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Consider a singularly perturbed system
eu, =e’u + flu, x, ¢), ueR", xeR, t=0.

Assume that the system has a sequence of regular and internal layers occurring
alternatively along the x direction. These “multiple wave” solutions can formally be
constructed by matched asymptotic expansions. To obtain a genuine solution, we
derive a Spatial Shadowing Lemma which assures the existence of an exact solution
that is near the formal asymptotic series provided (1) the residual errors are small
in all the layers, and (2) the matching errors are small along the lateral boundaries
of the adjacent layers. The method should work on some other systems like
eu,= —(—&D )" u+ ---.  © 1996 Academic Press, Inc.

1. INTRODUCTION

One of the most effective method to study wave-front-like solutions in
singularly perturbed reaction-diffusion equations is the formal asymptotic
method. Fife [ 13] studied the formation of sharp wave fronts and obtained
conditions on the stability of such solutions by the formal method.
Matched expansions for systems of any number of equations to any order
in ¢ has also been constructed [ 25]. However, the asymptotic method does
not guarantee that there is an exact solution near the formal solution.
Many efforts have been made to derive methods that verify the validity of
formal solutions [1-3, 5, 16-18, 20, 22-24]. We present a new method in
this paper.

Although the method should work for some higher order parabolic
systems, for simplicity, consider a second order singularly perturbed
system,

eu,=e’u + flu,x,¢), ueR", xeR, 1=0. (1.1)
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Assume that (1.1) has an infinite sequence of regular and internal layers
occurring alternatively along the x direction. Assuming by a matched
expansion, we have constructed the following formal series for

(1) positions of moving wave fronts 7'(¢, &) z & ;7J lez,

(2) solutions in the /th regular layer u®/(x, 1, &) =) e/uf(x,1); (1.2
0

(3) solutions in the /th internal layer u(&, ¢, €) Ze’uS’ E ),

where &= (x —7'(t, &))/e.

Here the superscript “R” and “S” stand for regular and singular (internal)
layers.

Although our method can be applied to systems with various kinds of
boundary conditions. To simplify the illustration, assume that the non-
linear term is periodic in x, and we are looking for solutions that are
periodic in x. Assume that the formal expansions are periodic in /, com-
patible with the period of f. That is, there exists a constant x,>0 and an
integer /, >0, such that the following holds:

Periodicity Hypotheses

() flu,x+x,,¢e)=flu, x,¢);
(2) 't e)=n'(t,e) +x,;
(3) MR(I+IP)(X> ta 8) :uRl(xixps

(4) wSUTE 1 e)=uS(E 1, ¢).

1, ¢e);

Due to the periodicity of f and the formal solutions, all the estimates in
this paper are uniformly valid with respect to the layer index /, and this will
not be repeated in the paper. The periodicity plays no other rule apart from
mentioned above.

Throughout this paper, let 0 <f <1 be a fixed constant. Let the width
of the internal layer be 2¢#. Let

y (1) =n'(t, &) + &,
v =ne) — ¢

A family of curves I''={(x, t): x=y'(t), >0}, ie Z, divides the domain
{xeR} x{r=0} into infinitely many strips, X'={(x,1):p" '(1)<x <
Y(t),t=0},ieZ. 2"is an internal (or regular) layer if i = 21 (ori=2/—1).
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A doubly infinite sequence will be denoted by {4’}, with the norm
[{h'}| zi=sup{|h’| i} if each A’ is in a Banach space E’. A sequence of
functions {w'(x, t)}, each defined in 27, is called a formal approximation
subordinate to the partition, if the residual error in X7,

—g'=ewi—&w' _— f(w', x, ¢), (1.3)

and the jump error at the boundary I/,

N VN
—5=<8DX>(W—W ), (1.4)

are small. We also call the piecewise smooth function w which is equal to
w' in X7 a formal approximation. In singular perturbation problems, the
formal approximation can naturally be provided by matched expansions.
For (x, t)e X",
ul(x, 1, ¢), i=21—1,
wix, t,e) =1 <x —5l(1, )
N i/ AN A
&

1.5
,t,e>, i=2l (1)

We also assume that y’(z) and w'(f) are defined for all >0 and
approaches y’(o0) and w'(o0) as t— oo. (Our method can show the
existence of exact solutions in finite time if y* and w’ exist in finite time.)

Under certain conditions, we want to show that the smallness of residual
and jump errors implies that for each initial condition u(x,0,¢) near
w(x, 0, ¢), there is a unique exact solution u near w. To this end, let
u=w'+u'in X’ The correction terms {u'} satisfy nonlinear equations with
the forcing terms g’, as in (1.3), in 2",

eut=eu' _+ f(w'+u', x,e)— f(w', x,¢) + ¢, (1.6)

and jump conditions ¢%, as in (1.4), at I,

N _
<8D‘> (W —u'*')=0o" (1.7)

The small solutions {u’} can be solved by linearization and contraction
mappings in certain Banach spaces. The process is much like a shadowing
lemma argument used in [23]. However, since the jumps do not occur in
the temporal direction, we cannot directly use the normal Temporal
Shadowing Lemma as in that paper. A new Spatial Shadowing Lemma is
needed to correct jump errors along the spatial direction.
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Several coordinate systems are used in this paper. We denote the original
coordinate system, as used in (1.1), by R(0). Other coordinates will be
defined through 9R(0) and will be denoted by (1), R(2), etc. We will
denote a two dimensional region 2’ n {R x I}, where I is a time interval,
by 2" I for simplicity.

We now illustrates basic ideas used in this paper. Consider a coordinate
change in the region 2" [0, ¢ 47],

RO0)—>R(1): 2 "n[0.edt]a(x,t) > (& 1)eQ <,
y=x—E(x,t,e¢),
E=ly—0" )] =t

Here y=x—2Z5(x,t¢) is a near identity change of coordinates that
straightens "'~ ' & I"* so that the functions y'~' & y’ are time independent.
Q'={—-L(e)<E<L(e)}, L'(e)=(y'—y'~")2¢ and I,=[0, 47].

Using the coordinate system 9R’(1) in the region Q'xI,, we linearize
system (1.6) at a fixed time t=0. We are led to

ub=ule+ V() ul+ A(E)u+ V(' & 1, 8)+ g, (1.8)

where V' is a scalar multiplier, and /" is a small term. Equation (1.8) is
to be solved with an initial condition

ulp(&)=u(&, 0,¢) —w'(&,0,¢). (1.9)

The change of variable can also be made such that it does not affect the
jump condition (1.7) at I'". For illustration, let .4/ =0. Assuming that the
coefficients of Eqn. (1.8) can be extended to £eR, as well as uj, and g".
Using the variation of constant formula in a suitable Banach space, (1.8)
can be solved for ¢ e R with nonzero u{, and g’ but no boundary conditions.
We then only have to treat (1.8) with u{,=0, g¢'=0 and some jump bound-
ary conditions.

Define H)7*(1,)=H{y"(I,)x H)*(I,). Let u'e H>'(Q'x1,), from
the Trace Theorem [28], the mapping & — (=), Q'— H{7 (1) is
continuous. However, Eqn. (1.8) does not generate a flow in HJ7>*%%(1,).
Following the idea of [21,30], we want to find subspaces W*(&)@
W*(&)=H > *%*(1,) such that the linear homogeneous equation associate
to (1.8) can be solved for & > &, if the boundary value (Z(f‘(‘)))) = (ﬁ; Ye W*(&y)
(or <&, if (i‘z)e W“(&,)). We also want to show that these solutions
decay as & moves away from &,. Then the idea of Temporal Shadowing
Lemma can be used to solve systems (1.8) and (1.7).

The dichotomy splitting can easily be achieved by applying the
Fourier—Laplace transform to (1.8). Using A for images of Laplace transforms,
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we have a first order system, which will be called a dual system associated
to (1.8).

b ¢<g:8>=<sl—?4f(é) —V{(é)l><?;<(53>+<ﬁfo+g”> (110

Equation (1.10) is an ODE in a Banach space of homomorphic functions
(Hardy-Lebesgue classes). It can be shown that in certain region of s,
(1.10) has an exponential dichotomy. Then the inverse Laplace transform
gives the desired dichotomy in H 7> *%2%(1,).

We have treated the problem in a short time interval. In the coordinates
NO0), let I=[jdt, (j+1)4dt], 0<j<r—1, and I, =[t, c0). Here
At=¢ At and t,=r At. The constant /. has to be so large and 4¢>0 so
small that the variations of y'(z) and w'(¢) with respect to ¢ are small in
each time interval. We can then use a near identity change of coordinates
to straighten the boundary I'’, ieZ, and use a linearization at a frozen
time with very small errors. Nonlinear systems like (1.8) can be solved
recursively in time intervals I, 0<j<r—1, and I, using the values of u’
at the end of the /; as the initial data for 7, , ;. We remark that the number
of intervals r+1— o0 as ¢— 0. The main difficulty in this paper is to
control the growth of u’ as r gets larger.

The outline of this paper is as follows. We state our main result, the
Spatial Shadowing Lemma in §2. The proof of that lemma is also included
there, but should be read after §6, since Theorems 5.1, 6.1, and 6.2 are used
in the proof. The theory of dichotomy splittings is developed in §3 through
several technical lemmas. A useful property on Evans function, due to
Gardner and Jones [ 19], is used to prove Lemma 3.10. Readers who want
to know the main flow of proofs can skip §3 on the first reading, but come
back for those lemmas when they are quoted. In §4, we introduce the
change of coordinates that is used to straighten the curve I"". We also study
a system of linear equations with jump conditions along their common
boundaries (Lemma 4.1). The result there is the main tool to handle jump
boundary conditions in the next two sections. In §5, we treat equations in
the final interval 7., . The result obtained there also tells us how small the
upper bound of |u,,,.,—w| must be at time f=1,in order to construct
exact solutions in 7, . In §6, we treat equations on each time interval I,
0<j<r—1. The error on each /; has to be small so that the accumulation
on all r intervals yields a small error at t =t,. In §7, the Spatial Shadowing
Lemma is applied to the singularly perturbed system (1.1). We briefly
review the construction of matched asymptotic expansions and formal
approximations for (1.1) and the hypotheses used for such constructions,
[25]. We show that these formal approximations satisfy the hypotheses of
the Spatial Shadowing Lemma, as stated in §2. A precise relation between
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eigenvalues and wave speeds of internal layers is given in Lemma 7.1,
which may be of some independent interest.

We have concentrated on global wave-front-like solutions in this paper.
However, our method can treat short time solutions with much weaker
hypotheses. These local solutions are discussed in [ 27]. The result obtained
there applies to various general systems including Cahn—Hilliard eqautions

and viscous profile for conservation laws, which do not satify our hypo-
theses in §2.

2. MAIN RESULT

Let Q and 7 be space and time intervals respectively. Define the following
Banach spaces and norms.

H>' (QxI)={u(x,1): Qx> R" | u,u,, and u, € L*(Q x I; R")}.
|l @y = lul 2+ T2+ | g2
H'(I)= W"*(I; R"), r >0, is the usual Sobolev space.
H™>(I)=H"(I)x H(I), r >0, s > 0.
For a constant y e R, let
L(QxRY, 9)={uw:QxR* >R" | e "ue L} (QxR")}.
[l 20y = l€77U 20 )
H>' QxR 9)={u:QxR" >R"|e "ue H>'(QxR")}.
|“|H2.1(quq<+,~,r) = |€77l“|H2.1(9><R+)~

For a constant y <0, let

XQxRY, y)={wu=u,+uy,u; e LA(Q),u, e LX(QxR*, »)}.
|”|X(y) = lu, |L2<Q>+ |“2|L2(gxn;z+,y)-
XN QxR ) ={wu=u+uy,u; e H*(Q), u, e H>'(Q xR, »)}.
|“|Xll(~/) = lu, |H2(Q) + |“2|H2=1(qu;2+,~,v)-

It can be verified that for ue X(Q xR™*,y) or X>(QxR*,y), the
decomposition u =u, + u, is unique. We often use simplified notations, for
example X% !(y), instead of X> ' (QxR™, y).

Let 2= {(x, 1): y'(r) <x<y*(1), >0}, where y', > are smooth func-
tions of ¢, be a two dimensional region unbouded in the ¢ direction. We
say that ueL*(X,y), H*'(Z,7), X(Z,7) or X>'(X,v), etc,, if u is the
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restriction of a function Ue LARxR™, y), etc., to the domain X. The
norms are defined by

lul 25, ,) = inf{ | U] LARxRT, 7)}’
|ul y21x, ) = Inf{ |U] XU RxRY, w}'

Let

Xk(y):{u lu=u;+u,, u, eR”, u, er(y)}, y<0.

X(y) = X y)x X(p), k120, ky=0.
If I is a finite time interval, similar definitions can be given to spaces
LA(Q2xLy), H*'(Qx1,y), H* (X N1, y), but not X(2 x1,y) or X*(y).
As in §1, let {w'} be a formal approximation for (1.1). Let {»'} be a

formal approximation for the wave fronts. We extend the domain of w’
from 27 to RxR™ by letting

j M;i(yi_l(t)a Z, 8)5 if x<yi_1(t),

wix, t,e)=< .. . )
wi(y'(1), t, €), if x> y'(1).
Assume
H1. There exist C, y >0 such that for all small ¢ and i, /e Z,
[wix, t, &) —w'(x, o0, &)| < Ce ", (x, 1) e R
(2, &) —n'(0, &)| +|Dy'(1,e)| < Ce™”,  teR™.

Here w'(x, o0, &) =1lim,_, , w'(x, t, ¢), etc.

H2. There exists ¢ > 0 such that in each regular layer X', i=2/—1,
Reaf{ f(w(x, t,¢),x,8)} < —G

uniformly for all (x, r)e2’, ie Z and small &> 0.

H3. In an internal layer, as ¢ » + o0 and ¢ — 0, both w’ and dw/d&

approach the corresponding values of w'*! or w'~! at common bound-

aries. More precisely, if i =2/, then for any x> 0, there exist N, ¢,> 0 such
that ¢5~'> N, and for 0 <e<g,, 1 >0,

Wit e)—w Ny 1), t,8)| <p,  for —&fT'<ES N,

W& t,e)—w Ty (1), te)| <p,  for &7'=E=N.

Here the function w' is expressed in the stretched variable & = (x —5/(¢, ¢))/e.
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Let £=&(¢) be a function of & such that

¢ for & <&,
E={ ¢, for < —¢f™!,
& for &>l

For each >0, i=2l, consider the operator «7*(7): LA(R) —» L*R),
A () u=ug+ Dyt e) us+ f(w'(E 1,0), (1, 8) + e, &) .

H4. o/'(t), i=2l, t>0, has a simple eigenvalue A'(¢, &) =el{() +
O(&%). The rest of the spectrum is contained in {Re A< —ag}, G as in H2.
Moreover, for the limiting operator .«/‘(o0), we have,

Ai(0)<Ae<0,  uniformly for all i=2L
We now introduce a coordinate system R’(2) for the region X'.
R(0) > N(2): 27 (x, 1) > (&, 1) € £,
E=[x—30"" O+ y(0))]fe =t

Here the image of X7 is denoted by 2.
In the new variables the residual and jump errors are

—g'=wl—wi.—f", (2.1)

. 1 o .
—o0=( ) )0ty — )2
4

—wH [y =y 28 1 0)). (22)

Here /= f(w', 3(y"~ '+ y") + &, &) with w'=w'(¢, 7, ¢), and y' = y'(er).
The main result of this paper is the following

SPATIAL SHADOWING LEMMA. Let {Ww'} be a formal approximation of
solutions for (1.1). Assume that the Hypotheses H1-H4 are satisfied. Then
there exist positive constants j,, J,, &, and a negative number y < — Cs¢
satisfying the following properties. Assume that {w'} is a formal approxima-
tion near { W'}, with

W' — W] y21(5i ) < Cr ety ieZ, (2.3)
for some C,>0 and j, > 1. Assume that for the approximation {w'}, we have

|gi|X(f", nt |5i|X(’-75X“-25(R+,),)< C,e”, J22 Jo- (24)
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Then for 0 <& <&, to any locally H' function uy with |uy—w'(0)| 15 - (r=0})
< Coe”, there exists a unique exact solution to (1.1) that satisfies
u()xuct(x’ 0) = HO(X), Clnd

[Uoraes — W' | x21(50 ), = O(&%), ieZ.

Here jy=min{ ji, j, —J5}, Jo>0 is a constant that does not depends on e.
All the norms in this lemma are expressed by the coordinate system R'(2).

Remark. We explain why the second approximation {w'} is needed in
the lemma. Suppose that {w'} comes from a matched expansion of order
¢”. The constant j, is determined by {W'}. j, is stable with respect to small
perturbations. Unfortunately it is not guaranteed that the residual and
jump errors for {w'} are bounded by C,e”. The formal approximation
{w'}, on the other hand, can be obtained by adding higher order expan-
sions to {w'}. It will satisfy (2.3), therefore, share the same j, with {Ww'}.
Also its residual and jump errors, will be bounded by C,&”2 for any desired
J»> 0 if sufficiently many terms are added.

Since we know how to compute formal approximations to any desired
accuracy [25], the specific values of j,, J, are not crucial. This was first
observed in [4]. The constant j, is important since j; = j, if j, is large. To
compute j,, we can take {w’} as an expansion of order ¢”*', for higher
order {w'} yields the same j,.

Proof of the Spatial Shadowing Lemma. The proof is based on
Theorems 5.1, 6.1, and 6.2.

Let 4z, At, t;, r>0 be the constants as in Theorem 6.2. In the coor-
dinates R(0), let L;=[jdt (j+1)4t], 0<j<r—1 and I, =[t, ).
A partition of the time axis

has been constructed in §6. Let y <0 be as in Theorem 5.1.
Ateach f=jAt, 0<j<r—1, or i = o0, with the X*! norm evaluated by
the coordinates R(2),

Iw'(7) —w'(7)] ,, < C |w' = W] y2r 50, < CCreh < Ce.

Recall that the coefficients of the linear equations in §5 and §6 are obtained
by linearizing at 7. Thus the linearization around {w'(7)} and {w'(7)} are
e-close. The constant J; in Theorem 6.2 depends on the coefficients of the
linearization in a complicated way, but is stable with respect to small
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perturbations of the coefficients. Therefore, there exists ¢,> 0 such that the
same J, is shared by all the {w'} satisfying (2.3). Let now j,=r, +J, + 1.5,
where r, > 1.5.

Since j,>j,=r,+J;+ 1.5, all the terms in (2.4) are bounded by
o(e" 13/, We now use the coordinates R(1), as in §4, in each region
2'nI, 0<j<r—1 or j=oo. Recall that in the coordinates R'(1), 2’ NI,
maps to Qf x I, where I.=[0, 4t], and 2’1, maps to Q' xR*. One
can verify that the residual and jump errors are still of O(g’2) = o(g" =71+ 1%)
in the coordinates R'(1). After all, in the region 2’ N I;, the two coordinate
changes

R(0) - N(1),
R(0) > R(2)

only differ by a near identity mapping y = x — Z(x, t, ¢). Therefore, in the
finite time intervals /;, Theorems 6.1 and 6.2 can be applied to obtain a
unique exact solution, for each initial data u, satisfying |u, — w'(0)] @) <
C,&”2. According to Theorem 6.2, the accumulation error on all these inter-
vals are small so that the solution in the final interval 7, is guaranteed by
Theorem 5.1. Denote the solutions by w'+u}, 0<j<r—1, in 2'n[; and
w'+u'_in X'~ 1. The solutions satisfy

[ . jp—J1— 1.5 : 2
|u_;.|Hz.1(Q;_X,T) < Cel2= 170, in Q) x1I,

i ) Jp—J1—2 1 i +
Ul I x21 0t wge, ) < Ce” , in Q7 xR*.

It is easy to verify that, with the left side evaluated by the coordinates
R(2) and the right side by R(1),

r—1

|u’-|Xz.1(§i’j,)<Celylrm Y |u‘;|H2-1(QJI:><IT)+|ui.c|X2~1(Q;xR+,y) .
0

Since r ~log(1/(Cye?))/(ey A7) and |y| < Cse, cf. §6, we have

71747 < CpCs log( 1/(Coe?))/y < L1/ COSZ)] Glr g Ce—s,
The number of the terms in the summation is r = o(¢ ') if ¢ is small. Thus,
Jp— N 7J3*3.

|ui|X2‘l(§i’y) < Ce

Let now J, =J, + J5+ 3. The proof of the lemma has been completed. ||
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3. BASIC LEMMAS

A function f{(s) is in the Hardy—Lebesgue class #(y), ye R, if

(1) f(s) is analytic in Re(s)>y;
(i) {sup,. (|7 |f(o+iw)|*dw)}'? < .

A (y) is a Banach space with the norm defined by the left side of (ii).
Based on the Paley-Wiener Theorem [32], if e ?f(t)e LA(R™"), then

Py

f(s)e A (y), vice versa.
For k>0 and y e R, define a Banach space

A (y)={u(s) | u(s) and (s —p)  u(s) e £ ()},
|l iy = lttl e+ 105 =) tl -
For any ye R, k>0, there exists C= C(y, k) such that
CTI+s[) < T+ s =p" < C(1+s]").
Therefore an equivalent norm for #7*(y) is

4%, = Sup j (o + i) (1 + |o + iw]*) deo.

g>y " =0

It can be shown that if e ~7'f(¢) e HX(R™*), then f(s) e #*(y).

Let #%1%%(p) = #9(y) x #%(y). Let Hy(R™)=H(R*)x Hy(R™).
Clearly, (e "u,e”7v)e Hy**(R™) if and only if (d(s), 3(s)) € A" "(p).
Define a s-dependent norm in R*". For (u, v)* e R,

(2

An equivalent norm for (u, v)*e H#X1>*2(y) is

= (L+1Is1) Jul + (1 + s Jol.

Ek1xky(s)

12

sup U (14, ©) 2t g s A0 | (3.1)

a>y —

Consider a linear equation
U, =uee+ V(Eu4+AE) u+ f(1). (3.2)

Here A(¢) is a nxn matrix, continuous in &, and V(&) is a continuous
scalar function in &. Applying the Laplace transform to (3.2), we have

st =1z + V(E) us+ A(E) u+ f(s).
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Convert it into a first order system

D5<ﬁ>:<sz_0A(g) _Vf@,x >+<Of> (3.4)

Let T(¢&,(;s) be the principal matrix solution for (3.4) with s as a
parameter. Let % be a subset of the complex plane and 2 < R be an inter-
val. We say (3.4) has an exponential dichotomy in R* for s€.% and ¢ € Q,
if for each se %, (3.4) has an exponential dichotomy in R** for £ e Q. The
projections P&, s)+ P, (&, s)=1 in R?*" are analytic in s and continuous
in &. With the s-dependent constants K(s), a(s) >0, we have

<>
D D

T(E, Gs) PG s)=Py&s) TIE Gs),  €2(
|T(E, & 5) PyL, )] g < K(s) e 15 7¢, €=,
|T(€> Ca S) Pu(C’ S)|[R2"<K(S)eia(s) \57{|’ égé

We say (3.4) has an exponential dichotomy in E*>**(s) for se . and
Ee Q, if there exist projections P (&, s)+ P, (&, s) =1 in EF'**(s), analytic
in s and continuous in &, and constants K, a > 0, independent of s € &, such
that

T(E G s) PG s)= P& s) TE Gs), &2
[T(E, & s) Py(C, S)lE"lX"Z(.\') gKe_“(m*' b Ié—CI, E=¢,
|T(E, & 8) Po(Ly 8)]| ity < Ke W PlHDIE=0 e

We say (3.4) has an exponential dichotomy in #*>*(y) for e Q, if
there exist projections P (&) + P, (&) =1 in #*1**(y), continuous in &, and
constants K, « >0, independent of s. And if by specifying (i, ) at (€ Q,
solving (3.4) and denoting the solution map by T(¢, {), we have

(a) T(&0):RP()—> 2P (&) is defined and continuous for &=
(b)y T 0):2P,(C)— 2P, (&) is defined and continuous for & <

|T(E, 0) PO yptitoy S Ke * 578 &=,

(C) |T(f, C) Pu(()'.}/’klxkz(y)gKeia‘iic‘a ¢<(.

Lemma 3.1. Assume that (3.4) has an exponential dichotomy in
E*73x025(5) for Re(s) =y and Ee[a, b]. Then

(1) (3.4) has an exponential dichotomy in H# %7 *%23(y) with the same
projections derived from those in E®7*°?*(s) and the same constants K, «.
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(2) Assume that sup{|A(E)| + |V(E)|} <M. Let ¢e A "*0P(y),
(u, v)° (&, 8) =L YT a;5) Pa,s) §(s)). Then ueH>'([a,b]xR™,yp)
and is a solution to (3.2) with f=0. Also

|u|H2.1(7) <C |¢|1Wo.75xozs(y)-

Similar result also holds for (u, v)* =%~ YT(&, b; s) P,(b, 5) §(s)).

Proof. Let ¢pe A *7*3(y). Let w(&, 5)=T(&, (5 5) P(L, 5) (), E=(>a
with P, s) being the projection associate to the exponential dichotomy in
the space E*°*%%(s). The function w is clearly analytic for Re(s) >y and
satisfies (3.4), with f=0.

Let s =0+ iw. To show (1), for each g >y, £>{, using (3.1),

o) s}
J |W(f, S)l zmsm.zs(s) do < J K22+ Is1%(E =) |¢| i-ojsxozs(s) dow
— o0

— oo

< K220 |¢| i{,/onsm.zsw).

This proves that w e # %7 *%2(y) with the desired decay estimate. It is also
clear that w e ZP,, since the projection is derived from that in E%7°*%23(y),
therefore, is commutative with the solution map. This proves half of (1).
The other half can be proved by considering w(¢&, s)=T(&, {;s) P, s)
P(s), <C<b.

To show (2), let (4, 0)"=w(&, s)=T(¢, a;s) PJa,s) ¢(s), £=a, and
s=o0+iw. For a fixed ¢ >y, we want to show |i(¢, 5)| and |si(E, s)| are in
L*([a, b] x R), as functions of (&, w).

fj;Jj(1+Lﬂ3|m2dédw

0 b
<C[7 [ +151%) Il arsoass, dE deo

o Ya

e} b
< CK2J j (1+]s]°%) o221 +1s1*)(E —a) |¢|2EO‘75X0-25(5) dé do

— o Ya

CK?
< 2 |¢|i{/0.75x0.25(},).

By the inverse Fourier—Laplace transform, we have
ot —ot
|€ 7 u| L¥[a, b1 xR™T) + |e ’ u, |L2([a, b]xR*) <C |¢| A0T5X025( 5y -

Letting o — y, we found that u, u,e L*([a, b]x R*, »). Similarly we can
show that [v];2,) = |u¢|12,) < C @] 4075025, From the equation (3.2) itself
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and sup {|4| + |V} <M, |ue| 2, < C|h| pomx025,,. This completes the
proof of (2). 1

A consequence of Lemma 3.1, is that if (3.4) has an exponential
dichotomy in E®7>*%%(s) for Re(s)>y and ¢e[a, b], then (3.2) has an
exponential dichotomy in HJ7>*%*(y) for € [a, b]. That is, for any &, €
[a, b] and (u° v°) e H)>*%23(y), there exists a decomposition (u’, v°) =
(u?, v%) + (1%, v°) such that (3.2), with £ =0, can be solved in [&,, b] with

(u(&o), us(Ep)) = (u?,v?). It can also be solved in [a, &] with (u(&y),
u&o)) = (u), v9). Moreover, for some K, o> 0,

(wco) (&)
ug(<) v°

In the next lemma, we study u, =u,:, (¢, 0) =0 and its Laplace trans-
form in some detail. Consider

gKefx\qfk:ol

HEUR2(y)

k k
H ™" 2(y)

dee—s0=0, seS(M)=/{|arg(s)| <2n/3, |s| =M}, (3.5)

<G

where M >1 is a constant. Converting into a first order system, we have

ﬁé = Sﬁ.

The eigenvalues are A= +./s and the eigenspace for each A is n-dimen-
sional. We choose the major branch of \/; Thus |arg(\/;)| <7/3, Re \/s: >
\/m /2. Eqn. (3.6) has an exponential dichotomy in e R. Moreover, the
decay rates are e VP! €12, One can easily verify that

a1 (a+6//s
PS(S)<13>_2<\/;12+6>’

A 1 a—b/\/s
P“(S)<ﬁ>_2<—\/§ﬁ+ﬁ>’

where P, and P, are spectral projections associated to the eigenvalues
—\/3 and \/E respectively.
For any k >0, using the s-dependent norm in R?", we have

i)

INSY

1
=5 (a4 8//s] (14 1s1* %)+ /s 2+ 6] (1+15]%))

<>

Ek+05)xk(g)

< (] (T+]s/°+0%) + [8] (1 +[5]9)).

[\SHROS)
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Here we have used the fact [s| > 1. Thus | P ()] gu+osxk) < 1.5. Similarly we
can show that |P,(s)|gw+osxk < 1.5. Observe that for [s|>1, £>0, we
have e V12 <o~ (1+VID &4 We have thus proved the following

LemMma 3.2.  Equation (3.6) has an exponential dichotomy in E*+%9>k(g),
k=0, for se S(1) and & e R, with K= 1.5 and o= 0.25.

Remark. The angle 27/3 in the definition of the sector can be replaced
by any n/2 <0 <n. However, the constants K and « will be different.

We shall often use the well-known Roughness of Exponential Dichotomy
Theorem. See Coppel [6] for a proof for I=R*, R~ or R. The proof
extends to the case [ being a finite interval. Below, we generalize the lemma
to the space E*+09>%(s) k>0.

LemMMA 3.3. Assume that an ODE in R,
D.Y=A(Es) Y

has an exponential dichotomy in E**%9>k(s) k>0 for €l and se &,
where & = C, and I can be R, R*, R, or a finite interval [a, b]. Let the
projections be P(&,s)+ P& s)=1, and the constants be K, a>0. Then
there exists ¢y >0 such that if 6 < sup:.; |B(&)| < coa(l + M%) for some
M=0, then

D.Y=[A(t)+B(1)] Y,

also has an exponential dichotomy in E*+%9>¥s) with el and se ¥ N
{Is| = M}. Let the projections for the new system be P (& s)+P(&Es)=1
and the constants K,&>0. Then there exist c,,c,,c3>0 such that
[Py, 5)— P& ) prerosinrigy < 0f(a(1 4+ M), Joa—a] < 6/(1+ M),
and K < c5.

Proof. Following the idea of [6], or [26], Theorem 3.5, we first obtain
projections to the stable and unstable spaces for the perturbed system in
E*+09xk(5) Solutions on these spaces decay like ¢~ (1 +1I*) —ed) e =2l jf
the initial point is {. However,

0
1+ 151°%) = €20 > o1+ 151°%) = == s (14 1s]2)

This explains that the decay rate has the form (a—c,d/(1+ M%)
(1+1s1). 1

Lemma 3.4. Consider (3.4) with sup:{|A(E)| +|V(&)|} <a<oo. Let
k=0 be a constant. Then there exists M = 1, depending on a, such that (3.4)
has an exponential dichotomy in E**+%9>*k(s) for se S(M) and & € R.
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Proof. From Lemma 3.2, system (3.6) has an exponential dichotomy
with K=1.5 and «=0.25 in the region se S(M), M >1. We then use
Lemma 3.3. We can choose M larger so that 6 =a <0.25¢,(1 + M°®). The
result follows from Lemma 3.3. |

COROLLARY 3.5. (1) Consider (3.4) with the same hypotheses as in
Lemma 3.4. Let & =C be a closed subset. Assume that & n{|s|=>M} <
S(M) for some M >0. Assume that (3.4) has an exponential dichotomy in
R* for se€ and E€R. Then (3.4) has an exponential dichotomy in
EKRH03xK() k>0, for se & and EeR.

(2) Let 04€R. Assume that (3.4) has an exponential dichotomy in
R** for Re(s)>=o, and € R. Then it has an exponential dichotomy in
E&+03xk(g) |t >0, for Re(s)=0, and e R.

Proof. Let M >1 be the constant as in Lemma 3.4. We can choose M
larger so that & n{|s|>M} cS(M). By Lemma 34, (34) has an
exponential dichotomy in E*+%9>k(s) for se & n S(M) with constants
K, .

In the compact subset & n{|s|<M}, (34) has an exponential
dichotomy in R*' with constants K,,a,. The norm of E**09>k(s) is
equivalent to the norm of R*" uniformly with respect to s, |s| < M. Besides,

_ _ 05 —1 (405 = .
Kze oczléInge (MU + 1)~ (Is] +I)Icl, if |S|<M.

Therefore, we find that (3.4) has an exponential dichotomy in E**+%3)<4(g)
for &~ {|s| <M} and e R.

By choosing largest K and smallest «, the result of (1) follows.

Observe that for any fixed o, if M is sufficiently large, we have
{Re(s) = 0,} = S(M). The result of (2) then follows from that of (1). ||

Remark. Corollary 3.5 is valid only the exponential dichotomies are
considered for £eR. Since it uses the “uniqueness of exponential
dichotomy for & € R.” Caution must be exercised when using it to prove, for
example, Lemma 4.1 later.

LEMMA 3.6. Assume that A is a constant matrix and V is a constant
scalar. Suppose that there exists a,>0 such that Re 0(A) < — a,. Then for
any 0 < <o, and k >0, (3.4) has an exponential dichotomy in E**%5)k(s)
for Re(s)= —oy+0 and EeR.

Proof. Let A be an eigenvalue for J(s)=(,° , ’,). Let x+iy be an
eigenvalue for sI—A. Then A= (—V+./V?*+4x+4iy)/2. Using the fact
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Re(s) > —o,+ 0, we find that counting the multiplicity, there are n eigen-
values with

Re(A) < (—V—/V?+45)/2<0,
and n eigenvalues with
Re(2)=(—V+/V>+49)/2>0.

Therefore, (3.4) has an exponential dichotomy in R*" for Re(s) > — g, + 0
and £eR. From Corollary 3.5, it has an exponential dichotomy in
Ek+03)xk(5) for the same s and & ||

O PR, 37

When ¢ >0 is small, (3.7) is a system with slowly varying coefficients.

Consider

Lemma 3.7 (Existence of Exponential Dichotomy in Regular Layers).
Assume that the matrix A(E) and the scalar V(&) are C' bounded functions
for e R. Assume that

Al cr+ V] <a,
and there exist g, >0 such that for all ¢ e R,
Re{a(4(&))} < —a,<0.

Let 0<0<ay. Then there exists ¢,>0 such that for 0 <e<g,, there (3.7)
has an exponential dichotomy in E**°3>k(s), k>0, for Re(s)> —a,+9
and & e R.

Proof. According to Corollary 3.5, (2), we only need to show that (3.7)
has an exponential dichotomy in R*" for any se {Re(s)> —a,+4J} and
teR.

Fixed such (s, &) as a parameter, from Lemma 3.6, system (3.7) has an
exponential dichotomy in R*' as a system with constant coefficients.
Because of the bound on |A4| + | V], the constants K, « can be chosen inde-
pendent of &, see [ 6]. We then use Proposition 1 from [6], page 50. Since

|D:A(ed)] + [D: V(ed)| < Ce,

if ¢,>0 is sufficiently small and 0 <e<eg,, all the conditions in that
proposition are satisfied. Therefore, (3.7) has an exponential dichotomy in
R* for se {Re(s)> —0g,+6} and (eR. |
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LemMma 3.8.  Consider a closed linear operator <f: L*(R) — L*(R) defined
by
Au=ug+ V(&) u:+ A&) u.

Assume that (3.4) has an exponential dichotomy in E®*°(s) for Re(s)>
—ay and E€ R, then of is a sectorial operator with

c
A—ot) < —
I( ) T 1]

for all Re L= —a,.

Proof. For ge L3 (R), Re A= —oa,, we want to solve
du—Au=g.

Convert it into a first order system,

<Z> - <M—OA<5) v 1><Z> ' @

From the existence of exponential dichotomy, the only L? solution can be
written as

(=] neanren(,y, e+ neanren( )

Since () € E***°(4), we have

0
‘A
‘T(f, 6 2) PG ) (g( ¢>>

E05%0(5)

(o)

SKe VDI g(()] g, E2L

— 2105 41 —
<Ke (|4 + 1) |&E =]

E05%0(7)

Similarly,

<Ke DR g(()] 0, E<C
E05x0(2)

0
‘A A
T(E G 4) PG, )<g(o>
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We now have

Ol <|(4)

<) (7] re st g(0) ag

— &

(L+121%)

E05X0(7)

SK(1+ 12103 7 [e ML ()] ],
Here “s” denotes the convolution in ¢ From a standard estimate on
convolution,

lul 2 SK(1+[2]%%) =1 [e @A g(E)] 2
S2K(1+121%%) 20" g2
S2K(1+ A "ot g 2

The last estimate indicates that .o/ is sectorial in L*(R). []

LeMMA 3.9. Let & <C be a closed subset and & n {|s| =M} = S(M)
for some M > 0. Assume that (3.4) has an exponential dichotomy in R*" for
se€e and E€ R~ or R* respectively. Let an operator </ be defined as in
Lemma 3.8. Assume that & <p(</). Then (3.4) has an exponential
dichotomy in E* %3 *Xs) for se & and e R.

Proof. From Corollary 3.5, one only has to prove that (3.4) has an
exponential dichotomy in R*". Since the exponential dichotomies exist in
R~ and R™* respectively, one only needs to show the transverse intersec-
tion of ZP (0%, s) and 2P0, s). If for some s, €., this is not true.
Then there exists ¢ #0 such that ¢ € ZP(0*, 5,) " #P (0, 50). Let ()=
T(&,0;50) ¢. Then u=%"'e LAR) and satisfies syu=./u. This is a
contradiction to s, € p(.7). |

Lemma 3.10.  Assume that y e R, and (3.4) has an exponential dichotomy
in R* for Re(s)=y and Ee R~ or R respectively. Assume that </ (see
Lemma 3.8) has a simple eigenvalue 1, Re(1y) >y, and no other eigenvalue
in Re(s)=y. Then (3.4) has an exponential dichotomy in E%*+%)>k(s) for
{Re(s) =7} n{|s— 7| =0} and e R. Here § is any positive constant. Let
the constants of the exponential dichotomy be K;, os. Then as can be
independent of J, but K5 — oo as d - 0. More precisely,

RP(0*, 5)® AP0, 5) =R, (3.8)



422 XIAO-BIAO LIN

for all {Re(s)=y and s+ Ay}. The projections P, + P, =1, defined by the
above splitting have a pole of order one at s = A, ie.,

[PI<C(1+1ls—2]7"), j=12  for Re(s)=y.

Proof. We first show that {Re(s)>y and s# 4.} < p(/). Let s be a
point from the left hand side. Then (3.8) is valid, or s € g(.<7), which is not
true since s # 4,. From (3.8), (3.4) has an exponential dichotomy for & e R.
Using the same integral formula as in Lemma 3.7, we find that for each
g€ L*(R), there exists a ue H*(R) such that .«Z/u — su=g. Thus, s € p(.o/).

The closed subset {Re(s)=yn|s—1,| =0} < p(/). Thus from Lemma
3.9, (3.4) has an exponential dichotomy in E**%>>X(s) for se {Re(s) >
PO [s—2y| =0} and e R

Consider |s— 4| <J, 0 small. Based on a lemma due to Gardner and
Jones [19]. There exist n independent vectors {w, (s)}7_, that form a
basis for #P,(0,s) and n independent vectors {w,"(s)}7_, that form a
basis for ZP (07", s). The vectors are analytic in s, so is

def

D(s) = det(w; (s)---w, (s) w{(s)-- w1 (s)).
The results from [19] also assert that

(1) D(s)=0in |s—A,|<J if and only if se g ,();

(2) The order of the roots of D at 1= 4, equals the algebraic multi-
plicity of 4, as an eigenvalue of .«/.

We infer that s =1, is a simple root of D since 1, is a simple eigenvalue.
For we R?", |w| =1, consider

w=(wp (s)-w, (s)w(s)---w,(s))
CZn(S)
From Cramer’s rule, we easily find that ¢;(s) = O(|D(s)| ~') = O(|s — 4o] ~').
Therefore, Pyw=3"_, w;(s)c;(s) = O(|s — Ao| ). Similarly P,w =
O(]s — o] ).
The desired estimates on P, and P, follow by combine estimates in
{Re(s)=ypn|s—Ag| =0} and {|s—20| <}. |

Lemma 3.11.  Assume that <f is the operator defined in Lemma 3.8 and
is sectorial in L*(R) with constants ay>0, C>0 such that

T={larg(A+ )| <0, n)2 <0 <n}\{ —ay} = p(L),
G— )" |2 <Co it ool =", for ies.
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Let y <0 with |y| <oy/4. Let ge LA(RxR™, y) and u, € H'(R). Consider the

initial value problem,
u‘: = %u + ga

u( 0)=uy(&), LeR, 7>0.

Then the solution ue H>'(RxR™, y), and

|t 1215y < Cllutg | ar + 181 1255
where C=/2 Co(1 + 1/(a +37)).

Proof. B= ./ — vy is a sectorial operator with

)

A—B) Y <—7"—,
|( ) |L2 |/1+O(0+V|

for e {|arg(A+oa,+7)| <0, n/2<0<m}\{ —ay—7}. Suppose now Re(1) =7,

[A4oo+7y1 ' <[(A=9)+ (2o +2y)2] 172
<SV2 1A=+ (2o +2y)] !
<2 [ +oo+3]17"

NG

Al +1

< (14 (ag+37)7")

Therefore
1

A=B) < C—F,
G=B) <Oy

where C is the constant defined in the lemma.
The solution of the initial value problem satisfies

e "u=ePuy+e® x G(t),

where “+” denotes the convolution in ¢t and G(z) =e "g(t), with |G| 2=

|l .2,). From (3.9), and [28]

leB" % G(1)] o1 < C |G| 12,

|€B'MO|H2,1 < Clug| .

The desired result then follows easily. |
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4. COORDINATES CHANGE AND LINEARIZATION

We first construct new coordinates in the region
Xin[t,f+4t], =0, or 2N [ty ),

to straighten the boundaries '~ ' & I'". Here At=¢ At, A1>0 and ¢,>0.
Let 0<60(x)<1 be a C* function, 6(0)=1/2, (x)=1 for x>1 and
O(x)=0 for x< —1. Let m'(t)=(y"~'(¢) + y'(1))/2 and Ay'(t)= y'(t) —
y'~!(1). For each fixed />0 or i=co0, let I=[7 i+4t] or I=[t, )
respectively. Define a change of coordinates in X' N 1,

y: y*(x’ t’ t’ i) :x_E(x’ t’ t’ i)’

o (X —mi()
E(x, t, £, 1) = (y'(1) — y'() 0<Ay"(t)/4>
AP x —mir)

Note that y’(¢) really depends on ¢, so is y* and =Z. For typing convenience,
we will also drop 7, i in y*, 5 if no confusion should arise.

From its definition, it is clear that Z=0 for t=1.

Let C>0 be a given constant. For the case = oo, from §2, H1, there
exists ¢, sufficiently large such that for I=[¢,, o),

Y(O=Y @O+ —y T DISC el (4.1)

For the case 0 <7< o0, if ¢ >0 is sufficiently small, then for I=[7, i+ At],
we also have (4.1). If C is sufficiently small, with the corresponding 7, or
At, we have

0, 2(x, 1,1,0) <3, (x,)eZ'nL

Thus, y = y*(x, t, f, i) has a smooth inverse x =x*(y, 1, 7, 1), y' () <y <
y(D), tel
The change of coordinates has the following properties:

(1) y=xatt=t,

(2) A neighborhood of I'" in X7~ 1 is shifted by the amount y’(z) —
»'(f). Thus in the new coordinates, "= { y = y'(7)}. For the same reason,
' '={y=y"'0},and Z'nI={y" (/) <y<y'(i)}. Also, if |x — y'(1)|
or |x —y'~1(1)| < 4y'(t)/4, then

0 E(x, t,7,1)=0, k>1
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(3) The curve that bisects the region is straightened, y*(m'(¢), t) =
m' ().
(4) (a) Inafiniteinterval I=[7,7+4t], |0507x*(y, t)| +|0407 Z(x, 1)]
< C,,, uniformly with respect to 7= 0.
(b) In the interval I, =[t,, c0), |050,x*(y, )| +10%0,5(x, 1)| <
Cie 7,

The proof of (4) (a) is based on the continuity of D"y’(¢). The proof of
(4) (b) is based on |Dy’(r)| < Ce 7, which in turn is based on HI.

We now choose f, larger, if necessary, so that there exists an integer
r>0 such that z,=rdt. Let I,=[jdt, (j+1)4t], 0<j<r—1 and
I, =[t,, o). A partition of the time axis is made by /;. 0<j<r—1 and
I.. Define a change of coordinates by y= y*(x, ¢, 1, i) with f=jA¢ in
2'nl;and f=00 in 2'n 1, . Using the new variable, a solution of (1.1) in
regular or singular regions satisfies

u(x, t)=U(y, t)=U(x— E(x, 1), t),
8( Ut - UyEI) = 82((1 - Ex)2 Uyy - Exx Uy) +f( Ua X*a 8)'
We now construct a new coordinate system in the region 2'n /1, 0 <<

r—1lorj=o0. Let i=jAtin 2'n 1, including j= co. Let Lj(e) = 4y'(7)/2¢
and Q'= (—Li(z), Li(2)).
R(0) - R(1): 2'n 5 (x, 1) (£ T)eQ]’iin,
y=x—E(x,t 1),
E=[y—m'()]/e,
(t—jdnfe,  j# o,
- {u—zf)/s, j=c,
{[O,Ar], inX'nl;, 0<j<r—1,

I'= ,
[0, 0) inX'nl_.

T

Using the coordinates R’(1), we denote the solution in Qfx I/, 0< ;<
r—1, or oo by U'(¢, 7). The equation for U’ is

Ul=UL.+ E(x*(m'(i) + &, 1), 1) UL+ f(U', x*(m'(7) + &£, 1), ¢)
+ NUULE ). (4.2)
Here A"\ =0 if t=17. 4"} is linear in U"
NUULE )= =25 (x* 1)+ EUx* 1)] UL, —eZ, (x*, 1) UL
+[E(x*(m'(D) + &, 1), 1) — E(x*(m'(i) + €&, 1), 1)] UL.
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I_{ere x* denotes x*(m'(i)+e&&, t) and r=7+et if i=jAt or t=t,+e¢t if
t:Uosing (4), (a), it is not hard to verify that if f=j A4z, 0 <j<r—1, then
| A4 2y < C AL U g2l -

Using (4), (b), if = o0, j= o0, then for any y <0,

|'/Vil|X(.Q[m><1/ n<Ce™ W|U1|X21(Q‘ x I, y)

Let U'=w'+u'. Linearizing (4.2) around w'(m'(f) +¢&&, f, &), where w' is
the formal approximation, we have

ut=ul.+ V' (Eub+ A () u' + N (u', & 1, ¢), (& 1)eQixIl. (4.3)

Here A (&)= f,(w (m'(f) + &, fs) m'(f)+ ¢, ¢), V(&) =25,
One can verify that V(&) =n!(i, ¢) is the speed of the way
independent of & V*! depends slowly on & V=0 if
wi(t)=wi(x*(m'(f) + &, 1), t, &),

(m'(f) + €&, 7).
e front, and is
= o0. Denote

A=A+ g + [fW(0) +ul, x*(m'(D) + 88, 1), ¢)
— S(W'(0), x*(m'(D) + &€, 1), €)
— Lw'(2), x*(m'(D) + &&, 1), &) u']
+ [Lw'(0), x*(m'(D) + &8, 1), &) — f(w'(D), m'(D) + &€, 1), &) T u

When 0<j<r—1, we have, in Q} x I/,

| 2 <18 2+ CA U] o + U] 72),

o i . _ o (4.4)
| AN (@')— N ()] 12 < C(At + || o1 + 6| o) |0 — 4| o0
When j= oo, we have, in Q' x 1/, y <0,
| xS 18wy + Cle ™7 '] 2 + 15215, (4.5)

|A(@@") — N ()] iy < Cle ™7+ [ yai0,y 4 |t x210,) 1087 —ul'] x21(,).
We are led to solve system (4.3) with i=; A¢t, I7=1[0, At]if0<j<r—1,

or I7=R" if j=oco. The nonlinear term .4 satisfies (4.4) or (4.5). The
solution satisfies jump conditions (1.8) in the form

( )[u( ohte) = (—L e, 1 0)] =00, (46)
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initial conditions
u' (&, 0)=up($), (4.7)
and compatibility conditions
m,0'(0) =up(Lj(e), 0) —ug™ (= L;" (&), 0).

Here 7,: R*— R", (u,v)"—>u, for u,veR", is a projection. For &' =
(0%, 05)7 e HY>*03(17), observe only the trace of J/ is defined at t=0.
Therefore, the compatibility condition is posed only on 7,d'=4".

Let us discuss properties of (4.3), in regular or internal layers, and in
finite or infinite time intervals. Assume the the coefficients of (4.3) have
been extended continuously from ée.Q’ to £eR by constants. This is
equivalent to 1ntroducmg & in internal layers see §2. If, after freezing the
coefficients 4’(¢) and V(&) at =&, (4.8') below has an exponential
dichotomy for £ € R, then the projections for the dichotomy are denoted by
Pi(&) and Pi(&). | |

Let o/'u=us+ V' (&) uz 4+ A'(£) u. The dual system associate to u, = .o7/'u
is (48'). When i=2/—1, for each fixed ¢, A'(&) satisfies H2, and
104" (&) + 10 V(&) = O(e). From Lemma 3.7, we have

P1. In the regular layers, (4.8') has an exponential dichotomy in
E*+09xKg) for Re(s) > —6+0a,, 6, >0, and e R. Also the projections
of the dichotomy at any &£, € R are close to those obtained by freezing the
coefficients, i.c., Pi(Cg, $) = Pi(Eg, 5)+ O(6), PiAEo, )= Pi(Eg, 5) + O(6).

Based on Lemma 3.8, we have

P2. In the regular layer, |(4—./") !, 2<C/(1+|A]), for Re(A)>=
—0+o0;.

For i=2[, if the coefficients are constants, A'*'(—L!"'(¢)) and
Vit (— L’+ !(¢)), system (4.8') has an exponential dichotomy for ¢eR, due
to H2 and Lemma 3.6. Similar assertions holds for (4.8") with coefficients
A" YL~ '(e)) and V'~ !(Li~'(¢)). Using Lemma 3.3, and H3, we can show

P3. In the internal layers, there exists a large constant N >0 such
that the dual system (4.8') has an exponential dichotomy in E*+03)xk(g)
for Re(s)=> —6+0,, 0,>0, and €[ —oo, —N] or [N, o0) respectively.
The projections are close to P, '(Li"'(¢),s) and P '(Li'(e),s) for
&< — N. They are close to Pi+'(— L’“( ),s) and P t(— L’“( ), s) for
E=N.

Based on P3, (4.8') has exponential dichotomies in R* for ¢ R~ and
R™* respectively. They are natural extensions form the dichotomies in
(—oo, —N] and [N, ). From H4 and Lemma 3.10, we have
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P4. In the internal layers, (4.8') has an exponential dichotomy in
E*H03>K(g) for se {Re(s) = —a+5n {|s—2A'(¢)| =5} } for all >0 and
¢ e R. The projections defined by the splitting

AP0, s)® AP (0, 5) = R

are bounded by C(1+(1/[s—24(¢)|)). Furthermore A'(¢)=¢i{(7)+ O(&?).
In the limiting case, we also have Aj(o0)<1<0, ieZ.

Remark. Exponential dichotomies are not unique in semi-infinite inter-
vals [ N, oco) and (— oo, —N]. In particular, the projections that define the
exponential dichotomies in P3 and P4 are different. However, the unstable
subspace at — N, ZP!(— N, s), and the stable subspace at N, ZP(N, s), are
unique.

We now present an important lemma that is used in §5 and §6.

Consider a sequence of equations, i€ Z,

w=ul+ VIO ui+ A, EeQ), tell (4.8)
u'(€,0)=0, (4.9)

<DI > (ui(LJ’:(e), ) z+l( Ll+l( ) ) =5i€H8‘75X0‘25(j}). (410)
&

The compatibility 7,6°(0) =0 is clearly satisfied.
The dual systems for (4.8)—(4.10) are

f 0 I\ ,
Df(ﬁ">:<sl—A"(f) —V“(é>1><ﬁ"> (489
I L .
< ; )(ﬁ’(L;(a)») B L (0), 5)) = (s), (410)
4

where &' e #°75%°25(y). Let

B=s_uép {1A O+ 1V(O)I}.

We first derive a Gronwall type inequality that governs the growth of
solutions of (4.8"). A solution ¢(¢, s) of (4.8") satisfies the integral equation,

0 0
-4 =Vi(O1

Consider s€ S(M), M =1 first. See (3.5) for the definition of S(M). It is
known that J(s) = (9 ) has eigenvalues 1= +\/§, each has an n-dimen-
sional eigenspace. The spectral projections to the eigenspaces are bounded

5 = 5905+ [ erone )og e
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uniformly with respect to s in the norm of E®7>*%%(s). Thus for >0, we
have,

9(E, 5)] < Ce/FI% 190, )]+ C [ /T OB 4G, )] L.
0

where the norms are in E%°*%*(s). The constants C are related to the
norms of the spectral projections. From Gronwall’s inequality,

|6(&, )| < CeVITFPIE 160, )], E20, D,=CB.  (411)

Now consider se{Re(s)> —d}\S(M), a compact set in C. By
Gronwall again, we have, in the R* norm,

(S, 9)| < Cae™* 19(0,5)],  £>0. (4.12)

The constants C,, C,, D,, D, are all positive. Results similar to (4.11) and
(4.12) can also be derived for £ <0. By combining (4.11) and (4.12), we
have,

|¢(€, S)| E075%025(5) < Ce”(\/m”“ DIl |¢(O, S)l E075%025(y 5 (413)

for £e R and Re(s) > — . Here the constants C and # depend on ¢ and B
only.

Lemma 4.1. Assume that (4.8) satisfies P1 and P2 in regular layers
(i=21—1), and satisfies P3 and P4 in internal layers (i =2l). Assume either
one of the following conditions is valid.

(1) j=oo, II=R*, y=yp4&, 70<0 and y—sup,;{|A'(¢)|} =0,¢ for
some O, > 0.
(2) 0<j<r—1, I/=[0, 4t], y is a constant, independent of ¢, and
—o<y<0.
Then, in any of the two cases, there exists e,>0 such that for 0 <e<g,,
(4.8)~(4.10) has a unique solution {u'}* with u'e H>'(Qix1I.,y).
Moreover,

o0
|ui|H2vl(Q;xI{, n<C |{5i} |H8’75X0'25(1{, ) (4.14)

Proof. Consider case (1) first. Let —o,= —d+ 0, <inf{A’(¢)}. Then
—0y<y. By P1, (4.8") has exponential dichotomies in regular layers for
Re(s) > —o, and £eR.

By P3, in internal layers, there exists exponential dichotomies for
Re(s)> —o0, and £e(—oo0, —N] or [N, o0). The range of the projections
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at the boundary I'', ZP(—L:*'(¢), s) and #P)(L}(e), s), are close to the
stable and unstable eigenspaces of a constant system. Thus, the projections
defined by the following splitting

AP N(—Lj"(e), s) @ AP, (L), s),

are uniformly bounded with respect to & For &'e #%7°*%25(y), there
exist unique ¢!(Li(e),s)e ZP|(Li(¢),s) and ¢.*'(—Li*'(¢),s)e #PL"
(—Li*'(e), 5), with

PLLI(&), )= P (—LiT(e), 5) = (s),
GL(L(e). ) yomseassi 1677 (= LI (). )] yorsuayy < C 18] pursiuss.
In a regular layer, let
¢'=T"(¢, —Lj(¢),s) $(—Lj(e), s)
+TUE Li(e),s) di(Ly(e),s), &I < L(e).
In an internal layer, first consider

¢=T"(¢ —Lj(e),s) §i(—Lj(e),s),  Ee(—Lj(e),0].

Since (4.8') has an exponential dichotomy for {e(—o0, —N] or [N, ),
therefore u=.%"'(n,¢), fe(—Lj.(g), —N) is a solution of (4.8) with
ue H>'([ —Li(e), —N]x 1, ), according to Lemma 3.1. Moreover,

[ =N, 5)| gorsxozs ) < Ke —*/Isl+ D(Ljte) = M) |¢’S( —L}(e), )| go75x025(4)-

We want to show ueH>*'([—N,0]x1I/,y) also. The exponential
dichotomy used above has not been extended to [ — N, 0]. However, using
inequality (4.13), we can show

lp(&, S)|E0.75><0.25(_\,) < Ce”(m““ DE+N) |[p(—N, S)|E0.75><O.25(S), —N<&EKO.

Let s =0 + iw with g > ). Let ¢ be sufficiently small such that oc(Lj(e) —N)
>nN. We have, as a function of w and ¢,

i lsit< [ s a9 de do
I 1 19 9, d do

o0 0
<[ SO 1) AN g N ) B, dE deo

—w Y —N
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Cj 5+ 1) N2, =205+ D(Ej(#) — N)
X |¢’S( —L;(&), S)|2Eo.75x0‘25(3) dw

< CCOJ |¢l(—Ll(8), S)|f5[x75x0.zs(s) dw

s J
— 0
< CC, |¢l |2y/70.75><0.25 )

Here C, < eV =24Lj(&=N) 0 a5 L1 (&) = o0,

Let U'(&s)=T'(& —Lie), S)¢( I,( e), s), UXE s)=T'(& Li(e), )
¢i(Li(e), s). We have shown that 'z, U'e H>'([ —Li(¢), 01 x I, y).
Similarly, & 'z, U?e H*>'([0, Li(¢)] x I/, y). From P4, when Re(s) >y >
sup, A(¢), there exists an exponential dichotomy for & e R. This is not the
same exponential dichotomy guaranteed by P3, see the remark after P4.
Denote the projections associated to that dichotomy by P, and P,. Let

$3(07, 5) = Pi(0, 5)(U(0, 5) — U0, ),
.07, 5)=Pi(0,5)(U'0,5) = U0, 5)).

We have, in E%7*%3(s) norm,

6307, ) +14,(07, 5)]

(4.15)

1 .
=) WS+ DN = «(Li() = N))
< C(l + |s/1"(,g)|> e
x (I¢5(—=Lj(e), s)| +[4i(Lj(e), s)])

1 ; .
C 1 _ quoc(L/(z;)fN) i
< +|s—w(s)|>e 11971

Consider ¢=T7'(&,0,5)¢4(0%,s), e[0,Lj(e)]. Using the same
exponential dichotomy in [0, L;(e)], guaranteed by P4,

|$(E, 5)] < Ke TTEDE 110, 5)],  Re(s)>7.
From Lemma 3.1, u= % "'n,[P,¢] is a solution in H?* '(y).

|“|H2~1(y) <C |¢i~(0+» )|

1 ; .
<C <1 + J—li(6)> eV — L&) =N) |{5l} |H0.75x0.25(},). (4.16)

Similar result holds for ¢ = 77(¢, 0,5) ¢,(0~, x), e[ —Lj(¢),0].
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For Res=ag>7y, let

T'(& —Li(e), s) ¢(—Li(e),s) +T(&,0,5) ¢,(07,5),
e[ —Li(e), 0],

T'(&0,5) 90", 5)+T'(& Li(e), s) ¢(Li(e), s),
¢el0, Li(e)].

b=

The function u'= % ~'n,[ P,¢'] is a solution for (4.8), but the jump condi-
tion (4.10) is not satisfied. In fact, (4.10") has an error

I T'(Lj(e), 0,5) (07, 5) = T'(—L;™"(e), 0,5) 3,7 (07, 5)| rors=oasy

sc(1+;

Due to the fact y— |A(¢)| = O,¢ and L: (e) =¢#~! in internal layers, the
error is much smaller than {0} if ¢ is small. It is clear that the desired
solution that satisfies both (4.8) and (4.10) can be obtained by iterations.
The initial condition (4.9) can be verified by the Paley—Wiener Theorem.
The estimates on |u'| 21, also follow easily.

We now consider case (2), 0 < j<r— 1. The beginning part of the proof
is identical to that of case (1). since it is possible that y <sup,(A’(e)), We
do not have (4.15) for Re(s)>y. Since A'(g) = O(e), if ¢ is small, (4.15) is
valid for Re(s) > 1. It turns out that (4.16) can be replaced by

>€(”+“JN Z“L (l) |{5 }|H075x025(/)

|M|H21 s C( > enNia(Lf{(e)iN) |{5l} |H0.75><(J.25(},).

b
O]

Define ¢ as in case (1). We need a more precise estimate for . In an inter-
nal layer, when ¢e[ —Li(¢), 0], we can write u'=u} + u}. Here

wy=2"[r(T(& —Li(e), s) pi(—Lie), )],
uy=L""[n,(T'( 0,5) ¢,(07,5)].

Similar to case (1), |u}| 210, < C {0} |yorsxosg,. If ¢ is small such that
1 —]A%(e)| =1/2, we have

|u§ |H2’1(1) < Ce”Nfa(LJI‘(S)iN) |{5l} |H(1.75 X0.25(5)
Using the fact I7=[0, 47] is a finite interval of length Az, we have

i . . (1—y) 4z i . .
u 2Wioiw ne u 210l ) 1)-
] @xE.)S | 2|Hr(Qj><lT,l)



SHADOWING MATCHING ERRORS 433

We have shown

(1 =) dt+(+a) N—aLj(e) |{5i}

[} | H2N (@< 1L, 7) < Ce |H0.75x0.25(},).

By the Trace Theorem, the boundary value of u} at — L'(¢) satisfies

luy(—L;

1(8)3 .)|H0.75 x025(71, 3y < Cle(l =) AT+ Nf“‘;(’s) |{(5l} |H0.75x025(y),

Let 0 <& <g, be small such that

Cle(l —) Ar+(l7+a)N—ocL;(z:) <1/4.
The smallness of ¢, depends on At and y. We then have

|u’2 |H2,1(y) <C |{5’} |Ho.75x0.25(},),
|u’2( —Li(g), -)]| gors x025(5) K % |{5’} |H0,75><0.25(V).
Similar result can also be derived for u’=u} +u} in [0, Li(¢)]. Of course,
all the above are trivially valid in regular layers.
The rest of the proof is just like that of case (1). u'=%""[n,¢'] is a
solution to (4.8). The jump condition is not satisfied, but the error is small.
The precise solution {u'} “_ can be obtained by successive iterations. ||

5. CORRECTIONS IN THE FINAL INTERVAL [{,, )

As shown in §4, the original problem is equivalent to the nonlinear
system (4.3), (4.6) and (4.7). In this section we study this system in the
infinite interval 7, =[1,, c0). We have shown that (4.3) satisfies P1 and P2
in regular layers, and satisfies P3 and P4 in internal layers. The nonlinear
term .4 satisfies (4.5). Our main result is the following existence theorem
which also contains an estimate on the solution in terms of the initial,
residual and jump errors.

Let y =sup{ —ej, (4'(¢)/4) for all ie Z} where j is the constant in (4.5).
Let g'e X(Q), xR*, 9), uy e H'(Q), t=(1—1,)/e and '€ X*7>**3(y).

r1+l.5) r1+045)
b

THEOREM 5.1. Let r; > 15, |[g'|x,, = ole s ubl g =o(e
|67] grosxoas,, = 0(&"). Let t, be ¢ dependent such that e =7 < Cy&°, where j is
the constant in (4.5). Then there exists ¢,>0 such that for 0 <e<g,, the
nonlinear system (4.3), (4.6) and (4.7) has a unique solution {u'} satisfying
the following estimate,

Hu'} |y < C{e ™" [{ug} i + [{07} | yorsxozsy + &7 [{g"}  xi} ). (5.1)
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The proof of Theorem 5.1 is based on the existence of solutions to a
linearized problem. Consider,

Wo=ul + VIO ul+ A W+ F, e, ©>0, (5.2)
N . ,

<D:> (u'(L, (), ) —u' " (=L} (¢), 7)) = (), (5.3)
u'(&, 0) =ug(E), (5.4)

with the compatibility condition
7,0"(0) = ugp( L%, (&) —up" (=L (e)). (5.5)

LEMMA 5.2. Assume that (5.2) satisfies P1 and P2 in regular layers,
and satisfies P3 and P4 in internal layers. Then there exists ¢,>0 such
that for 0<e<e,, system (5.2)—(5.4) has a unique solution {u'}”
weX>(Q xRT,y), ieZ. Also

|ui|Xz,1(y) < C{870'5 |{u{)} | gt e 13 |{F'} |X(y) + |{5'} |X(),75><0.25(;,)}.

The proof of Lemma 5.2 will be given at the end of this section. We now
use Lemma 5.2 to prove Theorem 5.1.

Proof of Theorem 5.1. Let the solution in Lemma 5.2 be denoted by

'} =7 (Quo}, {0, {F7)).

We use the Contraction Mapping Theorem to solve (4.3), (4.6) and (4.7).
For {U'} e X*>(p), let

'} =7 ({uo}, {0, {7 (UL & D)),

If [{U'} | x21,) <¢", then from (4.5), |A47] x,,=0(¢" *'?). From Lemma 5.2,
if ¢y is small and 0 <& <e,, [{u'} | 521, <&". Thus # maps a ball of radius
& into itself.

From Lemma 5.2 and the second estimate of (4.5), it is also easy to show
that & is a contraction in such ball. Therefore there exists a unique fixes
point {u'} for #. Using Lemma 5.2 again, we have (5.1). |

Proof of Lemma 5.2. There exist bounded extensions of u, F' to £ e R.
Without loss of generality, assume that u) € H'(R), F'e X(RxR™, y).

(I) First, consider (5.2) and (5.4) for £€ R, and ignore the boundary
conditions (5.3). The solution can be written as

u'(t)=e”"ul + j e T=IF(s) ds.

0
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In regular layers, using Lemma 3.11 with ay = —g/2, it is easy to see
|ui|X2-l(y) < C(|“£)|H‘ + |Fi|X(y))'
In an internal layer, we make the following spectral decompositions.
ub=o'd" +uf",
Fi(s)=p'(s) §"+ F(s),
u'(t) =ui(7) +u(2).

Here ¢’ is the eigenvector associated to the eigenvalue A'(¢), u(7) is in the
eigenspace spanned by ¢', the functions u(t), us- and F'*(s) are in the
spectral space corresponding to Re A < — & <0.

ub(t) = e’ ult + f e TIF L (s) ds.
0
Using Lemma 3.11 with ay= —4&/2, it is easy to see
|u3|X2-'(y)< C(|”f)l | 1+ |FiL|X(~,v))»
wi(t) =a'e” @ Pl 4 <j eHOE=BI(s) ds> ¢'=1I+1,.
0

Using the fact (A'(g)/4) <y <0, we can verify that

le 7L | poa < C ] 1] 12/3/ 1.
Let AB'(s)=p(s)— B'(c0). Then e 7" AB e LA R™).

0

I :“T MO (B o0) + AB(s)) ds | ¢

B )
— e) Ale)

:J1+J2+J3.

eii(z:) T¢i+ [e/l"(z:)r * Aﬁl(r)] ¢i

The first term is time independent with |J,|,2<(C/e)|F'| ). Since

le 7”7 < 1//1y,

C . ,
IJzIx2-1<y><|yT,5 |B'(0)] '] 2

C .
<W 5 [ x0)-



436 XIAO-BIAO LIN

Since
le ™" I3 2= |(eP@=77) x (e 777 AP(2))| 12
<X @O0 (e AB(1))] 12
C )
<m |Aﬁl|L2(y)’
we have
|J3|H°1m\| | [F'] x)-
Therefore

|”’1 |X2-'(y) < C(gio‘s |“6|H' +e1? |Fi|X(y))'

Let the solution of (5.2) and (5.4) be denoted by ' =u' + u’,. We have
shown

|L7|Xl‘(y)< C(‘("io‘5 |”6|H1 +e 17 |Fi|X(y))'

We now restrict &' to the domain Q! =[ —L’ (¢), L’ (¢)]. At the com-
mon boundary of Q) and QU'' there is a jump o'=(,)(@' (L’ (¢)) —
@t (—L"*(¢)). We can show that

|(5 |X075><()25( )\ (|u0|H| + |F |X(V)) (56)

In fact, in regular layers, using the Trace Theorem,

‘<D..> (u'( iL’m(S)))‘ < C(luf| g1+ 1F | xip)-

Based on the Trace Theorem again, the above estimate is also valid for u},
in internal layers. For u’ in the internal layer, let

ui(t)=h'(r) ¢',

( ;) wi(2) = hi(2) Cf )

Here |1'(7)] ;) < C3‘15(|u0|H1 +|F' |X(})) At the boundaries, |&| =&/,
|7 gro7s + % | poas < Ce ™"~ < Ce"’, if ¢ is sufficiently small. Thus

() icze

This proves (5.6), since &' = u’ + ub.

<IH | (191" DI+ 19U £ D))

7)

X075 x0.25(

C(|”6|H1 + |F[|X(y))'
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(IT) Consider a boundary value problem with zero initial condition and
zero nonhomogeneous term,

ul=ul.+ V(&) ul+ A(&E) u', (5.7)

u'(0) =0, (5.8)

5= ) WLLD) L e =0 =T (59)
&

It is obvious that 7,0°(0) =7,0°(0) —x,6'(0) =0. Also, due to (5.6),
|07] 075035y < |07 yorsxoasiy + COL b} + 1{F 7  xi)- (5.10)
Let the solution to (5.7)-(5.9) be {ua'} . We want to show that
] 20y < C {87} orscansy)- (5.11)

Then from (5.10), and the fact ' =i’ +u' is a solution to (5.2)—(5.4), we
will have proved the theorem.

To prove (5.11), we write the solution as u'=# + ii,. The function @}
satisfies a time independent system,

U4 VIE U+ A(E) ui =0,

() (L) ==L ) = B ) e

The solution for that system uniquely exists and satisfies
|12 < CI{S(90)} | - (5.12)

By converting the elliptic equation into a first order system of ODEs, the
proof can be derived from [23], thus, will be skipped here.
The function @} satisfies (5.7) with

G:)(ﬁ;w;(e)) @y (=L (e) =d,, (5.13)
i5(&, 0) = —a3(&). (5.14)

Here d'(t)=0'(t) —d'(o0)e H***%25(y). By (5.14), the compatibility
condition

7,d(0)= —1,0(0)
=i5(L(e), 0) — 5" (=L (¢), 0),
is clearly satisfied.
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To find @}, let @5 =ul+uy. We want u} to satisfy the initial condition
(5.14). Therefore, u} has zero initial condition, so that Lemma 4.1 can be
applied on {u)}. Assume that @} has a bounded extension to H'(R). Let
0, and Q, be the spectral projections associated to A’(¢) and Re(1) < —a.
Let

uy=Qous+ Q,u}
(= Qi) + e (= Q).

Let Qqu’(t) =hi(t) ¢' where ¢’ is the eigenvector, corresponding to 4'(¢).

|h4(2)] 2 < C "9 7hy(0)] o< —= [h5(0)],

Vf

where |h5(0)] < C|Qyit} | ;1. Recall that the spectrum of o7’ in Z2Q, is in
Re A< — 4. We have

|Qot’ | 1+ Co | Q1 | 11 (5.15)

|u3 | 2. ‘(y) = \/

Restrict u% to the domain Q° =[—L’ (¢), L’ (¢)]. At the boundaries,
there is a small jump,

1 A )
() (L 01 ) = (= L o), ) =),

We can show that
|| gyorsxors < C {5} | i < C {07 (00)} | - (5.16)

In fact, the traces of Q,u’ at +L’ (&) is bounded by | Q. | ;1. And using
the exponential decay of ¢’ and ¢. as || — oo, the trace of Quuf at
L (e) is

B(E) ¢ e ) ooz < C I s (192 D] + 194 £ )])
< C Qo) | .

Thus at +L' (¢), the traces of Qyu}(&) are also bounded by C|{i}}| .
This proves (5.16).
We now look for u/, that satisfies (5.7), (5.8), with

<I)wxﬂwxn—w“%LH%wJ»=d%n—duw=D%w. (5.17)
&



SHADOWING MATCHING ERRORS 439

Observe that
nldi(o): _nlgi(oo),
m,d5(0) =u(L7 (), 0) —uit'(—L" (), 0)
= —(@\(L' () —ai" (=L (¢)))

= —m8'(0).
Therefore, the compatibility condition 7, D(0) =0 is valid. Moreover,

|D'-(T)|H0.75xo.zs(y) < |d’| FHOT5%025(,) + |dl3 |H().75><().25(;,)

< C |(5~i|X().75 x(LZS(V).

Using Lemma 4.1 to (5.7), (5.8) and (5.17), we have a unique solution
{u}} with

|uit |H2*I(y) <C |{D[} |H0,75><0,25(V)

S {87} | grorswozsy (5.18)

Recall that &’ =4 + @5, and @15 = u} + u,. The part (II) of the proof is com-
pleted by combining (5.12), (5.15) and (5.18). |

6. CORRECTIONS IN FINITE INTERVALS

The main results of this section are Theorems 6.1 and 6.2.
Recall from §5, in order to use Theorem 5.1 in [7,, ), 1>
log(1/(C,&?))/7. Define

r=[log(1/(Coe®))/e7 AT] + 1,
At =¢ A, te=r At (6.1)

where [x] is the integer part of x. As in §4, the coordinate change
N(0) — R'(1) maps 27 x I, to Q;x I]. The solutions of (1.1) in /; are equiv-
alent to the solutions of (4.3), (4.6) and (4.7) in intervals I/. More
precisely, the solutions are indexed by j and will be denoted by u; The
initial data, jumps and forcing terms are u;(0), J;, g; and the coefficients
are A}(&), Vi(&). The domain for equation (4.3) is Q/x /. Recall that
I1=[0,41], 0<j<r—1, and I7=R"*, and Q)= (—Lj(e), Li(¢)) where
Li(e)=A4y'(1))2¢, i=j At.
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In the new notations, consider,

W= ul+ VIE) Ul + AUE) Uik NIl & te),  EeQl, tell,  (62)

JT

< > (£).76)— w1~ LI+ (e), 7. 6)] = 8/, (6.3)
W (&0 = ul(Ey, dT), ub(E 0) = ul(E). (64)

n (6.4), it is understood that u’ —ux, and (&, 1) — (&, 7,) is the change
of coordinates R (1) » R(0) — YR "(1) that maps

QL xS ZALL, > 2 AL Q T
With 7=j At, define,
él’ x—> yi’ <,
Vi x =mi(f+ At) + €&,
Vot y=x—E(x, 4+ 4,1, i),

vy: &y =(y—mi(i))/e.
We have
“‘§+1(§’ 0) =“};(V3 ovy ovy(&), 47).

We have showed, in §4, that (4.3) satisfies P1 and P2 in regular layers,
and satisfies P3 and P4 in internal layers. Also A~ ; satisfies (4.4). In each
finite time interval, the following existence of solutions holds.

THEOREM 6.1.  For any At >0, let the intervals I;, 0<j<r—1, be con-
structed by (6.1). Consider (6.2) and (6.3) in an time interval I’—the image
of I, by the change of variable ©= (t — j At)/e. Assume that gl e L(Q) x 1Y),

uj(0)e H'(Q1), and 6, H**O(I7), with |{gi}]2=o0(e), [{ul(0)}]mn=
o( ), 1{0; }|Ho7szs—o(£). Then there exists 80>0 such that for 0<e<e,,
(6.2)~(6.3) has a unique solution {u}~  , u}e H>'(Q{xI/). Also

|I/l;|H2,1 < Cet A‘L’(|{u;(0)} | gt + |{g;} |2)+C |{5;} |H0.75><0,25(1{).

In the time scale 7, the length of the interval [0, 47] is only ¢ At = O(¢).
Since u}(At), after a near identity change of variable, is the initial data for
the next time interval, and since r — oo as ¢ — 0, the result in Theorem 6.3
is not accurate enough to guarantee the existence of solutions in 7. We
will prove a sharper estimate in Lemma 6.4 showing that

(A7) 1 < (1 + Co) [{ul(0)} |1 + -+ (65)
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With this, even if r = O( —log(¢)/e), using (1 + Ce)"“* <e. The accumula-
tion of error will not grow too fast as ¢ > 0. We show in Theorem 6.2, that
the accumulation error at ¢,=r 4t is small enough so that the existence of
solutions in /; is guaranteed by Theorem 6.1, and in 7, is guaranteed by
Theorem 5.1. To this end, let us recon51der (6. 2) (6.4) with an emphasis on
the norm [u}(47)| ;1 in term of [{u}(0)}] .

THEOREM 6.2.  There exist At>0 such that if I, and 1., are defined by
(6.1) using this Az, and then we have the following properties concerning the
solutions of (6.2)—(64). If ry > 1.5, J, =2C/y Az, where C is from (6.5) and
7 from Theorem 5.1, [{u{(0)}| 1 =0(e"*3*7), |{d%}| yorsors + |{ g} | 2=
o(e" TSN then system (6.2)—(6.4), 0<j<r—1, has a unique solution for
0<e<ey, where ¢y >0 is a small constant. The solution in each time interval
satisfies

{00} Ly < Ce ™ {1} Lia

+Ce™ ' sup ([{00} | gorsxoas + [{ g1} 12).

v<j

In particular, |{u’ (0)}| ;1 =o(e"+%).

The proofs of Theorems 6.1 and 6.2 are based on Lemmas 6.3 and 6.4.
We present these lemmas first.

Since all I/, 0<j<r—1, are identical, they are denoted by I, for
simplicity. Assume At >1, in I,=[0, At]. Consider the following initial
value problem,

U, =uee + V(& us+ AE) u+ FE, 1), teR, 1€l (6.6)

u(&, 0) =uo(&). (6.7)

LEMMA 6.3. Assume that the linear operator </:L>— L° u— ug:+
V(&) us + A(E) u has a simple eigenvalue 2, that is close to zero, all the other
spectra are contained in {Re A< —¢} for some constant 6>0. Let —G <

7<0, and p=max(0, Re 4,). Let Fe LARXI,) and u, € H(R). Then the
solution of (6.6), (6.7) satisfies

|u|H2v1(IR><I,)<Ce#AT At(lug | g1 + | F| 12). (6.8)

Moreover, let Q, and Q, be the spectral projection corresponding to I, and
the spectra in {Re A< —&}. Since u: I, » L*(R) is continuous, we can write
u(t)=h(t) ¢ + Q.u(t), where h(z) ¢ = Qou(z). Then

() (D) < e X [h(0)] + e /7 |F] 2).

(b)  [Qu(7) g < Cle”™ |Qutg | g1 + |F| 12).
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Proof. Let uy="n(0) ¢+ Q,u, and F({)=p({) ¢ + F({) be the spectral
decompositions corresponding to Q, and Q,. Applying Q, to the variation
of constant formula, we have

Q.u(t)=e " Quuy+ [ e” IR () dr,

When restricted to ZQ,, </ is a sectorial operator with Re g(.«/) < — 6 <0.
Thus, e is exponentially stable on #Q,. Therefore, we have (b). And also

|Qsul 4 (Rxr) S Clluo| g + 1 F 12)- (6.9)

Using Q, to the variation of constant formula, we have

h(z) = #h(0) + | M OpC) d
0

1/2 T
f Jo(T — Z)ﬂ dé‘ { e2ue dC} {J ﬁz(C) dg}
o 0
<e” /1 1Bl
< Cet* \/‘; |l 2 r,)-

Observe also that |e**h(0)| <eR*»7 |h(0)|. We have proved (a).
Based on (a), it is elementary to show

1A e,y < < Ce* (/AT |h(0)| + At |F| ,2). (6.10)
Since [A(0)| < C |ugy | and |ﬁ|L2(I,) < CIF| LARxI)>

|h¢|H2«‘(Rx1,)< C |h|Hl(lr) |¢|H2
< Ce* (/AT lugy| g + A7 |F| 12).

1/2

Recall that 47> 1. Thus
|h¢|H2-1(Rx1,) < Ce" 7 At(|ug| g1 + | F| 12).

(6.8) follows from the above and (6.9). ||
Consider a linear initial boundary value problem in one of the finite time

intervals. Let I, =[0, 47] and Q)= (—Li(¢), Li(e)).

J

W=l A VI u 4 A u+ FiE ), EeQl, tel, (611)

() AL en —u = (=L e =0 (612)
<

(&, 0) =ug($), (6.13)
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with the compatibility condition,
m,0'(0) = up(L'(e)) —up™ ' (— L' '(e)).

Assume that the coefficients of (6.11) have been extended to £eR by
constants. Let the operator on u’ defined by the right hand side of (6.11)
be denoted by .« L*(R) > L*(R). Let ul, e H'(R), F'e L*(Rx I,) and d'¢
H0A75 x 025(1‘[).

Assume that (6.11) satisfies P1 and P2 in regular layers and satisfies P3
and P4 in internal layers. In internal layers, for any ue H'(R), let u=
Qou+ Q,u be the spectral decomposition. Let Qyu = h¢’ where ¢’ is the
eigenvector corresponding to A’(¢). Then |i] 4+ |Q,u| ;1 is an equivalent norm
to |u| ;. In regular layers, for convenience, let Q,u =u, h=0. Formally, we
still have the above equivalent norm. Let x4 = max{0, sup,[ Re 2'(¢)]}.

LemmA 6.4. There exists g, > 0 such that for 0 <e<egg, (6.11)—(6.13) has
a unique solution {u'} * _, u'e H>'(Q} x1I,) for all ie Z. Also

[t'| ;21 < Cet 47 A‘c(|{u§,} | g + |{F[} |2+ C |{5'} |HO.75><0.25(1r). (6.14)

Moreover, if At is sufficiently large, then the solution admits a bounded
extension to &€ R such that if Qou'=h'¢g’ then,

|1 (47)] + | Qu (A7) 11y < (1 + Ce) sup (|A(0)] + | Qu'(0)] 1)

+C |{51} |H“-75X°-35(IT) +C |{Fi}|L2. (6.15)

The constant C depends on At, but not e.

Proof. The solution will be written as u'=d'+u’. Using the spectral
projections,

w'(t)=h'(7) §"+ Q.u'(v),
@'(v)=hi(z) §'+ Q,i'(z),
u'(t)="h'(z) ¢'+ Q.u'(x).

Il
Il

Let @'(t) =e”"ub+ (5 e “=*F'(s) ds. In internal layers, using Lemma
6.3, (6.8), we have

|Iji|H2v1(R><1T) < Cet AT(|M6|H1 + |F| ,2). (6.16)

(6.16) is also valid in regular layers.
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_In internal layers, @'(t)=h'(t)¢'+ Qi'(t). Note that '(0)=uj,
h'(0)=h'(0), Q,u'(0) = Q,ul. We have, using Lemma 6.3 (a) and (b), for
some —a/4<y<0,

|h(47)| < e (|h(0)] + /4T [F']12),

B} " _ _ (6.17)
|0, (47)] 11 < CLe ™ | Q| s + |F'] 12]-

(6.17) is also valid in regular layers, with 4= 0.
At &=+ Li(e),

i (£ Li(e), )| < A ()] 1" (£ Li(e))] + Q' (+Li(e), 7).
It is clear that from the Trace Theorem,

1 . . .
() )eaterion <C1OM i

H0.75%025(5))

< C(|qu6|H1(R) + e FY ).

The second inequality is based on Lemma 3.11.
Though Q, i’ does not decay exponentially in time, we can still consider
weighted norm in the finite interval /.. Observe that

Iyl 47

17| s,y < Ce 17| iy -

Using (6.10) and [¢/(&)] + [0:¢"(£)| < Ce ! for some y, <0, we have

() Qo= Lite).)

<

HOT5%x025(5)

< Ce(ﬂ+\y|)ATeV|“’/;71(\/ZTT |h'(0)| + 4z |Fi|L2)'

Let ¢,>0 be small so that Ce® "D 41" 4o <& whenever 0<g<e,.
Then the above is bounded by (|4’ (0)| + | F'|;2). Whence,

() )rteLien

D <e |h'(0)] + C|Q ul |y + Ce 47 |F'| 1.
¢

FHO75%025(5))

y

The above estimate is also valid in regular layers, with 4'(0) = 0. Define,

&ﬂ(’
Dé

|(§i|H0‘75><0,25(1“ » S sup {8 |A'(0)] + C |Q3u6 | g1 + Celt4e |Fi|L2}.

)wu#wrw”%—q“@m,
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Consider a new boundary value problem with zero initial condition

isi

'
LI =~ L o) =5 5/ 5,
Di
=0,

N[ N AQJ!
Il

Since 1, is a finite interval, ¢’ is also a point in H%7>*%3([_, y), with

[y] 47

|5i|H°'75X”'25(11, S Ce |5i|H0.75xn.25(11),

[yl 4z

|5:i|HoA75 x025(7,. ) < Ce |5l| HOT5x025( 1)

+sup{s|h )+ C|Quly| g+ Ce 47 |F| 12}

We now use Lemma 4.1, case (2), with y <0. If ¢ is small, the system has
a unique solution {u'} “_ , with

00
|ﬁi|H2~'(Q;XIT,y)< C |{5_}|H075x02>( -

First let =0 in the above. Combining that with (6.17), and recalling
u' =i+ 1u', we have (6.14).

Now let —g/4 <y <0 again. Using a bounded extension of ' to ¢ eR.
At = A7, we have

|h_i(AT)| + |QA\'L7[I(AT)|H1(R)
< CLa(A0)| 1< €& i g
< C(1{0"} | orswoasr,y + € " sup {& |h(0)| + [Qup | g1 + €77 |F| 12}).
Combining this with (6.17), and recalling that u’ =’ + &', we have
|h'(40)] + | Qu'(47)| 1
< C |{5l} |Hl).75 X(J.ZS(]Z)
+sup {Cye” " |Quf |+ (1 + Ce) [h(0)| + Ce* ** \ /At |F'| 2}

Here, we used the fact |u| < Ce and " <1 +e*“°u At to simplify (6.17).
Observe that C, does not depend on ¢ or 4z. Let 47 be sufficiently large
so that C,e”“*< 1. From this, estimate (6.15) follows. ||

Proof of Theorem 6.1. Let the solution of Lemma 6.4 be denoted by

'y =7 ({ugy, {0, {F7)).
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Let U'e H>Y(Q'x I,) with |U'| 21 <e. Let

('} =7 ({upy, {07 ANV & T+ em e)).

Based on (4.4), |4 ,2=o0(¢). Thus, if ¢ is small, from Lemma 6.4,
|it'| 21 < e. Therefore, # maps an e-ball in H*! into itself. From (4.4), it
is also clear that & is a contraction, provided that ¢ is small. Thus there
exits a unique fixed point {u'} *_ for #. The desired estimate follows from
Lemma 6.4 and the fact

| A2 < 18] 2+ O(e) '] 2

Proof of Theorem 6.2. Let At be as in Lemma 64, and let I,
0<j<r—1, I, be defined by (6.1) from this 4.

The spectral projections used in Lemma 6.4 actually depend on the layer
index i and the index j of time intervals, and shall be denoted by Q}’ and
0"/ In regular layers, of course, Qj’=0. Let the critical eigenvalue be
)vj’i(g). The eigenvector ¢’ corresponding to i;(e) and the covector l,b.
associated to the adjoint equation are normalized so that |¢ |2=1 and

w ¢ > =1. The perturbation theory of eigenvalues and eigenvectors

ylelds in internal layers,

¢t = L+ W — i, |2 =0e). (6.18)

Consider the solution of (6.2)—(6.3) as in Theorem 6.1. When [{u(0)}| ;1 =
o(e), {05} | gorswos g, =o0(e) and |{g’}|,2=o0(e), the unique solution in that
theorem also satisfies |{u}}|,21=0(¢). Now using Lemma 6.4, with ./}
replacing F’, we have

|15 (A7)] + Q7 ui(AT)] iy < (1 + Ce) sup (125(0)] + 195 u;(0)] 411)

+C |{5;} |H0.75><0.25(]T) +C |{/le} |12
But from (4.4),
|,/V;|L2< |{g}}|L2+ Ce |{”{}|H2"'
<&l 2+ Cell{ul(O)} Ly + [{ &)} | 12+ 1{O3} L orswonsry).

Therefore
[R5 (AT + 1057 uy(AT)| iy < (1 4 Ce) sup (175(0)] + Q5 uj(0)] 1)

+C|{ }|L +C|{5 }|H075><l)73(1
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Consider now the initial data in the next time interval [(j+ 1) 4¢,
(j+2)4r],

u (&, 0) =ui(&y, At) =uj(vs ovy 0 vy(E), 7).
Cf. (6.4). From the definitions of the mappings v,, v,, v5, we can verify that
& —E=v30v0m (&) =< ={(&d),
where { is a smooth function satisfying
K< Ce; [ <C. (6.19)
The constants C depend on 47 but not on ¢ The proof of (6.19) uses the

coordinate change formula in §4 and is tedious. Details will not be given
here. Based on (6.19), we can show,

g(&1) —g() < Ce <l |0: gl (6.20)

For any ge H'(R), since ¢ — &, is a near identity mapping, we can verify
that,

lgovsevaovi | <(1+ Ce) gl (6.21)
In regular layers, from (6.21), we have, since Q5/"' =0,

10 w1+, 0)] 1 < (14 Ca) [QF (-, A7) .

In internal layers, observe that for ge L% Q§/*'g=([_ ¥, gd¢)
¢’ . Thus,

I 1(0) = [ W (ELAAT) $1(E) + QUi AT)] d.
[wi @ piende=[pice) gice) ae
[ W ()= (0 91(E)

[ Vi) — 9i()) de
<1+ Ce

In proving the above, (6.18), (6.20) are used.
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Observing that the up to the second derivatives of ¢}(¢) approach 0
exponentially as £ — =+ oo, uniformly with respect to i, j. From (6.19), and
the Mean Value Theorem, we have

167(1) = @3] +10:(85(E1) — P& < Ke [E e 71 <,
for some y,, K> 0. Therefore,
|¢’:‘OV3 °Vy 0V _¢i‘|H' <Ce

Using the above, evaluating Q" ’“(15 or/t 1(¢ — @5 1), then using (6.18),
we can prove that

|07 l(d’; ovzovy oV )| < Ce.

One can similarly show that,

U%H ) QHul(E,, Ar) df‘ Ce |QH/ui(-, A7) 12

1057 Q5 uj(vy 0 vy 0vy(+), 40)| i < (14 Ce) |05 uj(+, A7) 1.

Combining all these estimates, we have shown,

< A} 1 (0)] ><<1+Ce Cs >< |hi(40)| >
10 ul (0 n) S\ Ce (14 Co) \|Q4 ui(4)] 1)

Therefore,
Ry ()] + 1057 g (0) | < (1 + Co)(1h5(A7)] + | Q5 uy (A7) ).
Combining the above with Lemma 6.4, we have
151 (0) + 1057 uj 1 (0)]
< (14 Ce) qu { |h/( )|+ |Qi’u;(0)|H1} + C(|{5;} | 075025 + |{g;} | 12)-
By induction, the initial condition {(0)} for the jth time interval satisfies

|75(0)] + 105 uj(0)] ;1 < (1 + Ce)’ sup {|Ap(0)] + Q5 “ug |}

Jj—1
+ Z (1+C8)’/7k71 C(|{62}|H075x025+|{g;€}|1‘2)
k=0

< (14 Ce)’sup { |g(0)] + 101 “upn}

1+ Ce)’

LU+ Ce)
&

(|{5’} |H0.75x0.25 + |{gi} |L2)-
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Since j<r<log(1/(Cye?))/(e7 A7) + 1,

(1+ Cs)j< (14 Ce)(1+ Cg)(l/CS) log(1/(Coe?))(C/y A1)
< (1 + Cg) e/ Co))(Cly A7)

(14 Ce)[ Coe?] — 740 L Ce= 2740,

The estimate in Theorem 6.4 follows easily. |

7. APPLICATION TO SINGULARITY PERTURBED
REACTION DIFFUSION SYSTEMS

We first review the construction of matched asymptotic expansions for a
wave-front-like solution for system (1.1), cf. [25]. We then show that the
Spatial Shadowing Lemma can be used to obtain exact solutions near the
formal expansion.

As in §l1, assume f(u, x,e)=>7,&'f;(u,x), and f(u,x+x,, &)=
f(u, x, &) for some x,>0. We will consider internal and regular layers
occurring alternatively in the x direction.

Assume there is a partition R=J;2 __ [x/, x'*'] that is periodic with
respect to /, compatible with the period of f. That is, there exists /, such
that x,,, =x,4+x,. A C” function p’(x) is defined on [x'', x'] with
fo(p'(x), x) =0. Also assume that p'*(x+x,) =p'(x), xe [x'~', x'].

H*1. Reo{/fo(p'(x),x)} <0 for xe[x'~', x'], ieZ
Using H*1, a formal expansion

Yelu(x),  ug'=p'(x),
0

for (1.1) can easily be obtained. Note that the expansion is time-inde-
pendent, since f is so.

Using a stretched variable ¢ = (x — x'/¢), we assume that the Oth order
expansion of Eq. (1.1),

Uz + folu, x')=0. (7.1)

has a heteroclinic solution ¢’(¢) connecting p’(x’) to p'*'(x"). Assume

H*2. The linear homogeneous equation

Pee+ folq'(E), x7) § =0,

has a unique bounded solution ¢%(&), up to constant multiples.
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From H*2, we infer that the adjoint equation

Yeet+ folqA(&), x) =0

has a unique bounded solution ,(£) up to constant multiples. Moreover,
Y (&) — 0 exponentially as |&] - co.

The following assumption implies that the heteroclinic solution breaks as
X moves away from x’.

H'3. |7 (&) foulq'(E), x) dE#0, ie Z.

Under the hypotheses H*1 to H*3, we can construct formal expansions
for the stationary wave front positions and solutions in internal layers

i i

Jyi —
Y elxl, xXh=x",

[o’e}

Y euSE).  ui=g.

0

The formal solutions in the internal and regular layers match at their
common boundaries. See [ 23, 257].

When x is in a neighborhood of x’, we look for a travelling wave solu-
tion with wave speed V’(x). It is also of interest to find out conditions to
ensure that the wave front moves towards x’. Consider .«/": L*(R) — L*(R),
defined as

Au=uc:+ fo(q' (&), x') u, D(/") = H*(R).

H*4. /=0 is a simple eigenvalue for .«/’, i € Z. There exists ¢ > 0 such
that

o(A)c{A=0} U{Re A< —a}.
Hypothesis H*4 implies that ¢'(&) is a stable equilibrium for
ur:uf§+f0(u’ xi)’ (72)

modulo a phase shift in &, see [9-12]. Since =0 is simple, we have
j Vi) gLE) dE £0. (7.3)

H*S. I(x")=[[*, ¥i(&) qu&)de] " [*  Wi(&) foulq (&), x7) dE >0,
iel.
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Condition H*S implies that the wave front is moving towards x/, if x is
near x". In fact, it is shown in [25],
aVi(x")

Ox

= —I(x").

An important consequence of (7.3) is that if x is near x’, there exists a
unique V= V'(x) such that (7.2) has a travelling wave solution ¢’(¢&, x),
with the wave speed V, satisfying

g+ V() g+ folu, x) =0, (74)

The function ¢'(&, x) connects p’(x) and p'tl(x) as &— + 0. More
precisely, under the Hypotheses H*1 to H*5, there exists an open interval
O’, containing x’ such that the following properties holds. For a proof, see
[25], Lemma 4.1.

(i) p'(x) and p'*'(x) can both be extended smoothly to O’ with
fO(pj(x)’ x) = 07
Re O-(fOu(pj(x)9 x))<09 ]:l, i=1.

(ii) There exists a C* function V": O’ — R, such that for each x e O’,
Eq. (7.2) has a unique heteroclinic solution ¢’(&, x), connecting p’(x) to
P (x), with ¢’(0,x)—¢'(0) L ¢%0). In particular, V/(x’)=0 and
q' (&, x")=q'(&). Moreover ¢'(&, x) is C™ in both variables.
(ii1) The linear equation
Pee+ V' (x) de+ foulq' (& x7), x) § =0,

has a unique bounded solution qg(é, x) up to constant multiples. The
adjoint equation

Ve = V(X)W 15(g'(E x), x) Y =0,

has a unique bounded solution /,;(&, x), normalized so that

[" wiexgie =1

— O

Y(-, x)is a C” function of x in the space C(R).
(iv) The densely defined closed operator o/ (x): L? — L2,

‘S%i(x) u= uéé + Vi(-x) ui +f0u(qi(éa X), X) u,
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has /=0 as a simple eigenvalue with eigenvector ¢%(-, x). The rest of the
spectrum are contained in Re 2 < —a, for some o, > 0.

(v) ForxeO ieZ,

10 =" WiE %) falg' (& x), %) dE >0,

As a consequence of (v), V'(x)>0, (<0) if x<x’, (>x’), and

aVi(x)
ox

= —1I(x), xeO', iel.

Under the Hypotheses H*1 to H*5, we can construct formal series
solutions and wave positions for (1.1) in the ith internal layer,

Y elut(E ), Y elni(t).
0 0

The formal expansions are to be truncated to the mth order, as in (1.2),
where uf/(x, t)=uf’(x) is, in fact, z-independent. Based on these expan-
sions, we define a formal approximation {w'} by (1.5). In the rest of the
section, we show that Hypotheses H1-H4 in §2 are satisfied by this {w'}.
Besides, by choosing large m, the results in [25] indicate that j,, as in
(2.4), can be arbitrarily large. Therefore, the existence of exact solutions
near {w'} is ensured by the Spatial Shadowing Lemma as in §2.

To the zeroth order, the wave position obeys the equation

dx

o V'(x),

with an initial condition x(0) =#74(0) e O". x =x' s a stable equilibrium due
to the condition D V'(x’) <0. Therefore

no(1) = x| < Ce ™7,
for some C, 7> 0. In fact, it is shown in [25] that
[D ()] + (1) —nj(0)| < Cie ™™, jeZ,
for some C;>0. Moreover, in the weighted norm,

sup {(1+¢&|7) ! |ufi(f, t) —u‘f"(é, 0)} <Cre 7,
¢
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for some C;>0. In the domain |&] <&, we have (¢ |¢])/< 1, and

m

Y e ut(E 1) —ui(E o) <Cpe (7.5)
j=0
Also
Y, & D)) + Z e/ Ini(t)—ni(0)| <C,e 7 (7.6)

Jj=0 Jj=0

The constant C,, depends on the order of truncation m. It follows from
(7.5) and (7.6) that H1 in §1 is satisfied in internal layers. H1 is certainly
satisfied in regular layers where the expansions are 7-independent.

From H*1, the Hypothesis H2 in §2 is satisfied if w’=p’(x). In general,
adding higher order terms introduces a perturbation of O(¢). From the per-
turbation theory of eigenvalues of the matrix f,, H2 in §2 is valid if w’ is
an m-th order truncation of the formal solution.

Let ;" &uf( 1) be the inner expansion of the outer solution
> eju_f/;(x, t), [25, 7, 8]. For any u >0, if ¢ is small, we have, in the region
[

m

28’ Fn'(e,8) + el 1) = (& )| =0T

0

= O0(P" Ty L /3.

It is shown in [25], based on the matching of expansions in internal and
regular layers, there exists y, >0 such that

m

el [ufi(E ) —af(E N <CY e/ (14 [E]7) eIl
0 0
In the domain |&| <&’ !, &/(1+|¢&]/) <1, thus the above is bounded by

Ce "<l For u>0, there exists N> 0 such that the above is bounded by
u1/3 for N<E<ef~ 1. Observe that when |&| <&~ !, and ¢ is small,

m

Y elul(n'(t,e)+el 1 Zc’ Kin'(r,e) + €&, 1)
0

< Clef —eé| <u/3.

Combining the three estimates, we have proved H3, §2 for &/~ '>&> N,
The proof for —&#~!'<E< — N is similar.

It remains to show H4 of §2. From the Property (iv) of O’, when ¢ =0,
o/'(t) has a simple eigenvalue 2 =0, all the other spectra are contained in
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Re A< —0,. By a standard perturbation analysis, for any J >0, there
exists ¢, such that for 0 <e <eg,, /'(¢) has a simple eigenvalue |1'(¢)| <9,
while all the other spectra are contained in Re 2 < — g, + J. Moreover, the
eigenvector corresponding to the critical eigenvalue can be written as
q:+z, with z(0) L ¢%0) and |z|<d. it is also clear that A'(7, &)=
eli(t) + O(&?) due to the smooth dependence of eigenvalue on & Details
will not be rendered here. We now show the following important result.

LemmaA 7.1.

A1) = 62’() 6V"(x)+[

o) WL W(é)q’g(é)dé]

— 0

UYJ Vi) qlelé)d } ().

Proof. The eigenvalue 4 and eigenvector z + ¢ satisfy

Mz+q)=(z+q) e+ D't e)(z4qL) e + flu', n' + &€, e)(z + qL).

Here u' =" ¢/uj and ' =33 ¢/} are formal expansions for the solutions
and wave front in the ith internal layer. Using the fact ¢ is an eigenvector
corresponding to 4A=0, we rewrite the equation as a nonhomogeneous
equation for z with forcing term that will be zero if ¢ =4 =0. The operator

Z_’Z§5+Dt770 1) z¢ + foulq' (), x), x) z

is Fredholm, in the space L*(|¢|)= {u: u(¢)/(1+ |&])e L?} of weighted L?
functions, with one dimensional kernel and co-kernel. The reason to use
weighted norm is that the partial derivative of the right hand side with
respect to ¢ yields a factor & Lyapunov—Schmidt method can be used to
deduce that there exists a unique solution z, z(0) L ¢*(0) if a bifurcation
equation G(/, &) =0 is satisfied. The partial derivatives can be obtained as
Melnikov type integrals.

9G(0, 0) .o
=] wo e

0G(0,0 * ] /
06(0,0) _ j ViHEO{Dmi(1) g

Oe o

+f0uu lqc+f0u\’ )+é qg+f1uqlé} dé
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Introducing a variable & we can rewrite the above as, (x =7i(t)),

aG(0,0 ©
(ag )=L%W(5+f Dt Doni(1) gA(E+C)

+ fol @ (E+E x), x) ul(E+E)

+ for ¢ (E+E x), )i (1) + E+E) + filg(E+E, x), %)} dE

— [ W O Sl €+ E X)) ui e+ )

+ foulq(E+E x), x)] dE

Observe that uj, =g, and
o, =tz + Dypo(0) i + fouus + Don(1) e + for - (3(10) +E) + /1,

which can be obtained from expanding (1.1) in powers of ¢, see [25]. We
have,

OG_JOO

e f){Dé[ —u’i@;—D[%(t) “lig‘i‘”f)z] — fou 'uilf_fOx} d.

— o0

Observe that H=(u'\.)::+ D ny(t)(u}:): + fo,u}: is in the range of the
operator .o/’ (when &=0). Thus [*_ y7HdE=0. Also observe uj, =
D,q' (& 7' (1)) =¢q". V'(x). Therefore, we have

f VNG A& %) ViX) = fo} de.

%jz “yw Vgl dé} - {Ui Vid: df} Vi(x)_jio

U fox dé}

The desired result follows from the following formula, see [25],

PO wigae| (] wisa]

COROLLARY 7.2. If (OV'(x")/0x) #0, then there exists a neighborhood of
x" where

sign(Ah(1)) =sign <6 Vi(xj)).
ox
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X

The proof of Corollary 7.2 is based on V/(x')=0, and V'(x) is small if
is near x’. From H*5, it is clear that A)(00) <0, since 74(o0)=x". The

method of introducing a new variable ¢ in the proof of Lemma 7.1 has
been used in [23].
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