ) < T—gz

4. Exponential dichotomies and Laplace transform

In this section we gather material we will need to prove the Tail Lemma and Interior Lemma.
The first four subsections are general; the last gives a lemma about the Laplace transform of the
linear differential equation (1.2).

4.1. Exponential dichotomies

Let us consider a linear differential equation Us = L(§)U, § € I, on a Banach space E.
Here I C R is an interval, and L(§) : E — E is a linear operator for each £ € [, but it may
be unbounded, and its domain may be a proper subspace of E. The solution operator U (§) =
T (&,¢)U(¢) may have a domain that depends on the pair (£, ¢). Of course, when E is finite
dimensional, L(£) is bounded for each &, and T (¢, ¢) has domain E for each (&, ¢).

Definition 4.1. We say Uz = L(§)U has an exponential dichotomy on E for & € I if there exist
bounded projections Ps(§) + P,(£) = I in E, continuous in & € [, and constants K, p > 0, such
that the solution operator 7T (&, ¢) satisfies

T(,2): RPg(¢) = RPg(§) is defined for & > ¢; (4.1a)
T(E,8): RP,(Z) — RP,(§) is defined for & < ¢; (4.1b)
ITE P <Ke 578 &>, (4.1c)
ITE PO < Ke P54 & <q. (4.1d)

We use the notation Es(§) = RP;(§), E,(§) = RP,(§). In general exponential dichotomies
are not unique. However, if 1 = (—o0, &y], then the unstable subspace E, () is independent of
the dichotomy chosen, and if I = [£p, 00), then the stable subspace E(£) is independent of the
dichotomy chosen.
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The following result gives the basic facts about persistence of exponential dichotomies under
perturbation.

Theorem 4.1 (Roughness of exponential dichotomies). Let I be an interval, and let Us = L(§)U,
& €1, be a linear differential equation on a Banach space E. Assume that Us = L(§)U has an
exponential dichotomy on I with projections PSO(E ) + PB(E ) = I and constants Ky, pg > 0.
Let B(§) : E — E be a bounded linear operator for each & € I, with B € L*°(I). Let § =

supgcy | B(&)Il < oc.
Consider the perturbed linear equation

Ug = (L&) + BE)HU. 4.2)
Let 0 < p < po, and assume that § is sufficiently small so that

2Ko 2K2
—, O = — .
Lo — P (oo —p)(1 = C19)

Ci18 <1land C26 < 1, where C1 = “4.3)

Then (4.2) also has an exponential dichotozzly on I with projections f’s &)+ 15,4 (&) =1 and the
exponent p. The multiplicative constant is K = Ko(1 — C18) " (1 — C28)~!, and

Cré
1—Cy8°

I Py(&) — PY(®)Il <

If E is finite-dimensional, then the proof of Theorem 4.1 is well-known [2]. If E is infinite-
dimensional, the proof must be adjusted because the solution operator is usually not invertible
on E; see [8,9]. For a shorter proof in the infinite-dimensional case, see [12] (simply replace the
rate function a(x) by e* and the decay rate (a(x)/a(y))™? by e P&~),

4.2. Second-order linear PDEs

Let I be an interval. Consider a second-order linear partial differential equation on C" with
zero initial conditions, of the form

Uy =Us +cUs + AE DU, (E,0)el xRT; (U, Ug)(,0)=0. 4.4
We assume that A(&,r) defines a bounded, piecewise continuous mapping from & € R to

C'(R,).
Applying Laplace transform £ in ¢ and writing U (€, s) = LU (€, t), we obtain

Oge =50 = cO¢ = (A9 2 0(6.) @), “.5)

The convolution is performed along a vertical line fi(p) = o in C where the following integral
converges:

o+ioo
A~ s A 1 ~ A
(A 06 ) 0 =5— / A PO s—prdp.

We have (A(s, )X O, .)) (s) = LIAE, DLDE, s)).
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Converting (4.4) and (4.5) to the equivalent first-order systems, we obtain

Us=V, Ve=U—cV-AE DU, (U, V)(E 0)=(0,0); (4.6)
U=V, Ve=sO—cV - (A(g,.)iz}(g,.)) (s). 4.7)
We shall regard (4.6) as a linear differential equation in & on the Banach space Hék +0.5)xk R, ),

0 <k <0.25, which is a space of functions of ¢. Because of Lemma 2.2, the choice k = 0.25 is
most natural, but some of our arguments will require this greater generality.

We wish to regard (4.7) as a linear differential equation in £ on a space of functions of s.

We recall that a function f(s) is in the Hardy—Lebesgue class H(y), y € R, if

(1) f(s) is analytic in R(s) > y;
(2) supys, (S 1 £ (0 +iw)l? dw)'/? < oo.

H(y) is a Banach space with norm defined by the left side of (2).

According to the Paley—Wiener Theorem [28], u(t) € L>(R*, y) if and only if its Laplace
transform #(s) € H(y), and the mapping u — # is a Banach space isomorphism.

Fork, ki, ko >0and y € R, let

H (y) = {u(s) s u(s) and (s — y)ru(s) e H(y)),
el = lullzecy + G — ¥ ullagyy.
H K2 () = 1K1 () x HE2 ().

An equivalent norm on HE(y) is

1/2

o
lwllgty) = sup / lu(o +io)I*(1+ |o +iw|*)de
o>y
o0

It can be shown that u(z) € H(])‘ (RT, y) if and only if ii(s) € H*(y), and the mapping u — u is
a Banach space isomorphism. It follows that (u, v) € H(])‘1 xk2 (R, ), k1, ko > 0, if and only if
(@1, 0) € H*1*2(y), and the mapping (u, v) — (i, D) is a Banach space isomorphism.

We shall regard (4.7) as a linear differential equation in & on the Banach space 7 *+0-9xk (),
0<k<0.25.

The following lemma is a consequence of the fact that £ is an isomorphism from
Hék+045)><k(R+’ )/) to H(k+0'5)><k()/).

Lemma 4.2. The following are equivalent.

(1) (4.7) has an exponential dichotomy on H(k+o'5)Xk(y) for & € I, with projections Ps(§) +
P, (&) = I and solution operator T (€, ¢).

(2) (4.6) has an exponential dichotomy on H()(k+0‘5)Xk(R+, y) for & € I, with projections
fv’s &)+ f’u (&) = I and solution operator 7V"(§, Z).
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Moreover, f)j(g) = E_le(E)E, Jj=s,u; YV’(E, ) =L7'TE o)L for £,¢ € I; and the con-
stants K, p for the two dichotomies are equal.

An important question is whether the solution operator T (€, ¢) can be used to define a solution
to (4.4) that is in H>!. For now we deal with this question by making a definition.

Definition 4.2. (1) We say that (4.4) has property (S) on [a, oo) if (4.6) has an exponential di-
chotomy on H; 0.75x0.25 (R, y) for & € [a, 0o), with projections P &)+ P (¢) = I and solution
operator T(é, ), and there is a number C > 0 such that the following is true. Let & > a and
let ¢ € R Py (£0). For & > &, define (U, V)(&,1) = T (€, £)¢. Then U € Hy"' (0, 00) x R*, )
and is a solution to (4.4). Moreover,

||U||H2’1(($0,oo)><]R+,y) < C||¢>||H0A75xo,25(R+’y).

(2) Similarly, we say that (4.4) has property (S) on (—o0, a] 1f (4.6) has an exponential
dichotomy on H0 750, 25(R+ y) for & € (—o0, a], with projections P &)+ P (¢§) = I and so-
lution operator T(s , £), and there is a number C > 0 such that the following is true. Let &) <a
and let ¢ € RPM(SQ). For & < &y, define (U, V)(&,t) = T(E, &0)¢. Then U € Hg’l((—oo, &p) X
RT, ) and is a solution to (4.4). Moreover,

||U||H2~1((—oo,$0)xR+,y) < C”¢”HO'75XO'25(R+,)/)'

Lemma 4.3. f 1) Assume that (4.4) has property (S) on [a, 00). Let xo > a and ¢ < 0. Then there
is a number C > 0, which depends only on the constants K, «a of the dichotomy, such that

1Uecxo,e) | 0755025 et ) < C(1 + |c|)e *0—a) @1l fro75%0.25 R+ )
(2) Assume that (4.4) has property (S) on (—00, al. Let xo < a and ¢ > 0. Then there is a
number C > 0, which depends only on the constants K, a of the dichotomy, such that

U le(xo,c) ||HO.75><0.25(R+’V) < 6(1 + |C|)efa(a7x0) ||¢||H0.75><0.25(R+’y).

Proof. We just prove (1). The mapping that takes ¢ € H(()) T5X025 (Rt y), thought of as a space
of functions on the line x = a, to Ul¢(x,c) € H8'75X0'25 (R*, y), thought of as a space of func-

tions on the line £(xg, ¢), is a composition of three mappings:

H(g).75 x0.25 (R+ H(g).75 x0.25 (R+

¢ — Ulx=x, from , V) to V)

A . 2,
Ulrzzo = Uly.o0) g+ from HE OB RY ) to Hy'! ((x0, 00) x RY, p);

2,1 . A
Ul(xp.00) B+ = Ulerg,e) from Hy'' ((x0, 00) x RY, y) to HY P *OB(RT, ).

The norm of the first map is at most Ke~*?~% the norm of the second is given by Defini-
tion 4.2(1), and the norm of the third is given by Lemma 2.2. O
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4.3. A(&) independent of t

Following [10], we introduce the following families of norms on C" and C" x C".

Definition 4.3. Let ||u| denote the usual norm on C”. For s € C and k; > 0, let E¥I (s) denote
C" with the norm

el gty (5 = (1 4[5 el
and let Ef1>*%2(5) denote C" x C" with the norm
11ty V)| g et y = (1 IS el + (14 [s1%2) ]l
(s)

We can use these norms to define equivalent norms on H*1(y) and H*1>*k2(y):
1/2

oo
il ) = sup / lu(@ +io)2s o i de | (4.8)
o

1/2

o0
1600l = 0P [ 160ty @)
oo

If A(§,1) = A(&) is independent of time ¢, then (4.4), (4.6), and (4.7) simplify to

Ur=Usg: +cUs + AU, (U,Ug)(,0)=0; (4.10)
Ug=V, Ve=U—cV—-AGU, (U, V)E,0)=(0,0); 4.11)
Us=V, Vi=sU—-cV—-A®U. 4.12)

We can regard (4.12) either as an ordinary differential equation on a space of functions of s, or
as a family of ordinary differential equations in & € I on C", with parameter s in a set S C C,
having solution operator 7 (€, ¢, 5).

Definition 4.4. We say that (4.12) has an s-dependent exponential dichotomy for s € S and & € [
if for each s € S, (4.12) has an exponential dichotomy on C" x C" for & € I, and in addition the
projections P;(§,s), j = s, u, are analytic in s for fixed £. In the dichotomy, the constants K (s)
and p(s) depend on s.

We say that (4.12) has a uniform exponential dichotomy on the spaces E*+0-)%k(g) fors € S
and & € [ if it has an s-dependent exponential dichotomy, and there are constants K, o > 0 such
that, when norms in the spaces E (k+0'5)Xk(s) are used,

(1) each K(s) < K, and
(2) p(s) =a(l +]s[d).

The following lemma is proved in [10] (Lemma 3.1).
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Lemma 4.4. Let 0 < k < 0.25. Suppose (4.12) has a uniform exponential dichotomy on the
spaces E(k+0'5)Xk(s) for R(s) >y and & € 1. Then (4.12) has an exponential dichotomy on
HEFOIxk () for & € I with projections derived from those in E*T0-)%k(s)  multiplicative
constant K, and exponent a. Moreover, (4.10) has property (S) on both [a, 00) and (—o00, a].

4.4. A(&,t) has small dependence on t

If A5, 1) = A(E) + B(, 1), then (4.4), (4.6), and (4.7) become

Uy =Ug +cUs + AE)U + B, DU, (U,Uz)(§,0)=0; (4.13)
Us=V, Ve=U —cV—AEU-BEHU, (U, V)E 0 =(0,0), (4.14)

U=V, Vi=sU—cV—A@E0 - (é(s, VXU, -)) (s). (4.15)

Lemma 4.5. Let 0 < k < 0.25. Suppose the t-independent system (4.11) has an exponential
dichotomy on Hék+0‘5)Xk(R+, y) for R(s) >y and & € I. Let K > 0 and a > 0 be the constant
and exponential for the dichotomy. Let K > K and 0 < & < a. Then there is a constant § > 0

such that the following is true. If B(&, t) defines a bounded, piecewise continuous mapping from
£ eRto CY(RY), withsup | B(,1)|| < 8 and sup || B; (£, 1)|| < 8, then the system (4.14) also has

an exponential dichotomy on Hék+0'5)Xk(R+, y) for & € I, with constant K and exponent Q.

Proof. It is straightforward to show that for every &, the mapping U (-) — B(§, -)U (-) satisfies
IBGE, YU O 2@ty =8NUN 2@+ ) 1BE DUON g g+ ) = 281Ul gt ety (4:16)

Expressed as the interpolation of two spaces, Hé‘ R, y) = [L>(RT, y), HOl (R, ¥)Ix. There-
fore we can use the interpolation inequality [15,16] to show that

1BE M giryy < IBE M 2ge)' ™ - IBE e ) <25,

If § is sufficiently small, all the conditions in Theorem 4.1 are satisfied. Hence the perturbed
system (4.14) has an exponential dichotomy on Hék+0'5) Xk(R*, y)foréel. O

Suppose that for both k = 0 and k = 0.25, the #-independent system (4.12) has a uniform ex-
ponential dichotomy on the spaces E 05%0(g) for R(s) >y and &£ € R. We may assume that these
dichotomies have the same constant K > 0 and exponent « > 0. By Lemmas 4.4 and 4.2, for
both k =0 and k£ = 0.25, the system (4.12) has an exponential dichotomy on HO(HO'S)Xk(RJF, y)
for £ € R with constant K and exponent «. Therefore the hypotheses of Lemma 4.5 are satisfied
fork=0and k =0.25 with / =R.Let K > K and 0 < & < «, and let § > 0 be a number given
by Lemma 4.5 that works for both k =0 and k£ = 0.25.

Lemma 4.6. In the above situation, assume sup || B(€,1)|| < and sup || B;(§,1)|| < 6. Leta € R.
Then (4.13) has property (S) on both [a, 00) and (—o0, a].
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Proof. We shall only consider the interval [a, 00).

By Lemmas 4.5 and 4.2, the perturbed system (4.15) has an exponential dichotomy on
HO75%025 (1)) for £ € R with constant K and exponent &. Let Py(§) and P,(£) denote the
perjeActions for this djchotomy. Let & > a; let ¢ € Rfv’s(éo), so that ¢A> € RP;(&)); and let
U, V)(E) =T, &)¢ for § > &. Then

1T, V)@ llg05x0¢) < 1T, VIE) 30757025y < Ke ¥ ET50 130750025, (4.17)

For N(s) >y, let

g(E.5) = { (ff@s ) U, -)) (5), &= &,
0. & < &o.

Rewrite (4.15) as the first-order system

U 0 1\ (U 0
(V>f(s1—A<s> L))+ (een) 19

For fixed s, we can regard (4.18) as a differential equation on EO'SXO(S), in which case we
regard (0, g(£,s)) as an element of E 05x0(5). We denote the solution operator for (4.12), with
parameter s, by T'(&, ¢, s), and we denote the projections for the dichotomy on E?>*9(s) by

Ps(§,s) and Py(§,5).
Alternatively, we can regard (4.18) as a differential equation on the function space H%>*%(y).
Using (4.16), (4.17), and the isomorphisms provided by Laplace transform, for o > y we have

g, o +i)llp2w) <1186, Mine) = I1BE, HUE, 2w+, <SIUE, 2g+y)
=W, V)E. I gosxog+ ) < U, VIE, )l gorsxosg+ )

< 3[26_&(5_50)||¢||Ho,75x0.25(R+ (4.19)

V)

Now (4.12) has an exponential dichotomy on HO5 XO()/) for & € R, with projections derived from
those on E%3*0(s). Since (4.19) implies that (0, g(&, -)) is bounded in H*>*0(y), if we regard
g as given in (4.18), then the unique solution of (4.18) that is bounded in H95%0(y) for & > &
is given by

&
(U, V)(E,5) =T, . 5)Ps(E0, )(s) + / T(&,¢,5)Ps(£,5)(0,8(¢, ) d¢
&
&
+ / T(£,¢.5)Pu(£,$)(0, (¢, 8)) de. (4.20)

e¢]

Therefore the previously defined function (U, V) is given by this formula. Then (U, V) =
L7Y(U, V) can be expressed as (UD, vy @U@, v@) 4 (U, v®) where (UD, VD) is
the inverse Laplace transforms of the jth summand of (4.20).
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By Lemma 4.4, v e H02‘1 ((€0, 00) x R, ) and has norm bounded by a constant times

||¢||H84SXO(R+’V), which is in turn bounded by a constant times | ¢|| HOTX025 (Rt )

To show that U) e Hg’l (&0, 00) x RT, y), j =2, 3, we shall show that e 7' U /), e_V’Ut(j),
e_V’Ug(j), and e_WUS(? are in L2((£9, 00) x RT, ).

We shall treat only U®). Motivated by the proof of Lemma 3.8 in [10], we use the uniform
exponential dichotomy of (4.12) on the spaces E 05x0(Y for & € R to estimate

1T (&, ¢, $)Py(Z, $)(0, 8¢, )| posogsy < Ke @I DE=0 )0, gz, )| goswos)

= Ke UM 0c 5)|. E2¢ @21
where || - || is the usual norm on C". Let

e~ @(+I™)E £ 50

h@):{o, £<0.

Then from (4.21),

10D E 9N < A +1s1") TP, VOYNE, )]l poso)

3
_ _ 0.5 _
< (1+1s]%57! f Ke @IHEDNE=0 102, 5) | d¢
&

=K1+ 151" hx g, )IDE).

From Young’s inequality for convolutions,

IOP )l < KA+ s Hial o llgC )z < K+ 151 2a g, )2
<K(+IsD e gl )l 2. (4.22)

Next we fix 0 > y and show that u® and, s(j(z), as functions of (&, s) withs =0 +iw, w € R,
are in L2((§0, o0) x R). Using (4.22) and (4.19), we have

o o0 o0
/ /(1 o+ i) 0P, o +io)|P dédw < Ko™ / G0 + i), do
—00 & —00

o0 o0 o0
=K’a™? f / Ig€. 0 +iw)|*dods < K*a™? / (&, I3y, deo
)

§ —00

oo
< K2 282K> / I [ PESE T
éo
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Therefore
(A+1lo +ioD|UP (¢, o + i) L2 00)xR)
=< C2”¢”H0'75X0'25(R+,y)9 Cr= K(X_I(SK(Q,d)_O‘S_

Taking the inverse Laplace transform, we have

— 2 - 2
le™ " UP 2 qgy.00 iy F 1™ Ul 2t 00y xRy < Callll porsozs s -

Letting 0 — y, we obtain the same estimate with o replaced by y.
A similar argument yields

_ 2 -
le ™" U 125008 = 177 V@120, 000 ) < Callll 07510258 ).

Finally, a similar estimate for ||e_VtUé(? Il L2((80.00)xR) = ||e_7”V§(2>||Lz((50’oo)XR) follows from
the estimates for U, U,(z), and V® by noting that (U @ y®@) is a solution of (4.14), and

using the second differential equation to estimate |e~"? V;z) I 22((&9,00) xR) -
The proof is completed by noting that all constants are independent of &. O

4.5. Exponential dichotomies for the Laplace transform of (1.3)

In this subsection we consider the Laplace transform of the linear differential equation (1.3),
which we write as a system:

>

c=V, Ve=GI—Df(q;E)NU—c;V, EeR. (4.23)

For each fixed s we regard (4.23) as defining a differential equation on C" x C". Hypothesis (A2)
implies that (4.23) has an s-dependent exponential dichotomy for N (s) > n, s # 0.

Lemma 4.7. Assume (A2). Fix y, n <y <0, let € >0, and let Sc = {s : R(s) > y and |s| > €}.
Then (4.23) has a uniform exponential dichotomy on the spaces E%73*925(s) for s € S. and
& € R. The multiplicative constant K (€) depends on € and approaches infinity as € — 0, but for
some a > 0, the exponent is a(1 + |s|°) independent of e.

Moreover, let Ps(ej—1,s) and P,(ej,s) be the spectral projections at the two limiting points
(ej—1,0) and (ej,0). Then there are constants M > 0, N > 0, 81 > 0, and 82 > 0 such that for
se€S,0<e< M,

IPE.$) — Pulert, )] < JSKZ©3 N
s (8,8 slej—1,8)Il = a(l+ 595 = )

16K2(€)8;
||Pu($,s)_Pu(€j,S)||§m, E>N, (4.24)

where k =1 for |s| > M, and k =2 fore <|s| < M.
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Proof. The proof is adapted from that of [10], see also [13].
Step 1: exponential dichotomy for |s| > M. Let M > 0. For s € S)y, we treat (4.23) as a
perturbation to the system

A

Us=V, Vi=sU—c;V. (4.25)

From [10], (4.25) has a uniform exponential dichotomy on the spaces E 0.75x0.25 () for M(s) > y
and £ € R, with multiplicative constant Ko and exponent pg = ag(1 + |s 10-5y.

Lets € Syr. Let§) = supg | Df (q;(§))]. Although 8y is not small, the conditions €18 < 1 and
C»681 < 1 in Theorem 4.1 can be satisfied if we choose p = “70(1 +15]93). Then pp — p = “70(1 +
5]0-%) is large for s € Sy with M is sufficiently large. Hence for s € Sy; with M sufficiently
large, (4.3) in Theorem 4.1 is satisfied, so (4.23) has an s-dependent exponential dichotomy for
& € R. The multiplicative constant K is independent of s, and the exponent is p = % (14 |5]99).
The projections satisfy (4.24) with k = 1. Thus we in fact have a uniform exponential dichotomy
on the spaces E075x025(5) for s € Spy and £ € R.

Step 2: exponential dichotomy for 0 < |s| < M. Using M found in Step 1, we consider the
spectral equation (4.23) with s in the compact set {s : (s) > y and |s| < M}.

Consider the constant-coefficient systems

Us=V, Vi=(sI—Df(e)U—c;V, k=j—1,j, (4.26)

in which s is a parameter. Hypothesis (A2) implies that these systems have n eigenvalues with
positive real part and n eigenvalues with negative real part. For s in the compact set {s : 9i(s) >
y and |s| < M}, the systems (4.26) have exponential dichotomies for £ € R with the common
exponent p; > 0 and the common multiplicative constant K > 0.

Let N > 0, and let

82 = max(sup{||Df (¢;(§)) — Df(ej-DIl :§ < —N},
sup{|Df(q;(§)) — Df(ej)ll : § = N}). (4.27)

As N — o0, § — 0, so for N sufficiently large, (4.3) in Theorem 4.1 is satisfied. Therefore,
for R(s) > y and |s| < M, (4.23) has exponential dichotomies in £ < —N and in N < &. The
dichotomies are not unique, but the unstable subspace E, (&, s), £ < —N, and the stable subspace
E;(&,s), £ > N, are unique and depend analytically on s. We shall use them to construct an
exponential dichotomy on R.

We extend E,(&,5),E <—N,and E(§,s),& > N, to § € R by defining

E,(§,5)=T(¢,—N,s)E,(=N,s) for—N <& <oo0,
Es(§,5)=T(E N,s)Eg(N,s) for—oco<&<N.

From (A2), if R(s) >y andO0 < |s| <M, T(N,—N,s)E,(—N,s) is transverse to Es(N,s).
The dichotomy has been extended to £ € R for N(s) > y and 0 < |s| < M. The exponent of the
dichotomy can be taken to be a1 (1 + |s 19-5) with o) independent of s.

For 0 < € < M, in the compact set {s : d(s) > y and € < |s| < M}, the angle between
E,(£N_,s) and Eg(£N4,s) is bounded below by a constant that approaches 0 as € — 0.
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Thus, the multiplicative constant Kj(e) for the dichotomy on {s : %i(s) > y and € < |s| < M}
approaches infinity as € — 0.

Step 3: completion of proof. We combine the two cases and select & = min{“ a1}. Then
(4.23) has a uniform exponential dichotomy on the spaces E 0.75x025(¢) for s € S, and & el
The exponent is o (1 + |s|0 ). The multiplicative constant is K (¢) = max(K Ki(e)).

The fact that the exponential dichotomy is analytic in s follows from a simple perturbation
argument. Assume that for a given sg € C, the system (4.23) has an exponential dichotomy on R.
Then the contraction mapping principle can be used to find the stable and unstable subspaces of

(4.23) for |s — sp| < €. Since the equation depends analytically on s, so do the stable and unstable
subspaces. 0O

5. Proof of the Tail Lemma 3.3

The proof of the Tail Lemma uses the material in Subsection 4.4.
Fix j. We use coordinates (&,1), § =x — x; — ¢;t. Notice that

- 1
§j=x—yj—cit=8+xj—yj+(Cj—cpt=E§+x; =y + 5(cjr1 =,
Ejir1 =X = Yjr1 —Cjp1l =§ +xj11 = Yjt1 + (Cjp1 — cjp1)t

1
=&+ X0 = Vi — 5 — et

The line I"j becomes & = 0. The lines M and M’ i+l

become

~ 1

My ={G.1):§=yj—xj+N—=(cjt1—¢j)t. 1 =0},
1

]+1—{(E :E=yjt1 — N+§(Cj+1—cj)t, t >0}

Between M}' and £ =0, (3.10) becomes

1
Ur=Usg +cjUs +AG.OU.  AG.1)=Df(qj(E +xj—yj+ 5(Cjpr —cjh).

Between £ =0 and M7 i+ (3.11) becomes

_ 1
U =Ug +cj11Us + A, DU, A1) =Df(qj+1(§ +xjp1 — Yj+1 — E(C,/+1 —cj).
Let K and u be the constants from (A1"). We claim that for (£, 1) between M;r and £ =0,
and between & = 0 and M];l’ IAG,t) — Df(epl < Ke N and A;(&,1) < Ke ™™V,

To see this, first note that for y; —x; + N <& <0Oandz >0,

IA, 1) — Df (eIl < Ko~ MET =3 Cjpi—c)n) < KeMEFS =) < gk,
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Then note that for § < y; —x; + N and (&, t) above ]\71]+ E+x;—yj+ %(Cj.;,.] —c¢j)t>N,s0

[AG, 1) = Df(epll < Ke HEHs vt a(e=e)D < o=,

Similarly, A; (&, 1) < Ke V. Analogous arguments apply to the right of & = 0.
Using smooth cut-off function, we can extend A(£,¢) to all of (R \ {0}) x R, so that for
all (£,1), [|A(E,1) — Df(ej)|| < Ke ™" and A,(&,1) < Ke™*N. (K may have to be increased

slightly independent of N.)
It is shown in [10] that the system

ﬁ§=‘7, Vg =S[A]—Ej‘7—Df(ej)0

has a uniform exponential dichotomy on the spaces E (k“‘o's)Xk(s), 0 <k <0.25, for N(s) >y
and £ € R. By Lemmas 4.4, 4.2, and 4.5, for N sufficiently large, the linear system

Us=V, Ve=U; —¢c;V—-AE, DU
has an exponential dichotomy on Hék+0'5) Xk(y) for & € R, with, for each k, constants K and &
that are independent of y;, y;+1. The estimate (3.13) follows from Lemma 4.3. The remainder
of the Tail Lemma follows from Lemma 4.6.

6. Proof of the Interior Lemma 3.4

The proof of the Interior Lemma uses the material in Subsection 4.5.
After Laplace transform, the system (3.14)—(3.15) becomes

0="Uss +c;jUs —sU +Df(q;ENU, (U, Ue)I(My) = p(s). 6.1)

Writing (6.1) as a first-order system, we obtain

A

U=V, Ve =(sI = Df(q;ENT —¢;V, (T, V)I(Ma) = (). (6.2)
Since the jump ¢ (¢) is in H8'75X0‘25(y), ¢3(s) is in H°73%0-23(3,). We look for solutions of (6.2)
that decay to zero as & moves away from M,.

Equivalently, we can rewrite U(&,¢) in (3.14) as U(&,1) = Y(&,1) + B(t)q’(§) with
P;Y(-,t) =0 for each t. The system (3.14)—(3.15) becomes

Y, =Yee +¢;Ye + Df(q;(§)Y — B (5),

Y(£,0)=0, B(0)=0, [(¥,Ye)](M,)=(s).

Write h(r) = B(t). Then taking the Laplace transform, we obtain

Vee +¢j¥e + Df(q; €)Y —s¥ = h(s)g'€), [(¥,Ve)l(@) =(s), (6.3)
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with P; Y (-, s) =0 for each ¢. Written as a first order system, (6.3) becomes

(Y. 2) =(Z.(sI — Df(q; (Y — c; 2) + (0. h(s)qg}€)). (V. 2)](a) = (s). (64)

Step 1: |s| > €. Let € > 0. We shall show that for R(s) > n and |s| > €, system (6.2) has
a unique solution (U , V)(g ,8) that decays exponentially as & — +00. Moreover, the solution
depends analytically on s, and there are constants C1(€) > 0 and a1 (€) > 0 such that for R(s) >
n, Is| > €, and p1(€) = a1 (€)(1 + |5]%3), the solution satisfies

1T, V)(E, 5) ]| goraxo2s(5) < Cr(€)e PO (s)|| porsxoas ). (6.5)

To prove this result, we note that by Lemma 4.7, for R(s) > n and |s| > €, the system (4.23)
has a uniform exponential dichotomy on the spaces E 0.75x0.25(5) for £ € R. Let T'(&, ¢, s) denote
the solution operator, and let the projections be Pg(&, s) + P, (&, s) = I. The unique solution of
(6.1) that decays as & — £o0 is then

(U, V)&, 5)=—T(E a,5)Pula,)(s), &<a,
(U, V)&, s) =T, a,5)Ps(a,$)d(s), &=>a. (6.6)

Estimate (6.5) follows from the definition of uniform exponential dichotomy.

Step 2: |s| < €. We shall show that there exists € > 0 such that for |s| < €, (6.4) has a unique
solution ((1?, 2)(5, s), h(s)) such that ij’(~, s) = 0 for each s and ()?, 2)(&‘, s) decays expo-
nentially as &€ — +00. Moreover, the solution depends analytically on s, and there are constants
C> > 0 and o > 0 such that for |s| < € and p» = ar(1 + |5|°), the solution satisfies

(Y, Z)(&, )| o705y < Coe™ P E= b (s)[| por2x025 ). (6.7)

To prove this result, we note that for each small s, there exist two exponential dichotomies for
(4.23) one for £ < a, the other for £ > a. We denote the projections by P (§,5)+ P, (§,5) =1
for € <a and P} (¢,s) + P (§,5) = I for & > a. The spaces E, (§,s) = RP, (£,s) and
Ef(&,5) = RP;(§,s) are uniquely defined and depend analytically on s. Complementary in-
variant spaces, and hence the projections, can be chosen to depend analytically on s. Assump-
tion (A2) implies that RP, (€, s) N RP;F(&,s) = {0} for s # 0, and RP, (£,0) N RP;F(&,0) is
spanned by (y'(§), y"(£)).

Bounded solutions of (6.4) can be expressed as follows:

fort <a, (Y,2)(,5)=T(E, a,s)P (a,5)(Y,Z)a—,s)

& &
+ / T, ¢, 5)P7(£,9)(0, h(s)q()ds + / T, ¢, 5) Py (£,9)(0,h(s)q)(¢)d¢;

fore >a, (Y,2)(,5)=T(, a,s)P(a,s)(Y,Z)(a+,s)
& &
+ / T, ¢, )P (£, 9)(0, h(s)q()ds + f T, ¢, 5)P(£,9)(0,h(s)q)(£))dt. (6.8)

a o0
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Let
Hy (@.5) =P, (a.)(V.Z)(a—.5), ufa.s)=Pta )Y, 2)a+.s).
v(s) = / T(a.¢. )P (¢.5)(0,q}(0)dE + / T(a.¢, )P, (£,5)(0.q}(¢)de.

From (6.8), the jump condition at £ = a is satisfied provided

Wi (@,s) =y (@,5) = h(s)v(s) = $(s). (6.9)

We have P; Y =0 provided

/ <zj($),l?j($,s)> d& =0 for each s. (6.10)

For each s we regard the left-hand side of (6.9) as a linear map
Li(s):E; (a,s) x Ef (a,9) x R—>R*,  (u;,uf h) = ul —p; —ho(s).

Moreover, since I}j (&, 5) depends linearly on (u; (a,s), ,uj‘ (a,s), h(s)) through (6.8), for each
s we can regard the left-hand side of (6.10) as a linear map

Ly(s): E, (a,s) x Ef(a,s) xR—>R, (u,,pul, h)— / <Zj($),f’j(€,S)>d$.

—00

Define L(s) : E, (a,s) x Ej(a,s) x R—> R¥ xR by L(s) = (Li(s), L2(s)). L(s) depends
analytically on s. Since dim E, (a, s) +dim E:r (a,s) =2n, L(s) is a linear map from a space of
dimension 2n + 1 to a space of the same dimension. The formula (6.8) gives a solution to (6.3)
if and only if (u;, (a,s), ui (a, s), h(s)) is a solution of

L($)(uy 1 1) = ($(5),0). (6.11)

We shall show that L(0) is invertible. It follows that L(s) is invertible for small s, so for all
small s there is a unique solution (u;, (a, s), ,uj‘ (a,s), h(s)) of (6.11) that depends analytically
on s. The estimates in the lemma follow from the formulas (6.8) and the compactness of the set
Is| <e.

To prove that L(0) is invertible, we will show that its kernel is trivial. Let (u,,, y,;“, h) belong
to ker L(0). The adjoint equation of (4.23) has a bounded solution ¥ = (c;z; — zj¢,2;). W(a)
is orthogonal to the codimension-one space E, (a,s) + E4(a,s). In addition, we claim that
(W(a),v(0) =1:
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(W(a), v(0)) = W(a) v(0)

a

—v@" [ T@c0P €00.4)@n

—00

o]

+¥@T [ 7@ e 0P 00.4)©c

a

a oo

= / W ()"0, 4}(0))ds + / W ()"0, 4}(0))d¢
=/z,~<;>Tq;-(r:>d;+/zj(;>Tq;-(¢>dc= /<z;<c),q}(;>>d;=1.

Hence we can multiply the equation L1(0) (i, , .}, h) = ut —pn; —hv(0) = 0 by W(a)" and
obtain i = 0. Therefore u" — u,; = 0. Since E; (a,0) N E (a, 0) is spanned by (q} (a), q}’(a)),
there is a number & such that uf = pu, = k(q} (a), q}/(a)). With these values of (u;, ui, h),
the function (Y (£,0), Z(€,0) produced by (6.8) is simply k(q} &), q}/ (£)). Then the equation
L2(0) (i, , 1, h) = 0 reduces to

o0
/(Z/’,kq;):k:O.
—0o0

We conclude that (1), , .}, h) = (0,0, 0). Thus L(0) has trivial kernel, so it is invertible.
_Step 3: combining solutions from Steps 1 and 2. Using € > 0 given by Step 2, we consider
(U, V)(&,s) defined by (6.1) for s > y and |s| > €. For Rs > y and |s| > €, define

o0

hs) = /<z,-<s),0(s,s>>ds,

—00

Y€ 5)=U—-PHUEs)=U(E,s) —h(s)q; (),
2, 5)=V(E ) —h(s)q] ).

For s > y and |s| > ¢, (¥, Z)(£, 5), h(s)) is the unique solution of (6.4) such that P;¥ =0
and ()?, 2)(&, s) decays exponentially as & — F-o0. (f/, 2)(&', s) satisfies (6.7) with C» replaced
by Cj(€) and p, replaced by pj(€).

We have now defined ((1?, Z)(f;‘,s),h(s)) for all s with Ms > y. These functions have
been defined twice for |s| = €, but from their uniqueness, the two solutions agree. Thus
(Y, Z)(£, ), h(s)) is analytic in RNs > y.

Step 4: B(l). We shall show that ,3 € L2(R*, y) and that ||,3.||L2(R+’y) is at most a constant
times ||¢||H0-75(R+,y)~
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From Steps 1 and 3, for s > y and |s| > €,

] < 11zl 2@ 1T )l 2y < 1zl 2y C1EONS () porsxoas
It follows easily that there is a constant C > 0 such that for is > y,
()] < Cllzll L2y 19 ()| po.75x025(s) -
Therefore

o 3
nmmwm=wmm=M)/mw+mwm
o>y

o8]

=

o0
< Cllzll 2wy sup |¢3(‘7 +i0))|2 0.75%0.25 (5 4, A@
(R) E (o+iw)
o>y
o0

= C||Z||L2(]R) ||¢||7-[0-75(y) = C||Z||L2(R) ||¢||H0~75(R+,y)-

Step 5: (Y, Z)(&.1). Let C = max(C|(€), C), @ = min(a; (€), a2), and p = (1 + |5]°5);
then from Step 3, for s > y,

||(?, 2)(5, )| go72x0.25 () < Cerli—al ||(£(S)”EO,72><0.25(S). (6.12)

Thus on —0co < & < a (resp. on a < & < 00), ()A’, Z)(S, s) satisfies the unstable subspace part
(resp. the stable subspace part) of the estimate required for a uniform exponential dichotomy on
the spaces E072x0.25 5y for fis > y. Then as in Lemma 4.4, it follows that ¥ € HOZ’1 R x R\
M,,y), and there is a constant C such that

IlY”Hé"(RxR*\Ma,y) < C||¢)||H0‘75x0A25(R+’y)
Finally, estimate (3.16) in the Interior Lemma follows from Lemma 4.3.
References

[1] M. Beck, B. Sandstede, K. Zumbrun, Nonlinear stability of time-periodic viscous shocks, Arch. Ration. Mech. Anal.
196 (2010) 1011-1076.

[2] W.A. Coppel, Dichotomies in Stability Theory, Lecture Notes in Math., vol. 629, Springer-Verlag, New York, 1978.

[3] A. Ducrot, T. Giletti, H. Matano, Existence and convergence to a propagating terrace in one-dimensional reaction—
diffusion equations, Trans. Amer. Math. Soc. 366 (2014) 5541-5566.

[4] P. Fife, J.B. McLeod, The approach of solutions of nonlinear diffusion equations to travelling front solutions, Arch.
Ration. Mech. Anal. 65 (1977) 335-361.

[5] G.B. Folland, Introduction to Partial Differential Equations, Princeton University Press, Princeton, 1995.

[6] A. Hoffman, J.D. Wright, Exit manifolds for lattice differential equations, Proc. Roy. Soc. Edinburgh Sect. A 141
(2011) 77-92.

[7]1 K. Kirchgassner, Homoclinic bifurcation of perturbed reversible systems, in: W. Knobloch, K. Smith (Eds.), Lecture
Notes in Math., vol. 1017, Springer-Verlag, New York, 1982, pp. 328-363.


http://refhub.elsevier.com/S0022-0396(15)00230-2/bib62737A3130s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib62737A3130s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib636F7070656Cs1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib64676Ds1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib64676Ds1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib666966652D6D636C656F64s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib666966652D6D636C656F64s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib666F6C6C616E64s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib686F66666D616E2D777269676874s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib686F66666D616E2D777269676874s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6B69726368676173736E6572s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6B69726368676173736E6572s1

X.-B. Lin, S. Schecter / J. Differential Equations 259 (2015) 3144-3177 3177

[8] J.K. Hale, X.-B. Lin, Heteroclinic orbits for retarded functional differential equations, J. Differential Equations 65
(1986) 175-202.
[9] X.-B. Lin, Exponential dichotomies in intermediate spaces with applications to a diffusively perturbed predator—

prey model, J. Differential Equations 108 (1994) 36-63.

[10] X.-B. Lin, Shadowing matching errors for wave-front-like solutions, J. Differential Equations 129 (1996) 403-457.

[11] X.-B. Lin, Local and global existence of multiple waves near formal approximations, Progr. Nonlinear Differential
Equations Appl. 19 (1996) 385-404.

[12] X.-B. Lin, Algebraic dichotomies with an application to the stability of Riemann solutions of conservation laws,
J. Differential Equations 11 (2009) 2924-2965.

[13] X.-B. Lin, Stability of standing waves for monostable reaction—convection equations in a large bounded domain
with boundary conditions, J. Differential Equations 255 (2013) 58-84.

[14] X.-B. Lin, S. Schecter, Stability of concatenated traveling waves, preprint, 2014.

[15] J.L. Lions, E. Magenes, Non-Homogeneous Boundary Value Problems and Applications, Springer-Verlag, Berlin,
New York, 1972.

[16] A. Lunardi, Interpolation Theory, Scuola Normale Superiore di Pisa, Pisa, 2009.

[17] A. Mielke, A reduction principle for nonautonomous systems in infinite-dimensional spaces, J. Differential Equa-
tions 65 (1986) 68-88.

[18] Y. Morita, H. Ninomiya, Entire solutions with merging fronts to reaction—diffusion equations, J. Dynam. Differential
Equations 18 (2006) 841-861.

[19] D. Peterhof, B. Sandstede, A. Scheel, Exponential dichotomies for solitary-wave solutions of semilinear elliptic
equations on infinite cylinders, J. Differential Equations 140 (1997) 266-308.

[20] M. Renardy, Bifurcation of singular solutions in reversible systems and applications to reaction—diffusion equations,
Adv. Math. 3 (1982) 324-406.

[21] J. Rottmann-Matthes, Linear stability of traveling waves in first-order hyperbolic PDEs, J. Dynam. Differential
Equations 23 (2011) 365-393.

[22] D.H. Sattinger, On the stability of waves of nonlinear parabolic systems, Adv. Math. 22 (1976) 312-355.

[23] A. Scheel, J.D. Wright, Colliding dissipative pulses—the shooting manifold, J. Differential Equations 245 (2008)
59-79.

[24] S. Selle, Decomposition and stability of multifronts and multipulses, Ph.D. thesis, University of Bielefeld, 2009.

[25] J.D. Wright, Separating dissipative pulses: the exit manifold, J. Dynam. Differential Equations 21 (2009) 315-328.

[26] J.D. Wright, Interaction manifolds for reaction diffusion equations in two dimensions, SIAM J. Appl. Dyn. Syst. 9
(2010) 734-768.

[27] H. Yagisita, Backward global solutions characterizing annihilation dynamics of travelling fronts, Publ. Res. Inst.
Math. Sci. 39 (2003) 117-164.

[28] K. Yosida, Functional Analysis, Grundlehren Math. Wiss., vol. 123, Springer-Verlag, New York, 1980.


http://refhub.elsevier.com/S0022-0396(15)00230-2/bib68616C656C696E31393836s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib68616C656C696E31393836s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6C696E31393934s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6C696E31393934s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6C696E3139393661s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6C696E3139393662s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6C696E3139393662s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6C696E32303038s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6C696E32303038s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6C696E32303132s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6C696E32303132s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6C696E736368656374657231s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6C696F6E73s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6C696F6E73s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6C756E61726469s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6D69656C6B653836s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6D69656C6B653836s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6D6F726974612D6E696E6F6D697961s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib6D6F726974612D6E696E6F6D697961s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib73616E642D73636865656C3937s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib73616E642D73636865656C3937s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib72656E6172647931393832s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib72656E6172647931393832s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib722D6D6C696E65617232303131s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib722D6D6C696E65617232303131s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib73617474696E676572s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib73636865656C2D777269676874s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib73636865656C2D777269676874s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib73656C6C65s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib777269676874s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib7772696768743264s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib7772696768743264s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib7961676173697461s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib7961676173697461s1
http://refhub.elsevier.com/S0022-0396(15)00230-2/bib796F73696461s1

	Stability of concatenated traveling waves: Alternate approaches
	1 Introduction
	2 Reduction to a linear problem
	2.1 Spaces and jumps
	2.2 Reformulation of the problem in Ω̃j
	2.3 Approach

	3 Proof of the Linear Theorem 2.4
	3.1 A single traveling wave
	3.2 Solution of (L1)
	3.3 The Jump Theorem and the proof of the Linear Theorem
	3.4 Two lemmas
	3.4.1 Tail Lemma
	3.4.2 Interior Lemma

	3.5 Proof of the Jump Theorem

	4 Exponential dichotomies and Laplace transform
	4.1 Exponential dichotomies
	4.2 Second-order linear PDEs
	4.3 A(ξ) independent of t
	4.4 A(ξ,t) has small dependence on t
	4.5 Exponential dichotomies for the Laplace transform of (1.3)

	5 Proof of the Tail Lemma 3.3
	6 Proof of the Interior Lemma 3.4
	References


