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SHADOWING LEMMA AND SINGULARLY PERTURBED
BOUNDARY VALUE PROBLEMS*

XIAO-BIAO LINfY

Abstract. A complete procedure is given to determine the outer and inner expansions of a singularly
perturbed boundary value problem in R". The validity of such expansions is deduced from a generalized
Shadowing Lemma, where the inner and outer approximations are treated like pseudo-orbits in the classical
dynamical system theory.
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1. Introduction. In the past few years, several people have attempted to bring
some of the methods of dynamical systems to bear on singularly perturbed boundary
value problems, e.g., for centermanifolds see Fenichel [7] and Carr and Pego (unpub-
lished manuscript), for the Lyapunov-Schmidt method see Hale and Sakamoto [12].
The early work of Hoppensteadt [13] also used the idea of dynamical systems.

In this paper we shall use the method developed in the theory of dynamical
systems to study the matched asymptotic expansion for the singularly perturbed
boundary value problem

ex=f(x,t¢), ast=b,
(1.1) By(x(a), &) =0,
B,(x(b), €) =0.

We shall discuss the following problems. Given a candidate for zero-order
asymptotic approximations of (1.1), is there an exact solution for the full problem that
lies near it? How are the higher-order expansions for the exact solution computed,
and how is the exact solution computed based on the asymptotic expansions, if there
is such an exact solution?

Suppose that to=a<t,<---<t,=b,[a,b]=U,_, [t,_,, ;] is a partition of [a, b].
A sequence of C' functions {x;(t)}/_,, each defined on [t,_,, t,], is called a formal
approximation subordinate to the partition if the residuals f;(t) = ex;(t) — f(x:(t), t, €)
in [t,_,, t;], the jumps at common points g; = x;(%;) —x;.,(t;), and the boundary errors
B,(x,(a), €) and B,(x,(b), €) are small. If (1.1) is solved by the matched asymptotic
expansion method, and the outer and inner approximations (some authors prefer the
terms regular and local approximations) are presented in the fast variable 7=t/ ¢, the
entire domain [a/e, b/ €] is then divided into subintervals [7;_;, 7;] on which either
the regular or the singular approximation is defined. Truncated at a certain order of
accuracy, these asymptotic solutions are, in fact, formal approximations. We shall also
refer to the piecewise C' function x(t), which is equal to x;(¢) in [#i_,, t;], as a formal
approximation.

It is well known that a formal approximation is not necessarily close to any true
solution of (1.1); that is, the remainder of the approximation to the exact solution does
not have to be small even when the residual, jump, and boundary errors are small.
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Example 1.1. Consider

el = ui, -1=t=1,
u(-1)=a,
u(l)=—a,

where a>0 is a constant. u,=a, —1=t=% and u,=—qa, 3=t=1 are two regular

approximations. Let ¢t = er and use ' for d/dr; then we have u”=uu’, u’'=u’/2+C.
The phase portrait for various C is depicted in Fig. 1.
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It is clear from the phase portrait that there is a unique heteroclinic solution q(7),
with g(0)=0, q(7)> +ta as 7> Foo. Define u(v)=a, ~1/e=7=1/2e¢ "', u(r)=
q(t—1/2¢),1/2e —e? '=r=1/2e +& ', and u(7r)=—a,1/2e + e? ' = 7=1/¢, where
0< B <1. u(r) is a formal approximation. However, no exact solution is close to u(7)
as ¢ >0, since by symmetry an exact solution u(r, ¢) must satisfy u(0, £) =0.

Many efforts have been made to give rigorous foundations for methods of matched
asymptotic expansions. Here we must distinguish the work on the matching principles
from the work on the existence of an exact solution and the estimates of the remainder
of the exact solution to the asymptotic approximations. The matching principles are
a set of auxiliary conditions that ensures the unique solvability of the inner expansions
and the asymptotic matching of the outer and inner expansions so that a composite
expansion can be constructed. The most general methods on this area are: (i) the
method of intermediate variables originated by Kaplun and Lagerstrom; and (ii) the
method of asymptotic matching principle originated by Van Dyke. It is known that in
many cases, the two methods are equivalent (see Eckhaus [5]), and many simple
examples, mostly in R?, have been treated thoroughly by both methods. However, there
does not seem to exist an explicitly stated complete procedure for computing the inner
expansions or boundary expansions for the system (1.1) in R". The auxiliary conditions
on the inner expansions given in this paper are a set of simple growth conditions that
do not depend on the specific outer expansions. However, the matching of the inner
and outer expansions can be proved as a consequence of the growth conditions.

The correctness of the asymptotic expansion obtained by various matching prin-
ciples cannot be justified by the asymptotic analysis itself. At this stage the small
parameter ¢ has to be fixed and the increasing of the order of truncation does not
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help either. Here we face the problems of the existence of an exact solution close to
the formal expansion solution and how to compute the exact solution for a small but
fixed e. There are two major schools working in this direction. The first uses the
maximum principle and various comparison theorems (see Chang and Howes [3],
Angenent, Mallet-Paret, and Peletier [1], and Nagumo [16]). The second uses the
contraction principle, the Inverse Function Theorem, Newton’s method, or the like
(see Eckhaus [5] and van Harten [14]). In the application of the latter methods, we
must frequently investigate the inversion of certain linear operators, obtained from
linearizing the whole boundary value problem (1.1). The method developed in this
paper uses a modification of the classical Shadowing Lemma (see Guckenheimer,
Moser, and Newhouse [11] for a proof of the classical Shadowing Lemma). The
extended version used in this paper seems to be new and its application to singular
perturbations is close to the Inverse Function Theorem or Newton’s method. By virtue
of the Shadowing Lemma, the investigation is reduced to the study of local solutions
of the linear variational equations of the outer and inner approximations. This is much
easier than the global inversion of the linear operators mentioned above. From a
computational point of view, the justification of the validity of the asymptotic expansion
automatically leads to a numerical scheme of obtaining an arbitrarily accurate solution
based on that approximation. One of the major characteristics of classical singular
perturbation methods is to treat the outer and inner layers separately and then use
some form of matching. Therefore it seems natural to extend the application of the
Shadowing Lemma to singular perturbation problems, which allows the inversion of
the linear variational equations in the outer and inner regions separately.

We state our hypotheses and results in § 2, which also includes some examples
that have been treated in previously published articles and that can be shown to fit
our hypotheses. Basic definitions and lemmas concerning exponential dichotomies and
Fredholm operators induced by the linearization around the formal approximations
are given in § 3. The perturbation of angles between the stable and unstable manifolds
is studied in Lemma 3.10, which is crucial in studying the interior transition layers.
The Shadowing Lemmas are given in § 4. It is first proved for a system on the whole
real axis (Theorem 4.3) and then applied to the boundary value problem (Theorem
4.4) and the periodic system (Theorem 4.5). In § 5, we give the complete procedure
for the construction of inner and outer expansions. The major features of our expansions
are given in Theorems 5.5 and 5.6. The proof of the validity of the formal solutions
obtained in § 5 is given in § 6. The most unpleasant fact about exponential dichotomy
on finite intervals is that the stable and unstable spaces are not uniquely defined. We
have to extend the equations to the whole real axis such that it is compatible with the
change of &. This makes the proof very technical.

The general references for the singular perturbation problem are so extensive that
we mention only a few that happened to catch our attention. The books of O’Malley
[15], Eckhaus [5], and Wasow [18] offer comprehensive descriptions of the method
and the theory, as well as many references. The work we present is closely related to
the early work of Fife [8], [9]. The conditions we imposed on the boundary points
are geometry-oriented and also have appeared in Hoppensteadt [13]. Hale and
Sakamato [12] use the Lyapunov-Schmidt method and bifurcation theory to obtain a
necessary and sufficient condition for the existence of the transition layers in a
second-order problem in the neighborhood of a given approximation. The matching
of the outer and inner expansions is a consequence of the method when we use the
Shadowing Lemma. The method of Hale and Sakamoto [12] also gives the stability
of the solution as an equilibrium point of a parabolic PDE. Exponential dichotomies
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are employed by Battelli and Lazzari [2] in their paper studying singular perturbation
problems.

We use - to denote d/dt and ' to denote d/dr, where 7= (¢t —1t;)/ ¢ is a fast variable
(stretched variable). Partial derivatives shall be denoted by D%, etc., where i, is a
multi-index. In the notation y;, both i and j are indices unless the contrary is specified.
% and ¥ are used for the range and kernel of linear operators.

2. Assumptions and main results. We assume that f:R" X[a, b]xR">R" is C*
with bounded derivatives. to=a<t,<---<t,_,<t,=b is a partition of [a, b]. Let
pi(t),i=1,:--,r bea C” function on [¢_,, ;] such that

(2'1)1' f(Px(t), t’ O)ZO, ti~l§t

We introduce a new variable 7= (¢t —t;)/ ¢ at the neighborhood of each t;,, 0= i=r. We
assume that a function g;(7) is defined for 7eR, 1=i=r—1and 7eR", i=0, 7eR",
i =r such that

(2.2); qi(7) =f(qi(7), 1, 0)

in the domain of definition of ¢;(7), and ¢;(7) > p:(t;) as 7> —00, 1=i=r and ¢;,(7)~>
Di+1(t;) as 7> +00, 0=i=r—1. We assume that g,(7) and q,(7) satisfy the boundary
conditions B;(g0(0), 0) =0 and B,(q,(0),0)=0.

We shall need some hyperbolicity assumptions on p,(t) and g¢;(7). We assume
there is an a,>0 and an integer d* such that for 1S i=r,

A

t.

(H1) a{f.(pi(1), t,0)} N{|Re A| = oo} =, and the dimension of the unstable
space of f,(p;(t),0)is d*

for each fixed t€[t_,, t;]. The dimension of the stable spaces of f, is d =n—d*. We
assume that B,:R"xR* >R’ is C™, rank B,,(¢,(0),0)=d_ and B,:R"xR" >R*" is
C®, rank B,,(q,(0),0)=d, . The linear homogeneous equation

(2.3); ¢'(1) = fu(qi(7), t;, 0) (1) =0
and the adjoint equation
(2.4); ¥'(7)+f¥(q(7), 1, 0)y() =0

are important in our investigations. Let ¢,(7), 7€ R™ be any nontrivial bounded solution
of (2.3), and ¢,(7), 7€ R™ be any nontrivial bounded solution of (2.3),; then

(Hz) le(q0(0)9 O) : ¢1(0) # 0; B2x(qr(0)a O)¢2(0) #0.

It should be clear that gj(7), TeR, 1=i=r—1, is a nontrivial solution for (2.3),.
Assume that qj(7), 1=i=r—1, is the only bounded solution for (2.3); up to a scalar
factor; then from the general theory of exponential dichotomy and Fredholm alternative
(see Lemma 4.2 in Palmer [17] and § 3 of this paper), there exists a unique bounded
solution ;(7), TeR, 1=i=r—1, of (2.4);, up to a scalar factor. Moreover, ¢;(7) >0
exponentially as 7- +00. The following generic assumption will be crucial for our
investigation:

(H3) on V() fi(qi(7), 1, 0) dr #0, 1=si=r—-1.

We now state our main results as follows.
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THEOREM 2.1. Suppose {p;(1)}, 1=i=r,{q(7)}, 0=i=r, satisfy (2.1);, (2.2);, and
(H1), (H2), (H3) are satisfied. Then there exist formal power series:

Y &Xi(1), Xo(t)=p(1), 1=i=r,
j=0
© T€R, 1=si=r-1,
Y eyi(r), yo(r)=gq(r) with{reR*,  i=0,
j=0 ~ .
TeR", i=r,

Zsj'r;, 0si=rv, 7})='rj=0 and for all j =0

with the functions X | and constants 'r} computable by a system of recursive linear algebraic
equations, y; computable by a system of recursive linear nonhomogeneous differential
equations such that, for any

m=z0, 0<p<l,

the function

}: X! (t), te[t_+eP, t,—eP], 1=i=r,
j=0
x(t, €)=

m

m-—1
Y ejy;<7— Y sjr}), te[ti—eP, t;+e?1N[a, b], 7=(t—1t)/e, 0=i=r
Jj=0 Jj=0
is a formal approximation of (1.1) with residuals and jumps as O(¢*™*") and boundary
errors O(e™*") uniformly for te[a,b] and 0=i=r.

Observe that x(t, £) has two values at common points ¢+ £”, but that does not
affect the conclusion. For the convenience, we shall tolerate that ambiguity.

Let the inner expansion of the outer approximation be

Y st;<t,-+e('r+ Y 8j7}>> =3 ij;,l(T),
j=0 j J

Jj=0 j=0

£ e (e(r+ 3 ert)) = 5 i

Jj=0 Jj=0 Jj=0
as in (5.24) of § 5. Define the composite expansion x(t, ) as follows:

m

X(te)=% ’X(t)+z ey'1< —Z 8;.1>

Jj=0

t t m—1 m . t_t,-_ m-—1 .
(2.5) + Z 8y’(T_ Y, 87')——20 e’x};(——s—l—— Y. &' 1)
fa

j=0 j=0

- Ji =t ! Ji
- Z € xj’l - Z E 'Tj N
j=0 & j=0

forte[ti_, ], 1=Si=r

THEOREM 2.2. Let x(t, €) be the formal approximation as in Theorem 2.1, corre-
sponding to some m = 0. Then there exists £,> 0 and 5,>> 0 such that there exists a unique
exact solution X...(t, €) of the boundary problem (1.1) with |x(t, €) — Xexaci(t, €)| = 8 if
0<e=g,. The remainder x(t, &)~ Xexaci(t, €) is O(eP"™*V) for any B with 0<p <1.
The composite expansion %(t, €) is uniformly valid for t € [a, b] with X(t, &) — Xexae(t, €)
being O(e™™").
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Results similar to Theorem 2.1 and 2.2 are also valid for periodic systems. Consider
a periodic system

(2.6) ex(1) =f(x(1), t, &)

where f(x,t, &) =f(x, t+w, e) is C*:R"XRXxR->R". Let [0, w]=U;_, [t,, ], and
let p;(t), 1=i=r, be a C” function on [t,_,, t;], satisfying (2.1),. Assume that (H1) is
satisfied. In the fast variable 7= (¢—¢;)/¢, assume that a heteroclinic solution ¢;(7),
0=i=r, of (2.2); is given, with qo(7) = q.(7), qi(7) > pi(t;) as 7> —co for 1=i=r and
qi(7) > pisi(t) as T> 400 for 0=i=r—1.

Assume that the linear variational equation (2.3); has the unique bounded solution
qi(7) and the formal adjoint equation (2.4); has a unique bounded solution ¢;(7),
T€R, 0=i=r, up to a scalar factor. We shall also assume the generic assumption (H3).

THEOREM 2.3. For the periodic system (2.6), suppose {p;(t)}, 1=i=r, {q:(7)},
0=i=r,satisfy (2.1);, (2.2); with qo(7) = q,(7), a =0, b = w, and (H1), (H3) are satisfied
Jor 1=i=r. Then there exist formal power series:

> eXin), Xy0=p(), 1=i=r,

ji=0

Y eyi(r), yo(r)=qi(1), TER, 0=i=sr,
Jj=0

© . .
Y elr, 0=sisr
j=0

with the functions X | and constants t; computable by a system of recursive linear algebraic
equations, y; computable by a system of recursive linear nonhomogeneous differential
equations. Moreover, for any m=0, 0< B <1, if x(t, ¢) and x(t, ¢) are defined as in
Theorems 2.1 and 2.2 for t [0, w] and are periodic with period w for t € R, then x(t, ¢)
is a formal approximation of (2.6) with residuals and jumps as O(e®?"™*V). There exists
a unique exact periodic solution X..,.(t, €) of period  in a small neighborhood of x(t, ¢)
provided that 0 < ¢ = ¢,. The remainder x(1, €) — Xexaur(t, €) is O(e®"*"). The composite
expansion X(t, €) is uniformly valid with X(t, €) — Xxaci(t, €) being O(g™™").
Example 2.4. Consider

e%=f(x,1), a=t=bh,

Boundary conditions at t=a and t=b
where x e R"” and f:R" XxR->R". If y = x, we have
2.7) exX =y, ey =f(x, 1),

which is a system in R*". Suppose f(p(t), t)=0 for te J <[a, b], then (p(t), ep(t)) is
a regular approximation for (2.7) in J, with residual O(&?). Suppose that D.f(p(t), t)
has positive eigenvalues A,(t), -+, A,(t), min;z;j=, A;(t)=ZA1,>0 for each teJ. The
Jacobian for the 2n-system (2.7) is A= (}1 o). It is easy to show that det (A — A) =
]—[;':l (A*— ;). Thus (H1) is satisfied, with d " =d* =n for each te J.

Suppose p,(t), tela, t,] and p,(t), t€[t,, b] are such regular approximations. Let
(g:(7), g2(7))', q;€R", i=1,2 be a heteroclinic solution for

(2.8) x'=y, y=flxt),
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which satisfies all the conditions preceding Theorem 2.1. Let (y,(7), ¥2(7)), ¢; €R",
i =1, 2 be the unique nontrivial bounded solution (up to a scalar factor) for the formal
adjoint system of the linear variational equation of (2.8). Condition (H3) reduces to

joo >2k(7')f:(‘h(7'), ) dr#0.

—00

An often studied case is n =1. It is easy to verify that ¢,(7) = q1(7) up to a scalar
factor. We can write (H3) as

Py(1y)
2.9) j fi(x, t;) dx #0.

pi(ty)

Condition (2.9) can be found in Fife [8], [9]. Angenent, Mallet-Paret, and Peletier [1]
studied the scalar boundary value problem

azu,,+f(u, t)=0, u,(0)=u,(1)=0,

where f(u, t)=u(1—u)(u—a(t)), ac C'([0,1]) and 0<a(t)<1. If 0<t,<1 is such
that a(t,) =3, a'(t,) # 0. Then there exists a heteroclinic solution connecting u =0 and
u=1, and (2.9) is satisfied.

Dirichlet boundary conditions can be found in Fife [9], although they have been
treated in early papers. It is of interest to point out that condition (2.5) in his paper
implies (H2), which can easily be justified by a phase portrait analysis.

We remark here that there are several obvious generalizations of Theorem 2.2.
For example, [a, b] may be replaced by [a, +0) or (=0, b], and in each case one of
the boundary conditions is missing and a global boundedness condition is imposed.
We can also consider (—oo, +00) with no boundary condition at all. Moreover, the
number of subintervals does not have to be finite. In some sense, the boundary value
problem and initial value problem need not be treated separately. However, in the
semistable case, only part of the initial conditions should be specified as follows from
our general theory easily.

3. Preliminaries. We first present some properties of the exponential dichotomies
of the linear nonautonomous equations and the application to the linear variational
equation of the heteroclinic solution ¢;(7). We refer to Coppel [4] and Palmer [17]
for proofs of the following results.

Consider a linear ODE in R"

3.1) x(t)—A(t)x(t)=h(t), teJ

where A(t), t€J is a continuous and uniformly bounded matrix-valued function. Let
T(t, s) be the solution map for the linear homogeneous equation.

DeriNITION 3.1. We say that (3.1), or T(¢, s), has an exponential dichotomy in J
if there exist projections P,(t) and P,(t)=1— P,(t), te J, such that

T(t,s)P,(s)=P,(t)T(t,s), t=s inJ,
|T(t, s)P,(s)|=Ke ("9, t=s inJ,
|T(t, s)P,(s)|=Ke ", s=t inJ

where K and a are positive constants.
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LEMMA 3.2 (roughness of exponential dichotomies). Suppose the linear equation
(3.1) has an expoential dichotomy on R*. If
=sup |B(t)| < a/4K?
teR”
then y(t)— [A(t)+B(t)]y(t) 0 also has an exponential dichotomy in R*, with the
constants K and & determined by K, a, and 8. Let the projections be 2 (1) and B.(1);
then |P,(t)— P,(t)| = O(8) uniformly in teR", |@d —a|= O(8) and K is bounded.

LemMmMmaA 3.3. Assume that |A(t)|= M for all t € J, and A(t) has d ™ -eigenvalues with
real part =—a <0 andd” = n—d" eigenvalues with real part Za >0 for all t € J. Assume
that for any 0<e < a, there exists 0<8 = 8(M, a, €) such that if |A(t,)— A(t,)| =8 for
|t,— t;| = h, where h>0 is a fixed number not greater than the length of J. Then (3.1)
has exponential dichotomy in J with constants K = K(M, o, €) and exponent o —¢.
Moreover, P,(t) approaches the spectral projection to the stable eigenspace of A(t) for
each fixed t, as 8 > 0.

Proofs of Lemma 3.2 and 3.3 may be found in Coppel {4]. Suppose that g(¢), t=0
is a solution for a nonlinear autonomous ODE, which approaches a hyperbolic
equilibrium x = x, as t—>00. The linear variational equation around x, clearly has an
exponential dichotomy. Because of Lemma 3.2, we conclude that the linear variational
equation around q(t), t = 7, has exponential dichotomy for sufficiently large > 0, with
the projections close to those of the linearization around x,. And it is easy to see that
the dichotomy around q(t) extends to J=R". Similar results also hold for J=R".
These observations will be useful throughout the paper.

DEeFINITION 3.4. Define a subset E, (1, I) of continuous functionson J as E; (v, I) =
{x(t)|sup,e; (x(t)] (1 +]e|")™") <oo} which is a Banach space with the norm
||x||,5,(y,) =sup,,; {|x(1)] e"(1 +|t| )~'}, where y is a real constant and [ = 0 an integer.
Let EX(y, I)={x(t)|x(t), x'(t), - - -, x*(t) € E,(#, )}, which is a Banach space with
I 5 = Ejo 16 0y

DEFINITION 3.5. Let F:EM)(v,1)»> E;(v,1), x—h, be defined as h(t)=
x(t)— A(t)x(t). Let F*: E}(y, 1) > E,(y, 1), y—> g be defined as g(t) = y(t) + A(t)*y(t).

Clearly % and F* are linear bounded. Assume that (3.1) has exponential dichotomy
in J with constant K and exponent a. Let y be a constant, |y| < a.

LEMMA 3.6. (i) If J=R", then for any h € Eg-(v, 1) and ue RP,(0), there exists a
unique solution x€ Eg-(y,1) of (3.1) with P,(0)x(0)=u. Moreover |x| gy:(yn=
CLlh (3, D+ ).

(ii)) If J=R", then for any he Eg+(v,1) and ve RP,(0), there exists a unique
solution xe Eg+(y,1) of (3.1) with P,(0)x(0)=v. Moreover, |x|pgisy)=
CllAl garvn 1011}

(iii) If J =R, then for any h € Eg(y, l), there exists a unique solution x € Eg(vy, I)
of (3.1) with |x| ey = Cll bl gnerny-

Proof. (i) We can write the solution as

t t
x(t)=T(t, 0)u+J T(t,s)P,(s)h(s) ds+J T(t, s)P,(s)h(s) ds.
0 —00
From a simple estimate using Definitions 3.1 and 3.4, we have |x|g-,n=
C{||h|l gg-¢y,n T |u]l}. The estimate for || x| g1-(,,) comes from (3.1).
Proofs for (ii) and (iii) are similar to that of (i).
LemMa 3.7. If (3.1) has exponential dichotomies in R~ and R* with constant K
and exponent a being the same in R~ and R, |y|<a. Let the projections, which define
the exponential dichotomies, be P,(t) and P;(t) for teR™ and P (t) and P! (t) for
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teR™. Then F:Eg(vy,1)> Egx(y,]) is Fredholm with Index % =dim %P,(0)—
dim RP;(0). he RF if and only if

J Y*(h(t)=0

—00

for all y € HF*. Indeed, HF* < Eg(a,0).

Proof. The proof is completely similar to Lemma 4.2 in Palmer [17].

The following definition is from Gohberg and Krein [10], which also contains
proof of Lemma 3.9.

DeFINITION 3.8. Let J(, and /(, be two linear subspaces of R". By the minimal
angle between , and J/,, it is meant the angle 0(/,, #,)(0= 6 = 7 /2), defined by

cos (M, M) =sup {|(x, y)|xe M, ye My, |x|=|y|=1}.

Obviously 0(M,, M,) # 0 and dim A, +dim 4, = n is equivalent to #,® M, =R".
In this case, there is a projection P such that #P = ., and P = M,. We are interested
in the case that 6(/,, /) is small or, equivalently, || P| is large. The following lemma
is useful.

LeEMMA 3.9. There exist constants C,, C,> 0 such that

Ci0(M,, M) = | P|| = Co0( My, M)
We shall be interested in the e-dependent systems
(3.2), X(t)—A(t, e)x(t)=0

where A(t, €) is C' in ¢ and uniformly bounded in t, 9A(t, £)/d¢ € Eg(0, 1). Suppose
for £ =0, (3.2), has exponential dichotomies in R~ and R*; then for & small, (3.2),
still possesses exponential dichotomies in R~ and R". Let the projections be P; (¢, £)+
P,(t,e)=1 and P;(t, &)+ P,(t, &) =1, respectively, in R~ and R*. We are interested
in the following situation: (i) dim &P (t, ) =dim P}(t,e)=d"*, (d " =n—d™"); (ii)
RP;(0,0)NRP;(0,0) is one-dimensional. Let ¢(t) be the only bounded solution of
(3.2),, up to a scalar factor. From Lemma 3.7, Ind &% =0 and there is a unique bounded
solution ¢ (1) for () + A(t, 0)*y(t) =0. Indeed, both ¢ and ¢ € E(a, 0). Since at £ =0,
RP;(0,0) N RP(0,0) {0}, we find that 6(RP;(0,0), RPS(0,0))=0. We are inter-
ested in 0(RP;(0, €), RP7(0, £)) for small and nonzero .

Lemma 3.10. Under our assumptions on (3.2),, if [*_ ¢*(1)(8/3e)A(t, 0)p(1) #0,
then there exist €,>0 and C >0 such that

0(RP;(0,¢), RP;(0, )= Cle],
Jor |e| = g,.

Proof. We shall choose an orthonormal basis in ZP,(0,0): {u,, -, uz+} and an
orthonormal basis in ZP; (0, 0): {v,, - - -, vs-}. Without loss of generality, assume that
le(0)=1 and u,=uv,=¢(0). We claim that for £ #0 and small, we have a basis
{u(e), -, ug+(e)y={u,+a,(e), -+, ug++iig~(e)} in RP,(0,¢), with @(e)e
RP;(0,0), i=1,---,d". We also have a basis {v,(g), -, v,(e)}=
{vy+D,(e), -+, v4-+Dg-(£)} in RPL(0, €), with 7;(g) € ZP} (0, 0). To show these, let
x(t, &) be a solution of (3.2),, x(0,e)=u;(e) 1=i=d", and x(t,e)>0 as 1> —o0.
Clearly, x(t, ) satisfies the following integral equation

t

x(t, &) =x(t, 0)+J T(t,s)P,(s,0)[A(s, £) — A(s, 0)]x(s, £) ds

(3.3) ,
+I T(t,s)P;(s,0)[A(s, £)— A(s, 0)]x(s, £) ds, teR.
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By the contraction mapping principle, it is easy to prove that there exists a unique
solution x(t, ), teR™, |e|=¢&,. Moreover, x(t, ) and 9x(t, £)/d¢ is continuous and
uniformly bounded for teR™, || =¢&,. And we have

du(e) o ‘ J’O

=2 20, e)=| T, s)P(s, 0)[A(s, £)— A(s, 0)] = x(s, &) ds
o€ o€ oe

—00

3.4) o
+J T(0, s)P, (s, 0) A(s £)x(s, ) ds.

In particular, @#;(e)=0(e), 1=i=d". This proves the assertion for the basis in
RP,(0, €). Similar results are also valid for 7;(¢), 1=i=d". We infer that

0

2 {a,(0) - 5,(0)} = J T(0, s)P; (s, 0) = A(s, 0)(s) ds
dE oo o€

(3.5) -
+J T(0, s) P (s, 0) (—% A(s, 0)e(s) ds.

0

Define a projection Q(g), which is from R" - RP (0, £) and parallel to P (0, ¢).
Consider a linear algebra equation

&
W=(ul(8)a' . ',ud+(e), 01(8),‘ : .avd_(e)) E s with |W|=1

&

Clearly, Q(e)w=Y,_, {u(e) and |Q(e)|=CY/ |4 Observe that ¥ |¢|=
C{det (u,(g), -+, ug+(e), v,(e), -, va-(€))}', as can be seen from the inversion
formula of matrices. Observe that

det (ul(e)’ Y ud+(8)’ 01(8), Y vd‘(s))
(3.6) =det (d,(e) —0i(¢), " - -, va~(€))
:det (al(s)_ﬁl(s)s Uy, " " "y Ugty, Uyt 0 0y, vd—)+ 0(82)~

From our definition of (t), ¢(0)e ZP;*(0,0)N RP*(0,0), where * denotes the
adjoint of an operator. Thus, (0) L RP;(0,0) and (0) L AP (0, 0). Without loss of
generality, let |(0)| = 1. Then (3.6) is equal to

det (¢(0), us, * * -, Uy, 1, +* +, v HYH(0) (@i (e) — Bi(€))} + O(e?)
= C{y*(0) (i, (e) — (&)} + O(&?).

From (3.5), we have

L @O -z =] w6 280 o5 s

From (3.4), we observe that

atiy(g) _6)11,(0)

=0(1).
de de o(1)

Itis obvious that if ,> 0 is sufficiently small and 0 <|g| = g, |det (u,(¢), - - -, v4-(€))| =
Clel, C>0 and |Q(&)|=Cle|™". From Lemma 3.9, C,6(%P,(0, ), RP;(0,¢)) '=
Cle|™". Whence the desired result follows.
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4. Variants of shadowing lemmas. As mentioned previously, the basic tool of our
investigation is a generalized Shadowing Lemma. We state our theorem first for bounded
continupus functions defined on the whole real axis. Then we indicate how the general
theory applies to boundary value problems.

IfR=U, cicmo[ti-1, ] is a partition of the real axis into finitely or infinitely
many subintervals. We shall allow m,=—00 and/or m; = +0c0. We shall agree that if
mq and/or m, are finite, the first interval (-0, t,, ., ] and/or the last interval [ ¢, _,, +0)
are still denoted by [t,,, tm+1] and/or [ 1, >, t.,—,] for simplification of notation. Let
A;(1), my<i< m, be a continuous matrix valued function in [#,_,, t,]. Let T'(¢, s) be
the solution map for

X(t)=A;(t)x(t)=0, telt_y, t].

We assume the following:
(i) T'(t, s) has exponential dichotomy in [t,_,, t;], with projections P.(t) and

Pi(t), the constants K, @ >0 do not depend on i.

(ii) RPL(t)DRPI(1)=R", my<i<m,—1. Let Q":R" > RP.(t;) be a projec-
tion with #Q' = RP."'(t,). Then |Q'|=M and |1 — Q'|= M, M does not depend on i.

(iii) ;,—t,_y=v, v>0 is independent of i, my<i<m,. Moreover, 4KMe “" <1
and V2(1+ K) KM e *" < 1.

Let & be the Banach space of sequences of continuous and bounded functions
{u:()} mg<i<m,» €ach defined in [#,_,, t;], and on each sequence the following norm is
finite:

[{u}ll& = sup {lu(D)]: teltiy, 6], me<i<m}.

Let Z be the Banach space of bounded sequences of real numbers {g;} . <i<m,—1, With
the norm ||{g;}||- =sup {|gi|: me<i<m,—1}. Let Y =%xZ be a Banach space with
the norm

103 Gl = g +2 Ao

Let A:D(A)< &> Y be defined as o : {u;} > {f;} x{g:}:

@1 u; (1) — Ai(Hu(t) =fi(1), teltig, ], my<i<my,
. u () —uia () =g, me<i<m;—1,
where the domain @ (&) is a subset of & on which the right-hand side of (4,1) is well
defined and is in Y.
LeMMA 4.1, Under the assumptions of (i), (ii), and (iii), & : D(A) - Y is one-to-one
and onto. ™' Y > & is bounded with

|| =4MK +1.
Proof. Let v (1)={, T'(t,s)Pi(s)fi(s) ds+[, T'(t, s)Pi(s)fi(s) ds, te[ti_y, 1]
Clearly, s#{v;} ={f} x{g:}, where g = v,(t;) — v;1,(#:):

lo ()= f Ke U 9|f] ds+J

tioy

t t

' Ke *C7"|f] ds
t

(4.2) 2K
é"&—“{f;}”%a le[ti—l,ti],

2K
(4.3) |gil §~¢x— "{f;}“%
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Let g =g, —g. If g¥, 1=k, has been computed, define
vi(0) =Tt i )Pt )(QT = D)gt + T(1, ) PL(£) Q'gf.
Then

def
g =gl = [of (1) — vfa(1)]

= T(t;, tio) Pi(ti_y)(I = Qiol)g?—l“’ T(t;, ti+l)P:.4+1(ti+l)Qi+lg?+l~
Obviously, from (4.3),

(4.4)

{giHlz = A} < {g}Hlv-
From (4.4),
Het ' Hlz=2KM e *|[{gi}lz, k=1,
{oiHle =2MK |{gi}] 2, k=1.

Since 2KM e~ " <3, therefore ¥ ,_, [{gi}H|z <oo, and T5_, [{vi}|le<co. Let u,(t)=
Yoo vk +ut), teltiy, t;], my<i<my; then u,(t) is continuous in its domain of
definition and by adding (4.4) through k=1, u;(t;) — u;,,(t;) = g} + §; = g;. Observe that
A is a closed operator; thus

A{uy={fi} x{g}.

We have the estimate
e =2MK 5 KM ")) gl + el

= (@MK + D|{f}x{g}Hv-

To prove uniqueness, we show that the only bounded and continuous solution of
(4.1), with {f} x{g;}=0, is {u;}=0. Assume the contrary; suppose at certain f;, we
have 0# v = Q'u(t,), and |(I — Q") u(1)| =|Q'u(1;)|, as the case [(I — Q") u(#;)| =|Q'u(1)|
can be studied similarly. First, from Q'u(t;) = P (;)Q'u(t;)+ P (1) Q'u(t;), applying
Q' to the equation, we have

|Qu()| =|Q'PL (1) Q'u(t)| = M|PL (1) Q'u(t,);

thus

(45) [PE (1ol = - ol

(4.6) [P (1) o] = Ko,

(4.7) |PL () (I = QDu(t)] = (I - QYu(t)| = vl
(4.8) [P (6)(T— Q) u(t)] =0

From (4.6) and (4.7),
[P (1) u(e) = (1+ K)|o].
From (4.5) and (4.8),

i 1
|P’u+1(ti)u(ti)l§_ﬁ [v].
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Using the relation T(fiyy,£): RP'(4)>RP ' (4;41) and T(ti4y, 1) RP (1) >
RP,"\(t,1,), and the exponential estimates, we have

'P.iv+1(ti+l)u(ti+l)| =(1+K)Ke v,

i+ 1 av
IPqul(ti-H)u(tH-l)l:z——_e }Vla

KM
i i i 1 av
(4.9) IQ +1Pu+1(ti+1)u(ti+1)|=1Pu+1(ti+1)“(ti+1)|§me |v|,
(410)  [QT'PI (fi)u(tiy)| = MIPS (1) u(6)| = (1+ K)KM e,
(4.11) (I-Q" P (ti)u(tiy) =0,

I(I“ Qi+l)Pi+l(ti+l)u(ti+l)| = M|Pi+1(ti+1)u(ti+1)| §(1+K)KM‘—’~_M|V|,
From (4.9) and (4.10),

(4.12) IQi+1u(t,~+,)|§<E1M— e"”’—(1+K)KMe"“">|v|.

From (4.11) and (4.12),
(4.13) (I = Q™" Mu(t )=+ K)KMe *|v).

Since V2(K+1)KMe **<1, (1+K)KMe * <(1/2KM) e*". Therefore A=
(1/KM) e**—(1+K)MK e "> (1/2KM) e“*>1. We have obtained that
Q™ ' u(t, )| = A|Q'u(t;)] with XA>1. Now that [Q ™ 'u(t; )|—|(I-Q u(t)|=
((1/KM) e* =2(1+ K)KM e *")|v| 2 0, we can repeat the whole argument. Therefore,
|Q’u(t;)] - o as j > 0, contradicting the boundedness of | Q| and |u(#)|. This completes
the proof of {u;(t)} =0, and whence the whole lemma.

Before we prove the nonlinear Shadowing Lemma, we need the following lemma.

LeMMA 4.2 (Inverse Function Theorem). Let X and Y be two Banach spaces. If
A:X > Yis linear, A”': Y > X exists and is bounded with the norm |A™"|. Let f: X > Y
be C', f(0)=0, f'(0) =0. Also | f'(x)| = M,|x|, M,> 0 is a constant. Then, foreachyc Y
with |y| =iM7'|A7'| 72, there exists a unique x € X such that y = Ax +f(x), with |x|=
IMT'|ATY . Moreover, |x|=2|A7"| - |y|.

Proof. Consider x,=A"'y— A7'f(x), the right-hand side maps |x|=iM;'|A7'|""
into |x,|=3M'|A7"|"" provided that |y|=iM'|A7"|"% And it is easy to verify that
x+> X, is a contraction of rate 3. Therefore, there exists a unique fixed element x = x, .
Moreover, |[x|=|A7Y|y|+|A7'|M, - |x]*=|A7"||y|+3]x|. Thus, |x|=2|A7"||y|.

Consider a nonlinear equation in R"

(4.14) u(t) = f(u(r), 1),

where fe C*(R" xR, R"), | f|c2= M,. Assume that R = U o<izm, Lti-1, 1] is a partition
of R as in the beginning of this section and {u;(t)} is a formal approximation of (4.14),
subordinate to the given partition, with

u;(t) = f(u;(1), t) = hi(t), teltiy, 4]
u; () —ui () = k;.

Let A;(t)=f.(u(t),t), te[t,_,,t;] and T'(t,s) be the solutions map of the linear
homogeneous equation

(4.15) u(t)—A;(t)u(t)=0.
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THEOREM 4.3. For the partitionR=U,, _,_, [y, t;] and the solution map Ti(t,s)
of (4.15), assume that the hypotheses (i), (ii), and (iii), as in the beginning of this section,
are satisfied. Suppose that §,m, &, are positive constants with 8§+ (Q2K/a)n=
IMT'(A4KM +1)"% and &,=3M;'(4KM+1)"", and suppose that |{h}|+=n and
I{ki}|z = 6. Then (4.14) possesses a unique bounded continuous solution u(t) with
|u(t) —u;(t)| = e,. Moreover

I{u —u}lle =2(4KM + D|[{h;} x {k}|| -
Proof. Let u(t)=u;(t)+z(t), te[t;_,, t;]. We have to solve
(1) = Ai(D)z() = Ni(z)() = hi(1), 1€ty 1],
zi(t;) = zina (1) = = ki,
where N;(z;)(t) =f(u;(t)+z,(1), t) —f(u;(t), t) — A;(t)z;(t). Equivalently,
A{z} ={Ni(z) - hi} x{-k}.

Applying Lemma 4.1, we have that /: ¥ - Y is one-to-one and onto with ||&/~'|| =
(4MK +1). Observe that { N;(0)} =0, D{N;(0)} =0, and | D{N;(z)}|| 22, = M| {z}l| -
From Lemma 4.2, for each {h;} x {k;} € Y with ||[{h;} x {k;}|y =iMT'(4MK +1) >, M, =
(2K /a)M,, there exists a unique {z;} € & with |{z;}|+=3M;'(4MK +1)"". Moreover,

{zi}H| e =2(4KM +1)||[{h;} x {k;}| -

We now indicate how Theorem 4.3 can be adapted to boundary value problems
in finite interval or periodic systems in R.
First, consider the boundary value problem

u(t)=f(u,t), a=t=b,
(4.16) Bi(u(a)) =0,
By(u(b))=0

where f:R" x[a, b]>R", B,:R">R% ", and B,:R">R"", d +d " =n, are C?, bounded
functions with sup {|f|c2, |Bilc2, | B2} = M. Let M, =sup {M,, 2K/a)M,}.

Suppose [a, b]=U ,_,_, [t,-, t;] is a partition of [a, b] and {u;(¢)} is a formal
approximation subordinate to this partition with

u;(t) — f(u;(2), t) = hi(1), telti_, ], 1=i=r,
w; () —uia () =k;, 1=i=r-1,

By(u\(a)) = by,

B,(u,,(b)) = b,.

{hi(1)}, {ki}, by, and b, are residual, jump, and boundary errors, respectively.
Assume the B,x(u;(a)):R"->R* is of rank d~. That is, ¥B,x(u,(a)) is of

dimension d* and B,.(u,(a)):{%B, . (u,(a))}* >R is invertible, with the inverse

denoted by B, (u,(a))". Let &€ XB,(u,(a)) and &, €{¥*B,(u,(a))}*. Consider

(4.18) B\(u,(a)+&+¢&)=0,
B (uy(a))é,+{B (u,(a)+ &) — B,(u,(a)) — Bi(u,(a))é}
=—b,+ B,(u,(a)+ &) — B,(u(a)+ &+ &).

(4.17)

(4.19)
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Clearly, the term in { } is a nonlinear function in ¢, denoted by N,(¢,), N,(0)=0,
DN,(0)=0, D’N,(¢,)= M,. And the right-hand side of (4.19) is bounded by |by|+
M,|&)|. It follows from Lemma 4.2 that there is a C” function &, = £5(&), |&|=
§M || B x (u,(a)) "] 2, which solves (4.18), provided that |b,| =3 M7 '|| B, (u,(a)) [ >
Let £ = £(0); then || =2 B, (u,(a))'[1b]. _ _

We can construct fi(x) such that fi(u,(a)+&)=0, u;(a)+§£, is a hyperbolic
equilibrium of the equation u(¢) = f,(u(¢)), and the image of u=u,(a)+ &+ £F (&)
with &€ XB, . (u,(a)), |&] =M 72| B (u,(a))""|| 2 is the local unstable manifold. Such
a construction does exist and we shall not render it here.

Similarly, assume that B, (u,(b)):R">R*" is of rank d*. Let o€ HB,, (u, (b))
and {, € {%B,.(u,(b))}*; then

By(u,(b)+ o+ &) =0,

is uniquely solvable by a C? function ¢, = {§(), |Zo| = §M 12| By (u,(b)) "2, provided
that |b,| =§M ;|| Bo(u,(b)) '] 7>, Here B, (u,(b)) " :R* > {%B,,(u,(b))}" is a right
inverse of B, (u,(b)). Let £, ={F(0), |&1| =2|| Box(u,(b))7|||by). We can construct an
autonomous ODE u(t) = f,(u(t)) such that u,(b)+{, is a hyperbolic equilibrium and
the image of u = u,(b) + {o+ {{ (o) With {,€ B, (U,(b)), |{o| = %Mlelle(ur(b))_'H'z
is a the local stable manifold.

Consider a partition R=(—00, a]U (b, +o0)UU ... [, ;]}; and an extended
system in R:

(4.20) u(t)=f(u(), 1),
where f(x, t)=£,(x), te(~x,a), f(x,t)=f(x 1), te[a, b] and f(x, 1)=rfi(x), te
(b, +00). Let {u;(t)}, 0=i=r+1 be a formal approximation of (4.20), with uy(t)=
u(a)+ &, u () =u,(b)+ £, and u;(t), 1= i = r being the previous formal approxima-
tion of the boundary value problem (4.16). We remark here that f(x, t) is only piecewise
C?in (-0, a)U[a, b]U (b, +o0). However, the proof of Theorem 4.3 shows that we
do not need the vector field to be C? in the entire domain. We also observe the jump
errors uy(a) —u,(a) =& = O(b,) and u,(b)—u,.,(b) = O(b,). Let T'(t, s) be the sol-
ution map of

u(t)—A(u(t)=0, teltiy, 4],
where A;(t) = f,(u;(1), t). Theorem 4.4 follows from an application of Theorem 4.3 to
(4.20).

THEOREM 4.4. Assume that (i), (ii), and (iii) are satisfied withmy=0andm,=r+1,
B,.(u)(a)) is of rank d~, and B, (uy(b)) is of rank d*; HB,.(u,(a))®RP,(a)=
#B,(u,(B))®RP,(b)=R"; Q°:R"->¥B(u(a)+&) with H#Q°=RPi(a), and
Q":R" > RP;(b) with Q" = KB, (u,(b)+{,) are two projections with sup {|Q°|, |I —
Q%,1Q",|/I-Q'[}=M. Suppose that 6, m, and &, are positive constants with &+
(2K/a)n=iM;'(4KM+1)"* and e, =3M ' (4KM +1)"", and suppose sup {|k|}, 1=
isr—1}=§, sup{lh()|, 1=i=r, telt,_,t,1}=n and |b]|=6/C, i=1,2, where C =
2sup {|| Bix(ui(a) 7', l|Bax(u.(b))"'||}. Then (4.16) possesses a unique solution u(t)
with |u(t) —u;(t)| = e,. Moreover,

sup{lu(t)—u(D:1=i=rtelt,, 4]}
=2(4KM +1)(sup {C|b/|, |k|: i=1,2,1=sj=r—1}
+2K/asup{|h(): 1=i=r, te[t_y, t;]}).
Next consider a periodic system of period w,

(4.21) u(t)=f(u(t),t),
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where f(x,t)=f(x,t+w) is a C* bounded function with |f|c2=M,. Let [0, w]=
U, ==, [ti_1, t;] be a partition of [0, w] and {u;(¢)} a formal approximation subordinate
to this partition, with

u(t) = f(u(t), )=h(t), teltiy, 4], 1=i=r,
u(t) —u () =k, 1sisr-1,
ur(w) - ul(o) = kr-

Let T'(t,s) be the solution map of 1u(t)—A;(t)u(t)=0, te[t,_,, t;], where A;(t)=
Sf(ui(t), t). We have the following theorem for the formal approximation {u;(t)} for
the periodic system (4.21).

THEOREM 4.5. Assume that (i), (ii), and (iii) are satisfied withmy=0 andim, = r+1.
Assume that RP,(w)® RPL(0)=R". Let Q":R" > RP’(w) be a projection with HQ" =
RP(0). Assume that |Q"|= M and |I — Q"| = M. Suppose that 8, m, and &, are positive
constants with 8+ (2K /a)n=i;M;' - (AKM+1)7% &, =3M [ (4KM +1)"" and suppose
that sup{lk|, 1=i=r}=6 and sup{|{h(t)|, 1=Si=v, telti_,;1}=n. Then (4.21)
possesses a unique periodic solution u(t) =u(t)+w), with |u(t) —u;(¢)| = ¢,. Moreover,

sup {|u(t)——u,(t)|: 1=i= r, te [ti—ls tz]}
=24KM +1)(sup{lkl: 1=isr}+2K/asup{|h(): 1=i=r telt_y, 4]1}).

Proof. Extend the formal approximation periodically to ¢t € R and apply Theorem
4.3. The bounded solution thus obtained is periodic, following from a uniqueness
argument.

5. Formal power series solutions and matching principles. We start with some
definitions that are slightly different from those in the standard literature.

Let f(t, €) be continuous and defined on t€J and |e|=g,, J is an interval in R,
bounded or unbounded, open or closed, and g,> 0 is a constant. We say f(t, ) = O(e™)
if for any compact subinterval J, < J, there exists a constant C(J;) such that |f(¢, )| =
C(Jy)|e™], te J,. We say that f(t, ) = 0(e™) if f(¢, &)/ €™ - 0 uniformly in any compact
subinterval J,, as € > 0.

A formal power series (in ¢) is a formal sum Z;';O e'p;(1); ¢;(t) is defined and
continuous in J. A formal power series Z;‘;O &'p;(t) is an asymptotic expansion of a
continuous function f(t, ) in te J, || = g, if

flt,e) =Y e¢j(t)=0(e™*") forall m=z=0.
Jj=0
This relation is denoted by E{f(¢, £)} = Z;‘;O &'¢;(1), E is called the expansion operator,
and f is said to be ih the domain of E, and shall be called an asymptotic sum of
Z;‘io e'g;(1). o

It is immediately obvious from Taylor’s formula that if each (8'/3¢’)f(¢, €) exists
and is a continuous function of ¢ X g, then f(¢, ) is in the domain of E. The following
lemma shows that E has a right inverse and is a generalization of a lemma of Borel
and Ritt. The proof shall be omitted.

LEMMA 5.1. There exists an (nonunique) asymptotic sum f(t, &), teJ, ecR for
each formal power series Y., £'¢;(t). Moreover, for each i Z 0, (3'/9&")f(t, £) exists and
is continuous in ¢ and e.

Two functions, f(t, ) and g(¢, €), both in the domain of E, are said to be asymp-
totically equivalent, denoted by f(t, e) ~ g(t, €), if and only if E(f(t, £))=E(g(t, £)).
For any formal power series Y ,&’p;(1), E"'(¥;,&’¢;(1)) forms a nonempty
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equivalgnce class and shall be denoted by [Z;io sjcpj(t)], or [f(t, )] with fe
(X0 &e;(0)].

Let F(u,,u;,_~ ce,u, te) be C” in all the variables. Assume that fi(t, &)~
g(t,e)e[Y 7 e'e)(1)], i=1,- -, k Then

F(fi(t,8), -, filt,e), 1, e) ~ F(gi(t, &), - - -, g(t, ), 1, €).

Therefore,

P({idwoﬂ; [Qe%uﬂ ) LR ) il 0,1 0)]

is well defined.

DEeFINITION 5.2. Define F(Z o E0)(1), " Z;‘;O sjcp}‘(t), t, €) as a formal power
series P [0 € qlr,(t) Wthh is the asymptotic expansion of
F(Y, o e'ej(0], -, [¥,-, €0, (1)], 1, £). The relation shall be denoted by

(5.1) F( > sjgo}(t), SR ejgoj’»‘(t), t, e) =y ej(//j(t).
j=0 j=0 j=0

It is now clear that termwise summation and multiplication by scalar functions
of formal power series, as well as multiplication of two formal power series, can be
defined by using Definition 5.2. Moreover, if each ¢;(t1)e C', we define
d/dty} o€ Jo;(1) 'Y, £'¢;(1). We remark here that this definition is not merely
formal, i.e., there exists at least one function f(t,&)e [Z, o €'@;(1)] such that
(d/d0f(t, e) [T £y (1)].

LemmA 5.3. Each term ;(t) of (5.1) can be computed recursively by the following
equation:

(5.2) _i:;o sft/;,(z)=F(§0 o1, -+, z Fok(n), 1, s)+0(e'"+')

foranymy,-- -, mwithm=m, 1=isk

Proof. By virtue of Lemma 5.1, we can choose f(t, s)e[Z} W EPi(], 1=Sisk
Since Y[, eloi(t) = f(t e)+ O(s"‘“) we have the right-hand side of (5.2)=
F(fi(t,e)+O0(e™™"), -+, fi(t,e)+ O(e™*"), t,e)+ O(¢™"") whence (5.2) follows by
the Taylor expansion.

We say that Z;’io e’p;(t) formally satisfies an algebraic or differential equation
L(u,t,e)=0 if L(Z‘,’0 0 EA(pJ(t) t, ¢) =0 in the sense defined as above. In this case we
call ¥ =0 € ‘(1) a formal solution of the algebraic or differential equation.

LEMMA 5.4, IfY " =0 € '¢;(t) is a formal solution of an algebraic or differential equation

L(u, t,e)=0, then Y-, €'¢;(t) is a formal approximation of the solution of the equation
with the residual

L( Y g, t, 8) =0(e™").
Jj=0
Proof. This is a direct corollary of Lemma 5.3.

Finally, for any Z;O:o €'p;(t), we can define a change of variable t=t,+ &7 as
another formal power series denoted by

o0

Z j‘/’)('r)" Z E‘P](IO+ET)

Jj=0
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which is obtained by choosing an arbitrary f(¢, €) e [Z;io ¢’¢;(1)] and expanding
E{f(t,+em, £)} =1§) ej(pj(f).
Clearly the definition does not depend on the choice of f(¢t, €).

Throughout this section and § 6, y is a constant with 0 <y <a <a,.

5.1. Formal power series solutions in [#;_,, t;]. Let {X;}°, be an arbitrary sequence
of real vectors. Consider the formal asymptotic expansion defined in Definition 5.2:

f(Z &'X;, 1, e) =f(Xo, ,0)+ Y e {fi(Xo, Lt OVX;+ F(X,, -+, Xjor, - -+
J J=1

(53) .
) D;chler(XOs t’ 0)’ v ')}’

where F;( ) is a sum of multilinear functionals on X, - - -, X;_;, each term has the form
DiDEf(Xo, ,0)X T - - X7

where i, =0 is an integer, and k,, - - -, k;_; and i, are multi-indices, satisfying k, +- - - +
ki_y =iy, |k\|+2|ky|+ - - -+ (j—1)|k;_4| + i, =j. Consider the recursive equations

(5'4)0 0=f(X0(t)$ ta 0),
X;i(1) = £(Xo(0), 1,00 X,() + F(Xy (1), -+, Xja(1), -+ -,
: D;chlszf(XO(t)9 ta 0)’ o .)'

We shall solve the recursive system in [t,_,, t;], 1=i=r. Let X{(t)=p;(t), which by
our assumption satisfies (5.4),. Assume that X§(t), -+, X }-,(t) have been computed,
and our assumption (H1) implies that there is a unique Xj(t) satisfying (5.4); for
te[t_y, 1;]. We shall show that ¥'° | /X (1) is a formal solution of the equation

eX(1)—f(X(1),1,£)=0.
Consider the formal power series

E%</§ s-"X,'i(t)) —f(;’: eXj(1), ¢, e)

j=0 j=0

(5.4);

=—f(Xo(1),1,0)+ i X1 (0) = fu(X(D), 1,0) X (1)

—F(Xi(1), -, Xj(1), " -+, DYDef(Xo(1), 1,0), - - )},
which from our recursive equations is identically zero for te[¢t,_,, t;].

5.2. Formal solutions for the boundary layers. The equation for the boundary layer
near t = a may be obtained by setting ¢ = a + 7. In the fast variable 7€ R™, (1.1) becomes

y,(T9 5)=f(y(7', s),a-l-s'r, 8)3 0§T<+wa
Bl(y(oa 8), 8) =0.

Here we may assume that f(x, t, €) has been extended and defined for all 1= a.
Consider the formal asymptotic expansion

(5.5)

f(go ejyja a+£7’ 8) =f(y03 a9 0)+ 'zl Ej{f;t(yO: aa 0))’1

(5.6) i iy
+Gj(y1" v ayj—la e ;DxlDlzDEzf(yO,aaO)a ot ')}
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where Gi(yy,- ", Y1, +, DID2D3f(y,a,0),---) is a sum of multilinear func-
tionals on y,, -+, ¥;_;, each term has the form

(57) DiD:Dyf (yo, @, 0)yi -+« ',

where i,=0, i;=0 are integers, and i, k,,--- and k;,_, are vector indices, with
kit -tk =i, |k|+2lk|+- -+ (j—1)|ki_;|+i,+i;=j. Consider the recursive
equations

(5'8)0 )’(’)(7') =f()’0(7'), a, O)a

yi(m) = £:(po(7), a, 0)y;(7)

(5.8); S
+G;(yi(7), - - ‘,Jﬁ—x(T),"' , DYDeDf(yo(7), a,0),- - +).

Equation (5.8); is a linear inhomogeneous equation in y;(7) provided that
Yo(7), - - -, y;-1(7) have been computed. We shall need boundary conditions for y;(r)
at 7=0 and 7= +o0.

Consider the formal asymptotic expansion

Bl(Z E‘j)—’_j, 3) = Bl(.)_"o, 0)+ 2 9j{le(}70,0))7j+I'Ij()71, i,
Jj=0 Jj=1

(5.9) .
*DiDzB\(5,0), - - )}

where H;(3,," *,Jj-1," -, DiD2By(3,0), - ) is a sum of multilinear functionals
on j, - -, ¥i-1, each term has the form

D\D2B\(5,0) - 7t -+ )i
where i,= 0 is an integer, and k,, - - -, k;_, and i, are indices, with k,+- - -+ k,_, =1,
|ky|+ 2|k, + - - -+ (j—1)|k;—4| + i, =j. Consider the recursive equations
(5.10), B,(34,0) =0,
(5.10); B (3o, 0) 3+ Hi(F1, " "+, Fj-1,* * +, DYD2B(50,0), - - +) =0.

The solution y; of (5.10); shall be the initial condition for (5.8);, y;(7)|.—o= J;.
Finally, we assume that

(5'11)1 Yi(T)EEIR+(09j)a

which is a growth condition for (5.8); at 7= +co.

We now construct our formal solution Z;‘;O ejy;’(r) of (5.5) as follows. First let
yo(7) = qo(7), which satisfies (5.8),, (5.10),, and (5.11), by our hypotheses on go(7).
Assume that y(7), -, ¥} () have been computed, which satisfy (5.8),-(5.8);,,
(5.10),-(5.10);_,, and (5.11),-(5.11);_,. We show how (5.8);, (5.10);, and (5.11);
uniquely determine y;(7).

To begin with, it is easy to verify that

G(yi(r), -, ¥ia(r), - - -, DyDPDf(yo(7), 4,0), - - ) € Eg(0, ),

by virtue of (5.7) and the assumptions on y§(7), - - -, ¥}_,(7). Observe that go(7) > p, (1),
as 7— +00, which is a hyperbolic equilibrium for (5.8),. From the remark made after
Lemma 3.3, the solution mapping T°(t, s) for the homogeneous part of (5.8);, j =1,
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possesses an exponential dichotomy in R, with the projections being P{(s) and P} (s).
Any solution of (5.8); in Ex+(0, j) can be written as follows:

yi(7) =T (r,0) P(0)y3(0) + J T(7, s)P(s)Gy(- - *)(s) ds
(5.12),

+f T(, $)P(s)Gy(- - )(s) ds.

We refer the verification of (5.12); to Lemma 3.6(ii). From (5 12);, we have
PS(0)y2(0) =2 T°(0, s)P%(s)G;(- - -)(s) ds. Now substituting y2(0) = P%(0)y%(0)
+Pf’(0)yf(0) into (5.10);, we have

(5.13);  Bi(y5(0), 0) PL(0)y7(0) + Bix(y5(0), 0) P.(0)y;(0) + H;(¥3(0), - - -) =0.

Notice that RPY(0)® *B,.(y5(0),0)=R", by virtue of (H2). Thus, PJ(0)y}(0) is
uniquely solvable from (5.13);. By substituting into (5.12);, y7(7) has been completely
determined. And y(7) € Eg+(0,j) by Lemma 3.6(ii).

Itis straightforward to verify that the formal power series 2 o &Y ?(7) thus obtained
is a formal solution for (5.5). We shall not render the details here

We remark that yJ(7) is determined by the growth condition at 7=-+00 rather
than matching principles as commonly used. However, there is a matching of y,(T)
with outer layer that can be proved as the consequence of our construction and that
is useful in the sequel. Consider the inner expansion of the outer formal solution

Z;‘i—_o Eijl(t)a

(5.14) S exd(r)= Y e/X!(a+er).
j=0 j

Jj=0

It is easy to show that xJ(7) is a polynomial of degree =j. We can now state the
following result.

THEOREM 5.5. The formal solution Z an,(T) of (5.5), with yo(7)=qo(r) is
uniquely computable from (5.8);, (5.10),, and (5.11); recursively. Moreover, we have
¥2(7) = x3(r) € Eq(7,.)-

Proof From (5.14) and the fact that Z, o s’Xl(t) formally satisfies (1.1), without
boundary conditions, we easily derive that ¥ =0 €% (1) formally satisfies

y'(1)=f(y(r), a+em e).

Thus, x{(7) satisfies (5.8), (in fact, xg(r)=p,(a):const.), and x{(7) satisfies (5.8);
with  (y,(7),+ -, y(7) = (x}(7), -+, x}-1(7)). Assuming that yi(7)—x%(7)€
Eg+(y, k), 0=k=j—1, we consider the mhomogeneous equation for yj(7)— x,(T)

(r3(m) = x7(7)) + fe(yo(7), a, 0)(y7(7) — x(7))
= {(f;c(yO(T)a a: 0) _f;c(xO(T), a, 0))x;)(7)}
+HG(1), -+, (7)), -+, DID2DEf(yo(T), a,0), - - +)
= Gi(xi(7)," ++, x;_1(7), - -+, DYD2Dzf(x0(7), a,0), - - +)}.
It is easy to verify from the specific forms of G;(- - -) that the two bracketed terms
are all in Eg+(y,j)< Eg+(0,j). Obviously, yJ(7)—xj(7)e Eg+(0,j) and the
inhomogeneous equation (5.15) has a unique solution Z(7) € E+(0, j), uniquely deter-
mined by setting P(0)z(0) = PY(0)(»9(0)—x7(0)); in fact, zZ(7)=x](7)—x(7).

However, the inhomogeneous equation (5.15) also has a unique solution z(7) € Eg+(v, j)
if P2(0)z(0) = P(0)(y7(0) —x(0)) is given. But z(7) € Eg+(0, j), from the uniqueness,

(5.15)
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z(v-) =z(1)=yj(1)—xJ(7). We refer the justification to Lemma 3.6(ii). Therefore,
)= x2(7) € Egr(3,)). O ‘
Similarly, we can derive the recursive equations for the formal series }:;';0 e'yi(r),
which formally satisfies the boundary layer equation at ¢t = b,
y'(r,e)=f(y(r,e),b+ere), —0<7=0,
B,(y(0, €),£)=0,
which also satisfies a growth condition at 7= -0, i.e., yo(7) = q,(7) € Ex-(0,0), yj(7) €
Egx-(0,j), j=1. Moreover, if Z, Lo &'xj(1)= Z, —o s’X'(b+e7~), we have yj(7)—xj(7)e
EIR (‘Ya.])
5.3. Formal solutions for the interior layers. The equation for the interior layer at
t=1t, 1=i=r—1, after setting t = t;+ £7, becomes
(5.16) y'(r7, e)=f(y(r, &), t;+em, &), —00 < 7 < 00,
where we may assume that f has been extended to all teR. ‘
Suppose that Z; o€ y,(T) is a formal solution of (5.16), we have yy(7) =
f(yi(r), t;,0). We also assume that yi(7)-p;(t;) as 7->—0 and y(7) - pi(t;) as
t - +00. Therefore, from our assumptions on g;(7), we may set y(7) = q;(7+ 7), where
Tisa parameter to be determined. Equivalently and more conveniently we shall assume
that .2, £'y;(r) is a formal solution of
(5'17) y’(79 8)=f(y(7: 8); ti+€(T+T~)’ 8),

with y{(7) = q;(7). We assume that E(7(g)) = Z;io &’r;. Consider the formal asymptotic
expansion

f(Z sjy,-, t,+s<7'+ 3 sz,), e)
j=0 7 j=0

(518)  =f00, 1,0+ X eHLulru, b 00 +£i0u, 1, 0)7,-

+Lj(y1a' o ’yj—l’TO" * ',71'—2’. : .’D;DizDi3f(y0’ t,',O),’ : ')}

where L;( - +) is a sum of multilinear functionals on y,,* -+, ¥y, 7o, " *, Tj—2, and
each term has the form

(5.19) DADEDEf(yo, t;, 0)yk - - - yigirhorly -+ - 7l
where i, i3, ly,*+ -, L, are nonnegative integers; i, k,,- -, k;_; are multi-indices
With kl +k 1= il’ l()+' * ’+lj_]= iz, |kl|+2|k2l+ +(] l)lkj ]|+l()+ll+212

- ) atiz=
Con51der the recursive equation

(5:20) Y1) = £ (o(7), 1, 0y, () + £, (pol(7), 8, 0) 7,
! F L), (1), o, t s Tyas - o, DADEDEf(pe(7), 1, 0), + * )
for j=1 with the growth condition at = £00

(5~21)j yj(T)eER(Oaj)‘
We also require that
(5.22); ¥;(0) L 4/(0),

since the perturbation in the tangential direction of the orbit of ¢;(7) has been taken
into account by Z, 0 & 7, We claim that yo(7) = yo(7) = ¢;(7) and (5.20);, (5. 21),, (5.22);
uniquely determine {7}}}~, and {y(7)};Z,. Suppose yi(7), 0Sk=j—1and 7}, 0Sk =
Jj—2 have been computed and satisfy (5.20),, (5.21),, 1=k=j—1. Then from (5.19)
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we easily conclude that

L](yll('r), e ,Y;—l(T), Tg)’ T, Tji'—2a Y D;chltZDlesf(yz)(T)’ ti9 O)a o ')E EIR(O,j)'
Consider (5.20); as an inhomogeneous equation in y}(q-). Since ¢;(7) - p;(t;) as 7> —00
and q;(7) - p;.(t;) as 7>+, from Lemma 3.2, the linear homogeneous equation
corresponding to (5.20); has exponential dichotomies in R~ and R*. Our assumptions
imply that %:Eg(0,j)—> Eg(0,j), defined as (Fy)(7)=y'(7)=f(qi(7), 1;,0)p(7),
is Fredholm with index % =0. Since dim #¥% =1, we have dim ¥%* =1, and .7{97*

is spanned by ¢;(7) by our assumptions. Now Lemma 3.7 implies that (5.20); i
uniquely solvable if and only if

{j ¥i(n)fi(qi(7), 1;, 0) d’r} CTia

—00

(5.23), .
+J'_ l/j:k(T)L](y;(T)’ tee ,Y}—l(T), T(i)’ : j -25 " ) dT 0

for j=1 and the solution yj(7) is in the codimension one subspace Z;=
{y(7)|y(0) L q/(0)}, which is complementary to ¥%. From hypothesis (H3), 7}, is
uniquely solvable from (5.23);. Once (5.23); is satisfied, from standard property of
Fredholm operators, yj(r)€Z; is uniquely determined by (5.20); and (5.21);. See
Lemma 3.7.

The proof that ¥ ", £’y;(7) and 3.}, ¢’} formally satisfy (5.17) is straightforward.

Similar to the boundary layers, y;(7) is determined by the growth condition (5.21);
rather than by matching principles. However, the match of yj(7) with the outer
expansion can be proved as a consequence of our construction. Consider the inner
expansion of the outer formal solutions

§ expor- 5 exi(uve(r 5 ox))

Jj=0 Jj=0

(5.24) - - -
Y eix},2(7)= Y siX}H(ti+£(‘r+ Y sz;)).
Jj=0 j=0 j=0
We assume that each Xj(t), X|"'(t) has been extended C* to teR. However,
{x}.(7)}20 and {x},(7)}}, do not depend on the extension. x,' .(7) and X}' 2(7) are, in
fact, polynomlals of degree =j. It is easy to see that Z; "o £'xi1(7) or YL exiy(7),
with 7=Y7" i—o £'7;, formally satisfies (5. 17) We can now state the following result:
THEOREM 5.6. The formal solution Zl o €Vi(7) and 21 0 e’T' of (5.17) with yO(T) =
q:(7) is uniquely computable Sfrom (5.20);-(5.22); recursively. Moreover y](T) ,,(r) €
Ea(%j) and y}(r)~x}x(r) € Enr(y,)). |
Proof. We shall show that y;(7)—x;,(7) € Eg*(y,j). Clearly, for j=0, yo(r)=
qi(7) > pii(t;) = x{(7) as 7> +00 exponentially fast as does e . Assume that y(7)—
xi2(7) € Eg*(y, k), 0= k=j—1. Since both yj(7) and xj,(7) satisfy (5.20);, it follows
that the inhomogeneous equation for y{(7) —xj,(7) is

(yi(7) = x;2(7) = £ (yo(7), 1, 0) (¥j(7) = x}(7))
={£c(yo(7), t;, 0) = fi(x0,2(7), t;, 0)}x;5(7)
+H{fi(yo(7), 1, 0) = fi(x02(7), £, 0)} 7,
HLyi(), y, 1(7) Tos 'ty Ti2,t t 1, DYDEd f(yo(7), 1, 0), - - +)
"‘L(xlz("') , 12(7') 7'0, "aT;—z,"”

D;‘D:ZDEf(X(i)’z(T), ti, 0)9 T ')}'

(5.25)
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From the specific form of L;(- - -) and the assumptions on y;(7) — Xio(7), 05 k=j—1,
it is clear that the right-hand side of (5.25) is in Eg+(y,j)< Eg+(0, j). Moreover, we
have that yj(7) —x|_,(7) € Eg+(0, j). Arguing as in the proof of Theorem 5.5, we infer
that y;(7) —x;,(7) € Eg*(v,j). O

Remark 5.7. It is of interest to compare our method with the classical matching
principles (see Eckhaus [5]). For all the boundary layers and interior layers, we have
merely imposed growth conditions on yi(7), 0=i=r. The limiting behavior yj(7)—
xj() € E(y,j) is proved as a consequence but not a constraint.

However, there exist overlap regions and the intermediate variable can be (t—
t;)/ €®, for any 0< 8 <1, in a neighborhood of ¢, in [a, b]. Also, the asymptotic matching
principle, using the notation of Eckhaus [5],

E"E"x(t,¢)=T,E"E"x(1, ¢)

is satisfied, for all m =0, n=0 integers. The proof is straightforward, though tedious.
The uniformly valid composite expansion is

m m m )
Y 8"X?(t,8)+ Y s-’y;’(f)— Y. ajx?(’r), t=a+er
j=0 j=0 j=0

in a neighborhood of a in [a, b].

6. Proof of the main results. In this section, y is a constant with 0 <y <a <ay.

Proof of Theorem 2.1. The construction of the formal solutions Z;’;O st}(T),
1=i=rand Z;’io e'yi(7), 0=i=ris given in § 5. In particular, see Theorems 5.5 and
5.6. Consider the formal approximation x(¢, €) obtained piecewise from the truncations
of those formal solutions as in Theorem 2.1. The estimates for the residuals of the
outer approximations in [t,_,+€”, t,—&”], and boundary errors at t=a and t=b,
follow from Lemma 5.4. For the residual in the boundary or interior layer, Lemma 5.4
does not offer a uniform estimate. Consider the boundary layer at t = q, in the fast
variable 7. We need an estimate for (Y2, £'y}(7)) = f(¥ ., £'y}(7), ater, &), 0= 7=
e?7'. From Taylor expansion and (5.6), (5.7), (5.8);, we find that the residual is
O(supo=r=.6-1 (e7)™"") = O(£P™*"). Similarly, we can show that the residuals for all
the interior layer approximations are O(&?"""). For the jump errors at ¢, + £”, assume
that T,>1 is a constant such that |7§|= T,—1, 1Si=r—1, then [Y ) &7 S T, if &
is small. Consider the jump error at t,—&® 1=i=r—1. We need an estimate for
Yo &' Xj(1) =Y, e'yi(7) at ;= t;— £” where 7= (t—1,)/¢ +Z}'."=_01 e'rl. Let {x},(1)}/"
be as in § 5. We have

m m m
L eyi(n) - L ()| =SC L e/e(1+|rl)
Jj=0 j=0 Jj=0

=C e—(‘Y/Z)\T\

= Ce_7/2.EB_l — O(€m+1)’

for |7|= ¢®~' — T,,. Here we have used the fact that yj(7) —xj,(7) € Ex-(¥, j). Moreover,

m m—1 i m L
Y sfx;(t,.+s(7+ ¥ 5’7}>)— Y e'xjy (1)
j=0 j Jj=0

j=0

=Cler|™"!

= CEB<m+U
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for |t —t]|=¢&” and |7|=¢&® '+ T,. Thus, the jump error is O(¢?""*V), 0<B <1. The
other cases may be treated similarly.

Proof of Theorem 2.2. Our main tool is Theorem 4.4, We shall study the formal
approximation x(er, ¢), which is defined piecewise by a change of variable from
Yo &' X (1), 1=i=r or ¥, &'yj(r), 0=i=r, and which is presented in the fast
variable r=1t/¢, r€[a/¢, b/ e]. The proof is divided into several steps.

(1) In each subinterval, the residual error is

x(er, e) —f(x(er, €), e1, )= O(EB("H-I))'

The boundary errors are By(x(e-a/e €),e)=0(e""") and B,(x(e-b/¢, €), €)=
O(e™*"). Moreover, the jump error at (t,+¢”)/e, 0=i=r—1or (t;—&®)/e, 1=7=r
is O(e?™*V), 0< B <1. These are the consequences of Theorem 2.1 since change of
variable from t to 7 does not affect these errors.

(2) For telt_,+€P t;—eP] or re[(ti,+€eP))e, (ti—€P)/e]l, x(er €)=
Y ~o &’X(e7). The homogeneous linear variational equation around x(e7, ¢) is

m

(6.1) Z'(7) —fx( Y Eiji-(S'T), €T, 8) z(7)=0.

j=0
Comparing this with
(6.2) z'(1)— fu(pi(eT), £7,0)z(7) =0,

we find that the coefficients differ by O(e). We now apply Lemma 3.3 to (6.2). From
(H1), for each fixed 7, (6.2) is hyperbolic with the dimension of the stable space being
d~ and unstable space d*. Also (3/97)f.(pi(e7), e7,0) = O(e). Therefore if & is
sufficiently small, (6.2) has exponential dichotomy in [(t,_,+&")/¢, (t;—€”)/ €], with
the projections P,(7, ¢) and P,(7, £) approaching the spectral projections of the matrix
f(pi(e7), €7,.0). Also the constant K is uniformly bounded and the exponent &
approaching a, as ¢ > 0. It is clear from Lemma 3.2 that (6.1) also has exponential
dichotomy in the same interval as (6.2) and with the projections Py (7, &), P,(7, €)
approaching the spectral projections of f,.( p;(e7), €7, 0) and with K uniformly bounded
and a - a, as ¢ > 0. We may notice that Lemma 3.2 is stated for semi-infinite intervals.
However, we can extend (6.1) and (6.2) so that Lemma 3.2 applies.

(3) The extension of f(t, x, €) to f (1, x, €) seems to be essential in the sequel. For
1=i=r—1, extend the definition of f(¢, x, £) in a neighborhood of t€t; to teR as
follows:

f~(x9 ta 8)'__51(!—:;——[—') 'f(xa t: €)+§2(%) 'f(xa ti+3p, 8)

(6.3)
t—t
+§3 <_)f(x3 t; —'3pa 8)
p
where &(1), 0=&(t)=1, i=1,2,3 is in C™(R), with &(¢)=1 for [¢|=2, £(t) =0 for
[t|=3; &(1) =1 for t=3, &(1) =0 for t=2; and &(1) = &(—1). Here f also depends
on i and p; for simplicity, we drop these dependencies. For i =0, we define f(x, 1, €)
for t = a only and for i =r, we define f(x, t, €) for t = b only. Both are similar to (6.3)
with obvious changes. A .
We shall also modify y;(7) to y;(7),j=1. For 1=i=r—1,and j=1, let

(6.4) 7= () )n(2) +6 (5)m(-2)
p P € p £
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For i=0, j=1, yj(7) is defined for 7=0 only and for i =r, §;(7) is defined for =0
only. Both are similar to (6.4) with obvious changes.

Finally, let yo(7) =yo(r)=qi(7), 0=i=r.

(4) For te[a,a+e?] or rela/e(a+eP)/e], in which x(er,e)=
Yo €y](r—a/¢) is a perturbation of go(7—a/&). We know that

(6.5) z'(1)=f(qo(7—a/&), a,0)z(7) =0

has exponential dichtotomy in [a/g, +0). Comparing it with
(6.6) 2'(7) —fx(z ejﬁ?(f—-g),ST, e) z(1) =0,
j=0

we find that the coefficients differ by O(p +¢). Choose p + ¢ sufficiently small. Then
from Lemma 3.3, (6.6) also has exponential dichotomy in [a/ e, +00), with projections
and exponent close to those of (6.5). With p fixed, if € is sufficiently small, £° < p,
0<B<1. Thus, in [a/¢e, (a+€”)/€],

2'(7) -»fx( ¥ e-'y;-’<'r—g), €T, s) z(1)=0
Jj=0 €

also has exponential dichotomy. Moreover, the projections at (a+&°)/e, P,((a+
e?)/¢e, €)and P,((a+ ")/, €) are close to the spectral projections of f.(p,(a+¢?), a+
e?,0), if we let ¢ be sufficiently small. We also infer that

RP(a/e, £)D KB, (x(a, €), e) =R"

with the angle of the two subspaces being bounded away from zero as £->0. Here
hypothesis (H2) is employed.

Similarly, the homogeneous linear variational equation around x(e7, €), 7€
[(b—€®)/e, b/e] has exponential dichotomy in that interval with projections at one
endpoint P,((b—¢”)/¢, ¢) and P,((b—¢€”)/«, ) close to those of the spectral projec-
tions of f.(p,(b—€®), b—¢”,0), if ¢ is sufficiently small. Moreover,

%Pu(b/ga 8)®‘7[B2x(xy ba 8)’ 8) =R",

with the angle of the two subspaces being bounded away from zero as £ >0, by virtue
of (H2) again.

(5) For te[t;—€P, t;+€], or re[(t;—€P)/e, (t;+€P)/e], in which x(er, &)=
Yo eyj(r—t/e =Y £'7}) is a perturbation of g;(7—1,/& —7)). We first prove that
the homogeneous linear variational equation around x(e7, €) has exponential
dichotomy in [(t,—£”)/¢, t;/ €] and [t/ ¢, (t;+ ")/ €], with projections P,(r, ¢) and
P,(, ) close to the spectral projections of f.(x(eT, €), e7,0) at (t,—€”)/e and (t;+
£?)/e. It is convenient to make a shift in 7. Comparing in 7€R,

(6.7) Z'(1)—f. ( § eyi(r), tite (T+ '"gl 817;.), g) z2(7) =0,
with
(6.8) 2(7) — f(qi(7), 1;, 0)z(7) =0,

we find that the coefficients differ by O(p + ¢). Since (6.8) has exponential dichotomies
in R™ and R_"_L, so does (6_.7), provided that p + ¢ is sufficiently small. Moreover, the
projections Py(7, £) and P,(7, €) corresponding to (6.7) are close to those of (6.8).
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Our next step is to use Lemma 3.10 to show that &P,(07, e)® RP,(0*, £) =R"
with 6(RP,(07, ), RP,(0*, £))= C|e|, C>0 is a constant, provided that 0<e = g,,
€0>0 being a small constant.

Let £> 0 be a small and fixed constant and consider p = p(&) =", 0<B <1 and
0sesé Let A(re)=f(3],eFi(r), ti+e(r+¥] 7)), e). We observe that
Ai(7, ) is C'/1in £ and uniformly bounded in 7, (3/3¢)A;(7, ) € E(0, 1). Moreover,
Ai(7,0)=f.(q:(7), t;,0). From our assumptions on g;(7), the only bounded solution of
(6.8) is @;(7) =q!(7), up to a scalar factor. Let ;(7) be the only bounded solution, up
to a scalar factor, of the formal adjoint equation of (6.8). To apply Lemma 3.10, we
have to show that

def

e I mr)a%A.»(v, 0)¢i(7) dr #0,

—00

a% Ai(7,0) = fir(qi(7), 15, 0)F1(7) + Fur(qi(7), £, 0)(7+ 78) + fre (qi(7), 1:, 0).

Let 7 be an arbitrary parameter, we have

I= J’oo YHr+ D fulgi(r+7), 1, 00Fi(r+7)

+fu(@(7+7), 1, 0) (7 + 7+ 70) + fu(q(7+ 7), 1, 0]
gqi(t+T)dr=1+1,,
I "=J W+ f){%[fx(qf(wf), £, 0)yi(7+7)
+fi(qi(r+7), 1, 0)(r+ 7+ 75) + fo(qi(r+7), £;, 0)]

—flg(r+7), 4, 00yi(+7) = filg(r+7), 4, 0)} dr.

From  (520),, yi(7) =fu(qi(7), t;, 0)yi(r) + fi(qi(7), 1, O) (7 + 78) + fu(qi(7), 1:, 0),
we have that

* = 9 i -\ 7 = i N F -
11=J' i(r+ T){;%(T‘F 7)' = fulgi(7+7), £, 0)yi(7+7) = fi(qi(7+ 7), ti,O)} dr.
However, S(7)=(3/07)y (r+7) —f.(q(r+7), 1;,0)yi(r+7) is in the range of the
Fredholm operator z - z'(7) — A(7+ 7)z(7), therefore |~ ¢¥(v+ 7)S(7) dr =0. And

IIZ_J‘ lll:k(T)ﬁ(ql(T)9 tia 0) dT#O

by virtue of (H3). Consider

Izdifj WE(r+ D@ (r+ ), 1, OFi(r+7) = yi(r+7} dr

—00

(e o)

p(&)

—p(&)/ &
éj [ ()| fixl (1] 7)) dr+J

—00

A+ 7D dr

>0 as -0,

since ¢;(7)=Ce *" and p(g)/é->0 as £-0. Therefore, for  sufficiently small,
L+ L= |1)/2#0.
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Strictly speaking, the entire equdtion, (6.7), depends on g, i.e., it should be written
as

z'(r)—A(7, & &)z(7)=0.
The projections P,(r, ¢, £) and P,(r, ¢, &) also depend on & From Lemma 3.10,
(6.9) 0(P,(0", &, ), P,(07, ¢, £)) = C(8)|¢],

the constant C(£) >0 also depends on & Suppose we can prove that there exists £,>0
such thatforall0 <&=¢,, C(£)= C >0, and (6.9) is valid for all 0 < ¢ = ¢,, the desired
results can be obtained by setting £ =& in (6.9). Here we refer back to the proof of
Lemma 3.10 and make the following observations. If £,>> 0 is sufficiently small, and
0= £ =g, then (i) the unique solvability of (3.3) for |¢| =&, does not depend on §;
(ii) the estimates i;(¢) = O(¢), 0;(¢) = O(¢e) and (3.6) are uniform with respect to £;
(iii) we have shown that |[~_ ¢:(7)(3/0€)A(r, 0, &)@i(7)|Z|1,|/2>0 uniformly with
respect to £; and (iv) from (3.4) 34i;(¢)/9e —a1;(0)/de = O(e), uniformly with respect
to & Thus, the dependence of & of the equation (6.7) does not matter. Let us now
consider the restriction of (6.7) on [~&? ™' =Y 2! &'7), £# 7! —Y oo '] If & is small
and 0<e=é&= e, then [Y] ) &'7j|= Ty=¢""" and

m m—1 m m-—1

fx( Y elyi(n), t,~+s('r+ Y s’ﬁ), a) =fx( Y elyi(r), tite (7+ Y E’ﬁ'}), s).
j=0 j=0 j=0 j=0

This completes the proof that the linearization around x(e7, €) has exponential

dichotomies in [(t;,—&®)/e, t;/e] and [t/e, (t;+£”)/e], respectively. Moreover,

0(RP,((1,/€)", ), RP,((t:/€)", €)) = C|e|, and the projections are close to the spectral

projections of f,(x(e7, €), e7,0) at 7= (t; £ £?)/e.

(6) To complete the proof of Theorem 2.2, we shall recall the main facts concerning
the formal approximation x(e7, €), which is defined piecewise in 2r+1 subintervals
of [a/¢, b/€]. The residual and the jump errors are O(¢?"*V). The boundary errors
are O(¢™""). We may further divide each interior layer into two and make the total
number of subintervals into 3r, i.e.,

[g,é]= Lr) {[ﬂ;l’ ti—1+5B]U[ti—1+5B’ts*€ﬁ]U[Ii—sﬂ’ﬁ]}‘
£ € i=1 € € & £ £ £

The homogeneous linear variational equation around x(er, &) has exponential
dichotomy in each subinterval as has been proved in (2)-(5) of this proof. We also
know that the constants K and e, for all the subintervals are uniform with respect to
0= & = &,. The projections P,(", &), P,({", €), P,(¢*, €) and P,(¢*, &), at the common
points ¢ =(t,_,+€”)/e or {=(t;—€P)/e, are close to the spectral projections of
fi(x(eL, €), €L, &) provided that g, is small. Therefore 0(RP,({, ), RP,({*, €)=
C,, C,>0is a constant. Our result in (5) also shows that (RP,({ ", ), RP,({",'e)) =
C,lg|, C,>0is a constant for all the common points { =¢t;/e,i=1,--,r—1. Let Q({)
be the projections R" > P,({7, &), parallel to P,({*, €), here { is one of the 3r—1
common points of the 3r subintervals, then |Q(¢)|= O(1/¢), 0< & = g,. We also know
that 0(XB,.(x(a,¢), €), RP,(a/e,€)) and O(HB,.(x(b,¢),¢), RP,(b/¢, €)) are
Bounded away from zero, uniformly with respect to 0 < ¢ = ¢,. Define the projections
Q(a/e):R" > AB,,(x(a, £), &), HQ(a/e)=RP,(a/e, €) and Q(b/e): R" >
RP,(b/e, €), HQ(b/e)=HB,.(x(b, €), €). It is clear that Q(a/e) and Q(b/e) are
bounded uniformly with respect to 0< ¢ = ¢,. Finally, the length of each interval is
no less than ¢? 7' = £57". For the time being, suppose B(m+1)> 2. It should be clear
that if &, is sufficiently small, all the assumptions of Theorem 4.4 are satisfied, in
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particular, ||| = O(1/¢) and £V = o(||«/~"||"?). Therefore, we obtain a unique
solution X.,,«(£7, €) in a neighborhood of the orbit of x(e7, €). It follows from the
estimate in Theorem 4.4 that

(610) sup {Ixexact(s'ry 9) _X(ET, E)I} = O(Eﬂ(m+l)~1),

re[a/e,b/e]

We now consider |x(, £) - %(r, &)| where %(7, ¢) is the composite expansion in (2.5).
For te[ti_;+¢”, 1,—€”], by virtue of the fact y; ' —xj5'€ Eg+(v,j) and yj—xi, e
Ex(v,j), |x(r, &)= %(r, £)| = O(e"™*"V). For te[t,_,, t;,_, + £?] by virtue of the fact

m m

I oo ft—t_ m-1
rEX(t)- % e’x},zl(——————-' L% e'r; ‘)
j € Jj=0

i=0 =0

m m—1 m
=Y gJX}<t,-_1+e (*r+ Z 317}—1)) -y ij},zl(,r) = O(sﬁ(m+l)),
j=0 i=0 j=0

|x(7, £) — %(7, €)| = O(£?"™* V). This is similar for t€[t,— ¢, t,]. Therefore

(611) sup {lxexact(STa 5) _x(E'T, E)l} = O(sﬁ("ﬂ—l)”l)_

rela/e,b/€]
Recall that our approximations x(7, €) and %(7, £) depend on m, and should be

denoted by x(r, &, m) and X(7, &, m). For any m =0, we can always choose m,>m
such that B(m,;+1)—1=Zm+1. It is easy to see that

|x(t, &, m)—x(t, &, m;)| = O(£Pm*V),
|5€-(t, £, m)—f(t’ g, ml)':_- O(€m+1).

We now apply (6.10) and (6.11) to x(t, &, m,) and %(t, €, m,), and the desired esti-
mates in Theorem 2.2 follow easily.

The proof of Theorem 2.3 uses Theorem 4.5 and is analogous to those of
Theorem 2.1 and 2.2. Details shall be omitted.
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