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The Dafermos regularization of a system of n hyperbolic conservation laws
in one space dimension has, near a Riemann solution consisting of n Lax
shock waves, a self-similar solution u=uc(X/T). In Lin and Schecter (2003,
SIAM J. Math. Anal. 35, 884-921) it is shown that the linearized Dafermos
operator at such a solution may have two kinds of eigenvalues: fast eigen-
values of order 1/€ and slow eigenvalues of order one. The fast eigenvalues
represent motion in an initial time layer, where near the shock waves solu-
tions quickly converge to traveling-wave-like motion. The slow eigenvalues
represent motion after the initial time layer, where motion between the shock
waves is dominant. In this paper we use tools from dynamical systems and
singular perturbation theory to study the slow eigenvalues. We show how
to construct asymptotic expansions of eigenvalue-eigenfunction pairs to any
order in €. We also prove the existence of true eigenvalue-eigenfunction pairs
near the asymptotic expansions.
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1. INTRODUCTION
The Dafermos regularization [6, 35, 36, 37]

ur+ f(uwx = eTuxx

(1.1)
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is a diffusively perturbed system of conservation laws in one space dimen-
sion. It has many similarity solutions of the form u = uc(X/T). This
property is shared by the unperturbed system of conservation laws

ur + fw)x =0, (1.2)
but not by the usual viscous regularization
ur + f(u)x =euxx. (1.3)
Using the change of variables
x=X/T, t=InT
the Dafermos regularization (1.1) becomes
ur+ (Df(u) —xI)uy =€uyy. (1.4)

The same change of variables brings the system of conservation laws (1.2)
to (1.5)

ur+ (Df(u) —xIu, =0. (1.5)

In the new variables, the Dafermos regularization (1.4) appears to be a
natural regularization of (1.5). It has been used to compute numerically
one-parameter families of Riemann solutions [30].

A Riemann problem is an initial value problem for (1.2) with piece-
wise constant initial data

l .
u(X,O):{ur’ if X <O,

Wi X >0, (1.6)

We consider a solution of the Riemann problem (Riemann solution) con-
sisting of n Lax shock waves with speeds §',i=1,...,n. Let 5°=—o00 and
5"t1 =o0. Then

uX, T)=a', if 58 <X/T <5*

The stability of solutions of (1.3) near such a Riemann solution, with
small jumps in @', is considered in [21].

We shall not assume that shock waves are weak; instead we shall
assume that the shock waves of the Riemann solution satisfy the viscous
profile criterion. In other words, corresponding to the ith shock wave there
is a traveling wave solution u(X,T)=q'(£),£=(X —5'T)/e, of (1.3). The
function ¢’ satisfies the traveling wave ODE

(Df @) —sDug =uge (1.7)

with wave speed s =5, and connects i’ ! to i’.
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In xz-coordinates, the Riemann solution becomes a piecewise con-

stant, stationary solution ug(x) of (1.5):
up(x)=u' for 5 <x<3s*l. (1.8)

Using geometric singular perturbation theory [13], Szmolyan proved
that near a structurally stable Riemann solution ug(x) of (1.5) that con-
sists of n Lax shock waves and rarefactions, not necessarily weak, there are,
for sufficiently small € > 0, stationary solutions u.(x) of (1.4) [Szmolyan,
P. personal communication]. Szmolyan’s work has been extended to
other Riemann solutions [22, 29]. We will call stationary solutions of (1.4)
Riemann-Dafermos solutions.

For the Riemann solutions we consider, which have n Lax shock
waves, the corresponding Riemann—Dafermos solutions have n sharp inter-
nal layers near x=5,i=1,...,n. In fact, ug(x) is the zeroth order expan-
sion of uc(x) in regular layers. Using the stretched variable & = (x —
5') /€, ¢' (£) is the zeroth order expansion of u.(x) in the ith singular layer.

Because u.(x) is a stationary solution, we wish to determine its sta-
bility by studying eigenvalues of the linearization of (1.4) at u(x). It is
known that:

(1) The initial value problem is well-posed for any initial data near
uc(x) that approaches constants exponentially as x — +oo [20].

(2) In the space of functions of order e~®™*!, the essential spectrum
of the linearization lies to the left of the line Re A < —§ for some
3 >0 [20].

(3) The linearization is sectorial in the space of functions of order
e—all’ [18]. Thus, from the standard theory of analytic semi-
groups [8, 12, 26], in such spaces linearized stability of the
Riemann-Dafermos solution is determined by the eigenvalues of
the linearization.

(4) If the Riemann-Dafermos solution is linearly stable, nonlinear
stability can be proved by a contraction mapping argument as in
[7, 12].

It is known that there are both fast eigenvalues, of order 1/¢, and
slow eigenvalues, of order one. This can be explained by considering
a time-dependent solution u¢(x,7) near the Riemann-Dafermos solution
ue(x). Suppose that uc(x, ) has n sharp layers near the curves xé (#). Using
E=(x —xé (t))/€ near the ith singular layer, we have

‘ d .
€Uy =Ugg — (Df(u) —x.(t)— Exé(t) —eé) ue.
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In the initial time layer 0 <t < e€,u; = O(1/€) near xé(t). We therefore
expect to have fast eigenvalues A = O(1/¢), with the support of the corre-
sponding eigenfunctions near x!(t). After the initial time layer, u; = O(1).
The solution (if stable) will look like traveling waves in singular layers, and
convection in regular layer, where to lowest order u; + (Df (u) —xI)u, =0.
We expect to have slow eigenvalues of O(1) corresponding to this slow
motion.

Fast eigenvalues can be expressed as A(e):Zj';_l ejkj with A_; #0,
while slow eigenvalues constitute the special case A_; =0. In the ith sin-
gular layer, to lowest order, an eigenvalue and corresponding eigenfunction
satisfy

hotU+((Df(®) = x5HU) = Uge.

If A_; is in the right half of the complex plane, the limiting systems in
(U, Ug)-space at & =200 have exponential dichotomies. If A_; =0, how-
ever, the limiting systems do not have exponential dichotomies. Instead
there is an n-dimensional center space, which makes the study of slow
eigenvalues more difficult. For an introduction to exponential dichotomies
(see [5, 25, 27, 28]). A variant of exponential dichotomies with exponential
rate approaching infinity is used in Lemma 5.2.

In [20] conditions for expanding fast eigenvalues and eigenfunctions
to any order in ¢ were given. For slow eigenvalues, however, only the
lowest-order terms of the expansions were obtained. In this paper we
will show how to successively construct higher-order expansions of slow
eigenvalues and eigenfunctions to any desired degree, and we will prove
the existence of exact eigenvalues and eigenfunctions near the asymptotic
expansions. For an alternate approach to existence of slow eigenvalues and
eigenfunctions via geometric singular perturbation theory, see [31]. The
latter approach does not yield information about the asymptotic expan-
sions, but does provide geometric insight into the eigenvalue problem.

The assumptions used in [20] will be recalled in Section 2. For slow
eigenvalues, these assumptions are not sufficient to obtain higher-order
expansions. To construct higher-order expansions, we assume that to the
lowest-order, the eigenvalue is simple. This is equivalent to assuming that
the SLEP function to be defined in Section 4, has a simple zero. The same
condition will enable us in Section 5 to construct true slow eigenvalue-ei-
genfunction pairs corresponding to the asymptotic expansions. This con-
dition is also used in [31].

The stability of Riemann—Dafermos solutions is closely related to the
stability of Riemann solutions of conservation laws [19] and to the sta-
bility of nearby solutions of the usual viscous regularization. At this time
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our understanding of these relations is incomplete. In [20], it is explained
that the fast eigenvalues correspond to eigenvalues of individual viscous
shock solutions (traveling waves) of the usual viscous regularization, which
have been studied in [1, 9, 33, 38] and elsewhere. The slow eigenvalues are
related to inviscid stability of multiple-shock-wave Riemann solutions of
hyperbolic conservation laws, which have been studied in [2, 3, 15, 32] and
elsewhere. For a system of two equations, formulas for slow eigenvalues of
Riemann-Dafermos solutions near a Riemann solution consisting of two
Lax shock waves were obtained in [20]. In this case the condition that all
slow eigenvalues have negative real part is precisely the same as the con-
dition for BV inviscid stability of the Riemann solution. For a system of
more than two equations, the relationship is more complicated, and has
recently been elucidated by Lewicka [16].

In a suitable coordinate system, the Dafermos regularization can be
viewed as an asymptotic approximation to the usual regularization

ur + fW)X =uxx (1.9)

for large T. Using the change of variables x =X/T,t=InT in (1.9), we
obtain

u;+(Df () —xDuy=e "uyy. (1.10)
For large t,e™! is small. If we freeze t =1y and let e =%, then we have
(1.4), which is a good approximation in a time interval where e~ is close
to e, Hence the study of the stability of Riemann-Dafermos solutions
may provide information about the asymptotic behavior of solutions of
(1.10).

The remainder of the paper is organized as follows.

In Section 2, we state the assumptions of this paper and recall results
from [20].

In Section 3, we show that the slow eigenvalue problem can be
reduced to a system of equations on regular layers, coupled by jump con-
ditions derived from the singular layers between adjacent regular layers.
This approach is similar to the SLEP method introduced by Nishiura and
Fujii [23] for reaction-diffusion equations. The expansion of the eigenvalue
problem to order € was obtained in [20]. However, the nature of the prob-
lem is more fully revealed at order €2. We derive expansions of the eigen-
value problem to all orders in .

In Section 4, the SLEP system is converted to a system of abstract
eigenvalue problems. Under the assumption that —(io + 1) is a simple
eigenvalue of the abstract system, where Ay is the lowest-degree term
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in the expansion of the slow eigenvalue, we show that formal asymp-
totic expansions of eigenvalues and eigenfunctions of any order can be
constructed recursively. For this purpose we show that the abstract opera-
tor is Fredholm, and we characterize its kernel, range, and co-kernel. The
SLEP matrix and SLEP function are defined in this section. Our simplic-
ity assumption on —(Ag+ 1) is equivalent to assuming that Aq is a simple
zero of the SLEP function.

A formal asymptotic expansion of eigenvalue (eigenfunction) satis-
fies the expansion of eigenvalue equations. It becomes a true asymp-
totic expansion if there exists an exact eigenvalue nearby. Notice that the
exact eigenvalue can be constructed using only the zeroth order singular
eigenvalue. We discuss asymptotic expansions to any order in this paper
for their value in numerical approximation and for the completeness in
analysis.

In Section 5, under the same assumptions used in Section 4, we
show that the formal asymptotic expansions obtained in Section 4 are true
asymptotic expansions of eigenvalue and eigenfunction. The proof is based
on the idea of the shadowing lemma of dynamical systems, plus reduc-
tion to a SLEP system similar to the one studied in Sections 3 and 4. An
asymptotic approximation of the eigenfunction to some finite order can be
viewed as a pseudo-orbit with small residual and jump errors. Correction
terms can be constructed that cancel residual and jump errors to yield an
exact eigenvalue—eigenfunction pair. Because the linear variational equa-
tion about the approximation looks like the recursive equation for com-
puting higher-order expansions, key lemmas obtained in Sections 3 and
4 apply in this section also. Since the linear variational system around
the pseudo-orbit does not have an exponential dichotomy, one cannot use
the shadowing lemma from [4] directly. The part of the solution to which
the shadowing lemma does not apply is projected to a center space. The
reduced system turns out to be closely related to the SLEP system of
Section 4.

An important by-product of the analytic approach is that properties
of linear operators studied in this paper will be useful in solving (1.4) for
initial data near the Riemann-Dafermos solution. After a Laplace trans-
form, the linearized system in the dual variable s is closely related to the
eigenvalue problem studied in this paper. When s is not an eigenvalue, the
linear operator obtained from Laplace transform is invertible. With some
estimates on the transformed solution, the time dependent solution and its
stability can be obtained.

I am grateful to the referee for pointing out the work of Suzuki et al.
on a relation between the Evans function and the SLEP method [34].
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2. ASSUMPTIONS AND PREVIOUS RESULTS

We first define a so-called structurally stable Riemann solution of
(1.2) that consists of exactly n Lax shock waves with speeds 5! <52 <--- <
s". In the new variables (x,t)=(X/T,InT), this is a piecewise constant
function u((x) having jumps at x=5",i=1,...,n.

A Lax i-shock for (1.2) that satisfies the viscous profile criterion is a

function

u- for x<s,
ut  for x>z,

u(x):{ 2.1)

where x =X/ T, together with a solution ¢(¢) of the traveling wave ODE
w=f)—fu)—sw@—u"), (2.2)
such that:

(L) f@h—fw)—s@t—u")=0.

(L2) The eigenvalues v, <---<wv, of Df(u™) satisfy v,_; <s <v;.
(L3) The eigenvalues v <---<v; of Df(u™) satisfy v} <s < v;jrl.
(L4) q(&) approaches u~ as &€ — —oo and ut as & — oo.

Notice that (L1)~(L3) imply that for (2.2), u* are hyperbolic equilibria,
the unstable manifold of u~ has dimension n —i + 1, and the stable man-
ifold of u™ has dimension i. Assumption (L4) says that these manifolds
intersect. Generically the intersection is a curve (see (S2) or (S2')).

A solution of the Riemann problem (1.2), (1.6), that consists of n Lax
shock waves, each satisfying the viscous profile criterion is a piecewise con-
stant function

uox)=a' for 5 <x <35t i=0,...,n, (2.3)

where x =X/ T, together with R”-valued functions ¢’(¢),i=1,...,n, such
that:

(Rl #’=u' and @"=u".
(R2) For ea_ch i=1,...n, the triple (i;_1, s;, it;), together with the func-
tion ¢' (&), defines a Lax i-shock.

Define a mapping G R+ R by
GO s\ ul, .. w1 5" U = (f(ul)—f(uo)—sl(ul —uo),...,f(u”)

_f(unfl) _Sn(un _unfl)) )
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Notice that
Ga@°, s al, ... a5 a")=0. (2.4)
The Riemann solution just defined is structurally stable provided

(S DG@°, s, at, ... 4", 5", @"), restricted to the n2-dimensional
space of vectors (UO,SI,Ul ,un—l g U™ with U'=yu"=0,
is invertible.

(S2) For each i=1,...,n, the unstable manifold of #'~! and the stable
manifold of i’ for the traveling wave ODE i = f(u) — f@@'~") —
5'(u—i'~1) meet transversally along ¢’ (£).

If (S1) and (S2) are satisfied, then for each set of Riemann data
(u®, u") near (i°, "), there is a Riemann solution near the original one.
Condition (S1) can be restated as follows:

(S1) If we set (U°, U")=(0,0), then system of linear equations
(Df @) -5 HU' —(Df @~ -5 HUi~!
—S'@ —a"hH=0, i=1,...,n
has only the trivial solution
shul, . Ut s =(0,0,...,0,0).

A condition equivalent to (S2) is the following:
(S2") For each i=1,...,n, the linear differential equation

(Df (@' () —5'DU)e =Ug

has, up to scalar multiplication, a unique solution that approaches
zero exponentially as & — do0. It is qé &).

Asymptotic expansions of Riemann-Dafermos solutions have been
obtained under these conditions. Let the location of the ith layer be x'(e),
let the solution in the regular layer (that is, not near x (e)) be uR(x), and
let the solution in the ith singular layer (that is, near x(¢)) be ul(£),
where £ = (x —x(¢))/e. Then

xi(e) =Zejx;-, i=1,....n,
uf(x) :Zejuf(x),
u (&) =) eluj).
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At lowest order, x{=5",ul(§)=¢'(€), and u(x)=i' is just the piecewise
constant Riemann solution of the conservation law (1.5). Furthermore, to

all orders of e, uf (x) is constant on each regular sublayer (xé,xé“), 0<
i <n, where x8:—oo,x8+1 =00.

As mentioned in the Introduction, asymptotic expansions of slow ei-
genvalues and eigenfunctions to lowest order in ¢ were obtained in [20]

and will be outlined below.
3. REDUCTION OF THE EIGENVALUE PROBLEM TO A SLEP
SYSTEM

In this section, we derive formal expansions of the eigenvalue equa-
tions. We also show that at each order €/, the eigenvalue problem can be
reduced to a SLEP system.

Define the matrices in regular and singular layers respectively,

Df:=Df(ah), xel[xh,xi™, i=0,...,n,
Df'(€):=Df(¢'(¢)), &€R, i=1,...,n.

In the regular layer we will use Df for Df (u{f(x)) if no confusion should
arise.

3.1. Some Lemmas

We need to study nonhomogeneous equations as in Lemmas 3.1 and
3.2. Proofs of the two lemmas are deferred to the end of the section. Let
E; be the Banach space of continuous functions defined on R or R* that
are O(1+|£]F). Let Ey i be the Banach space of continuous functions that
are O(e~*El(141£(%). Let the norms of F € E; and Eq i be

IF Ik =s1;p<1+|5|’<>‘1|F<s>|,
I F llo =sgpe“‘f‘<1 +iE T F@)L.

We assume that
0 <a <min{lo Df ity ") —xb|, lo Df G@th) —x{|:i=1,...,n}.
Lemma 3.1. Consider the equation
Us=(Df'(§) —x{DU + G (), &€R. 3.1)

If G € Eg, then there exists a unique solution U € Ey with U(0) J_qé (0).
Denote the solution by U i(& , G). Moreover,
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(1) If there exists o >0 such that G € Eyy for § >0 or & <0, then
Ui, G)€Eyx for £>0 or £ <O.

(2) If G is a polynomial of order k, then as & — too, respectively,
Ui (g, G) approaches two polynomials of order k.

(3) If G(&) approaches two polynomial of order k as & — o0, respec-
tively, then U'(&,G) approaches two polynomials of order k as
& — too. In particular, if B is a constant vector, then as & —
+o0, Ul (€, B) approaches exponentially the limits

Ui (+00, B) =—(Df —xiD) ™' B,
Ui (~c0. ) =—(Dfi~' —xin)~'B. (3.2)

Lemma 3.2. Consider

Use =((Df'(§) —x;DU) +8(5), §€R. (33)

Assume that there exists a positive integer k such that g € Ex. Then

. 3
U=0i / ¢(s)ds)
0

is a particular solution for (3.3) in Exyq with | U |lxk+1<C || g . The general
solution of (3.3) is

A § n .
U:Ul (7/ g(S)dS)—’—Ul(,ﬁ)—’—CQé,
0
where the parameter BeR", ceR.

3.2. Formulation of Slow Eigenvalue Problems

Recall that to lowest order, for i =1, .. .,n,x6 is the location of the
ith singular layer, denoted by . With xJ = —oo,xi™! =0, let Rl =
(x(i), xé“) be the ith regular sublayer. Figure 1 shows the ordering of reg-
ular and singular layers.

We look for slow eigenvalues and corresponding eigenfunctions of the

form

R,R - R R, 'R
i+1 n

S con Si_1 Si S con S

Figure 1. Ordering of regular and singular layers.
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o0 o0 o0
M=) _elnj, URk.e)=) URM)., Ul e)=) Ui@).
j=0 j=0 j=0
(3.4)
We use UR and U’ to denote the function U in regular and singular lay-
ers, respectively. The stretched variable £ = (x — x/(¢))/e is used in the
ith singular layer. Denote U (x,¢) and U/R(x) on R' by URi(x,¢) and
U ]Ri (x), respectively.
Let C*(y), y >0 be the space of continuous functions on R with con-
tinuous derivatives up to order k, for which the norm

U llckgy=sup{(JU )|+ U’ @)| 4+ -+ [9{ U (x))e? ™}

is finite. Functions in C*(y), y > 0 satisfy the decay property

18;U(x)] < Ce "Ml j <k, in the sublayers R®=(—o0, x}) and R"=(x{, o0)
(3.5)
for some constant C. In [20], it is shown that the initial value problem

is well-posed for initial data close to u(x,€) in C%(y). We also have the
following result from [20].

Lemma 3.3.

(@) To all orders in €, eigenfunctions UR(x, €) that satisfy (3.5) are zero
in the regular sublayers R® = (—oo,xé) and R" = (xy,00). That is,
UfizO_for all j>0 and i =0, n.

(b) To lowest order, UR =0 in the regular layer, i.e., U(fi =0for0<i<n.

It is known that A =—1 is an eigenvalue with eigenfunctions repre-
senting shifts in layer positions [20]. Therefore in this paper we assume
that A9+ 1£0.

Let xi(e) =Zeij. be the position of the ith singular layer and let

£=(x—x'(¢))/e in S'. The linear variational equation of (1.4) around u, is
Ui +((Df (ue) —xDU) +U =€Uy,.

Hence the expansions of eigenvalues and eigenfunctions must formally
satisfy
A+ DUR+((Df(ue) —xDUR) = eUﬁC in the regular layer,
(3.6)
e+ DU+ ((Df (ue) —x'(€) —eENU")e =U}, in the singular layer S'.
3.7)



12 Lin

The expansions of eigenfunctions in inner and outer layers satisfy the
following matching principle. Let the inner expansions of the two outer
layers adjacent to x'(¢) be

zO;eJU;"(s) =Ze’UjR"_l(6§+x(’)+exi +e2xh -,
0

0 . ol . . . )

YUt &) =ZGJUJR"(EE+x6+ex'1 +etl 4.

0

Note that Ul *=0 and U * j>1, is a polynomial of degree j —1.
Matching Prlnclple There exists o > 0 such that

UG E) | +1Up ¢ (E) < Ce . (3:8)
Moreover, for j > 1, we have
ULE) - U~ @< Cd+1Elhe @kl £<0, (3.9)
UL - U @I<ca+1glhe kL g0,
UL (&)= Usy @1<CA+g " he ¥l £<0, (3.10)

U} ¢ (8)— ,-,s<s>|<ca+|5|f He e®l £>0

If we assume that |U}(E) — (7;.’i(§)| — 0 as & — to0, then the expo-
nential decay rate in (3.9) can be proved by induction. We give the rates
explicitly for convenience.

We now prove that (3.10) is a consequence of (3.9).

Lemma 3.4. If the matching conditions (3.9) are satisfied, then the
matching of Ujl',é (&) with U;:Si(é‘;) for each j, as in (3.10), are satisfied also.

Proof. (Ut (£, ¢€), Vit (€, €)) is a solution of the system
Us=V, Vi=((Df(ue)—x'(e)—e£)U); +e(r+1)U.
(Ui (&,€), Vi(£,€)) is a solution of the system
Ug 148 Vg =((Df (ue) —x'(€) —€£)U" e +e(A+ DU'.
Expanding in powers of €, we find that AV, := V; — V]l.’+ is a solution of
AVje=(Df (€)= xy DAV + AR (&),
where by induction

|ARE) < CA+gPHeFl g0
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The homogeneous part of the equation has an exponential dichotomy on
RF. We also know that |AV;| < C(1+ |/~ for & >0, Therefore, from
Lemma 3.1,

|AViI<CA+[ghe g0,
A similar proof applies to AV;:= V} — \7;’_ O
More generally, one can prove the following result.

Lemma 3.5. Under the matching conditions (3.8), (3.9), for any inte-
ger k>0,

‘dk l:|:)

2 Wi - <CA+ e e @kl geR™ or RY.

The matching principle (3.9) requires that each U ]’ (§) asymptoti-
cally approach a limiting polynomial as & — +oco. For any polynomial
pE) =" ci&, ¢y is called the constant term and the ¢;€',i=1,...,d,
are called the nonconstant terms.

Definition 3.1. Assume that limg_ 400 U ]’ (&) are two polynomials. If

the constant terms of the limiting polynomials agree with those of U Lt
then we say that the matching is satisfied on constant terms. If coefficients
of the nonconstant terms agree, then we say the matching is satisfied on
nonconstant terms.

Using the Taylor expansion
U@ =UR @)+ DU (e (] +6) + .. (3.11)

we find that the only contribution of Uf’i to U;’Jr is a single term
U ]R ’l(xé). Similar expressions hold for U]’.’_(E ). Therefore

UtE -utah=to-t,

Uy ® Ul =t-o-1. (3.12)
Throughout this paper, £ -0 -t (lower order term) denotes terms that
involve lower indices and have been obtained in a recursive process (less
than j here). '

From Uf =0 for all x, we find that Ué’i(é) =0. It can be shown by
mathematical induction that U ’:’i(é ) is a polynomial of degree j—1.

We now expand (3.6) and (3.7) in powers of e.
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At the lowest order €°, we obtain
o+ DUR+ (D —xDHUFH» =0  in the sublayer R', (3.13)
((Dfi(é) —XéI)Ué)g ZUéss in the singular layer st (3.14)

Expansion of eigenvalues and eigenfunctions up to order ¢ has been
discussed in [20]. In particular, using the conditions for structural stability,
it is shown that at order €Y,

Ug =0, Uy =cpgi®), i=1,....n.

At order €!, we have

o+ DUL+((Dff =xDU), =0  in R, (3.15)
o+ DU+ ((D* f (g — (x} +E)DUe + (Df () —x(DUDe =Uf,, in S

(3.16)

The matching principle yields
) UR i —00,
TGS R I
U'(xg+) &—o0.

Let Al =g} —ii~'. Then ffooo qi d§ = A", Integrating (3.16), we have
the jump condition of UlR at xg:

(o + DA+ (DFF —xi DUR (xi+) — (DF T —xiDUR (x{—) =0, i=1,...,n.

It is shown in [20] that if we can find
(Ao s - s et UR (1))

saftisfying (3.15), (3.17) with UlR(x) =0 on R°U R", then there exist
Ui (§), 1 <i<n, that satisfy (3.16) and matching condition (3.9).
Although the expansion at order €2 is a special case of €/, j >2, it is
presented in detail to help illustrate the idea.
At order €2, we have

(ho+ DUR+ M UR+ (D —xDUR) +(D* fGl)a U =UR
(3.18)

(ho+ DU+ 2 U+ (D) —xi DU + (D? f(gHul — x| —£)UDe
+((D? £(g")@})? /24 D* f (g )uh — x5) U)e = Ul (3.19)
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At order €/, we have

o+ DUF+2, 1 Uf +(DfF —x DU ) =W}, (3.20)
o+ DUy +2j1UG+ (D E) = xgHU g + Hj(§) =Uje. (3.21)

W; and H; involve terms with indices lower than j only, and can be
expressed as Taylor polynomials of UX’, U,i, k<j—1.

We can think (UlR, Ué) as an eigenfunction for system (3.15), (3.16)
corresponding to the eigenvalue (Ag—+1). In System (3.20), (3.21), we solve
for (UR, U}) with a undetermined parameter ;1 that is multiplied to the
eigenfunction (UIR , Ué). If this system defines a Fredholm operator, then
to construct higher order expansions, we need conditions that ensure the
eigenvalue Ao+ 1 is simple (or at least semi-simple). However, we will not
show that this linear system is Fredholm. Instead, we will show in the
next section that the system can be reduced to a lower dimensional sys-
tem (SLEP) and that the reduced system is Fredholm. The simpleness of
Ao+ 1 will be imposed on the reduced lower dimensional system.

3.3. Reduction of the Eigenvalue Problem to a SLEP System

As is done in [20] at order €, we first want to show that for any order
€/, systems (3.20), (3.21) and the matching condition (3.9) can be reduced
to a system of equations in regular layers and a set of jump conditions
across singular layers. The reduced system is similar to the SLEP system
introduced by Nishiura and Fujii [23].

Observe that the nonhomogeneous terms in (3.19) are O(1). Natu-
rally, we look for |U£($)| =O0(1+&]). Using Lemma 3.2 and induction,
we can show that |Uj.(.§)|=0(1 + &7~ 1.

As & — Fo0, UL() must match with f]é’i(S), which is a first-order
polynomial on each side of xj=+. In Lemma 3.6, we show that the match-
ing of coefficients of the first-degree powers of & is automatically satisfied.
Only the constants must be matched at each recursive step.

At the expansion of order €2, we assume that U =U{* +c{q}, where
Uit has been uniquely obtained with U{L(O)J_qé (0) while ¢! is undeter-
mined. By integrating (3.19) and matching the constant terms, we obtain
the jump condition of U (x) at x =x{:

(ho+ Dl AT+ a ) AT+ (DT = x{ DUR (xb+) — (DFT! =Xl DUR (xf—) = J1.

Here J; involves Uj, Uit and UF (x{+) only and is a special case of
(3.23).
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As & — £o0, U’ (£) must match with Ul jE(é), which by induction is
a polynomial of order j—1 on each side of xo Meanwhile, since H’
is a Taylor polygomlal of Uk, <j—2 and Uj’f], by induction it can
be shown that H ’(é‘g) approaches polynomials at & =400, respectively. By
Lemma 3.2, U, i (é) approaches polynomials as & — +oo. In Lemma 3.6,
we will show that the matching of coefficients of the nonconstant terms

is automatically satisfied. From Lemma 3.2, the solution of (3.21) can be
expressed as

U;=U"' (/0 ((A0+1)Ujl~l—i-)»j1U6+H]’-)d§>—i—U’(«,ﬂ})—i-cqué.
(3.22)

The parameters % and ¢’ are undetermined.

By the induction assumption, U ;'.71 and H ]l (&) approaches polynomi-
als of degree j —2 as & — +o0.

In this paper we often encounter functions that approach polynomi-
als as & - o0, and we are interested in the constant terms of the limiting
polynomials. For convenience, we introduce the following notation. Let Q.
be an operator that projects a polynomial to its constant term, i.e.,

Oc(cotciE+---+cEh) =c.

If g(6) > P(E)=co+c1&E+---+ciEX as € > —o0 or oo, then define
0.(g(£00)) := 0 (P) =cy.

We now introduce a recursive procedure that reduces the coupled
inner-outer system to a system of equations in outer layers {R’ }"+1 cou-
pled with a set of jump conditions between two adjacent outer layers
R=V R!i=1,...,n. The reduced system is called the SLEP system fol-
lowing Fujii and Nishiura. We will derive the equations in R’ and the
jump conditions. We also will show inductively that if the SLEP system
can be solved, then we can find Ué, i=1,...,n, in the inner layers so that
the matching conditions (3.9), (3.10) are satisfied. To this end we need
two lemmas. The first shows that the matching of nonconstant terms is
always satisfied. The second shows that the matching of constant terms
can be achieved by choosing a parameter in solving the inner systems for
UZ;'. In fact, we derive the jump conditions across singular layers based on
the matching of constant terms only. (Otherwise we would have too many
jump conditions, each for a particular power of &.)
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Define J} as follows:

_J};zgc(/o H}(g)dé)—&(/o H}(S)d§>

+(0+ D(Qe (UL (00)) — Qe (UL (—00))

+(Df = x{ 1) QU (xh) U (x))

—(Df"! xOI)Q (U"( x) = U ()

— QU (xf) = Uy 7 (x))- (3.23)

By (3.12), U;’+(x6) - Uf’i(xé) and 0;’_(x6) - R’ Yxo) only involve
lower—order terms. Also by differentiating (3.11), we find that U (xo)

'+ (x¢) only involves Uk for k< j—1. Thus J’ can be calculated from
terms with indices lower than ;.

The jump condition on U]R at xé comes from the matching of
constant terms:

o+ 1) AT+ 1A
+Df = xgDUR (xf+) — (D =i DU R (xf—) =1 (3.24)

Lemma 3.6. Assume that the expansion of eigenfunctions (U jR, U j.l,
cz.,)tj), Jj<L€—2, and (Uf_l, Uéfl) have been computed such that they sat-
isfy systems (3.20), (3.21) and the matching principle (3.9), (3.10) up to j <
=1 1If (UZR,)»@,l,cé_l) have been obtained that satisfy (3.20), (3.24) with
any J]l and Ulf is a solution of (3.21) as in (3.22) with any ﬁé and cfz, then
the matching as in (3.9), (3.10) with j =1 is always satisfied for nonconstant
terms. Moreover,

(U,g(a —Ur% ) —0, &—+oo.

dé§
Proof. Except for the constant terms, we show that other
higher-order terms in U, [(€) — (E) are always matched, regardless the

choice of B}. The proof here is s1rn11ar to [10, 17].

Consider the formal expansion of U(§,€), the inner expansion of
outer solutions. we find that Ué’+ satisfies an equation similar to that of
Ué:

(Ao + I)Ué_l +)\g_106 +(Dfi —X(i)l)ﬁé)s +FI£(E) 20&5’
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where ﬁé can be expressed as a Taylor polynomial of U jl j<e—1. Com-

paring the above with (3.21), we find that the difference AU := Ué — Ulf
satisfies

AUgs = (Df' (&) —x,DAU)e + o+ DU} —U._))
+ho—1 (U = UD + HE(E) = HIE)+(DF (&) — DfHULE))e.
(3.25)

By the induction assumption, the forcing term Hzi (&) approaches
Hé (€) exponentially as £ — co. Also observe that Df! (&) — Df! as £ — co.
From Lemmas 3.2 and 3.1,

AU = Ulf &) — 0é’+(§) — constant as & — oo.
Similarly,
Ué(é) — @’_(S) — constant as & — —o0.

Therefore the matching of nonconstant terms is satisfied for any ﬂé.
Integrating (3.25), we find that AUg (&) approaches constants as || —

oo. The constants must be zero, or AU (&) would not have constant limits

as |[&] — oo. 0

- Lemma 3.7. Under the same hypotheses as Lemma 3.6, if (UKR, A1,
¢y_1) is a solution to the reduced system (3.20), (3.24) for j=¢, with J; as
in (3.23), then we can choose ,Bé so that the solution Ué of (3.21) as in (3.22)
satisfies the matching principle (3.9), (3.10) with j=¢.

Proof. Assume that we have constructed (U JR (x), U; &), j<e—1,
and 2, j <€ -2, that satisfy the formal equations and matching condi-
tions, except for the term U,_,, which has the form

U, =Uik +Cé714év

where Ujt, satisfies Uyt (0)1gf(0) and is determined but cj_, is still
undetermined. We look for (UF, U}, A,_1) that satisfies (3.20), (3.21) and
the matching condition (3.9) at j=¢. At the same time we also determine
Cp_q-

In the next section, we solve for Uf(x),)»g_l from (3.20) with j=¢
and the jump condition (3.24) with J; defined in (3.23). Here we assume
that this is done and we construct the inner expansion U, that satisfies
(3.21) and the matching condition (3.9) at j=¢.
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Substituting Jé from (3.23) into (3.24) with j=¢, and using

0c(UL_1(00)) = Qc(U_(—00)) = Qc (Uit (00)) — Qo (Uit (—00)) + ¢ AL,

we have

o [ Hiwas) - oo [ i)

+(ho+ D(Qe(U}_1(00)) — Qc(Uj_ (—00))

+hg—1(U§(00) — Uj(—00))

+(Df = x5D 0T T (x())

—(Df T =D QU™ (x)))

= QU { (x)) = Uz (xp)). (3.26)
Now solve (3.21) for Ulf. Using Lemma 3.2, the solution can be expressed

as (3.22) with j=¢. The limits of Ciﬂé (£), & — £o00, are both zero and do

not affect the matching. Therefore the value of c;} cannot be determined

from the expansion to order €.

Plug Ué as in (3.22) into (3.21) and apply the integral operator fos -d€
to (3.21). Observing that all the terms approach polynomials as & — o0,
and keeping only the constants in the limit, we find the jump of constants
between the two limits is:

o [ Hieu) -o | i)
+(ho+ D(Qe(U_1(00)) = Qe (U} (—00))
+2e—1 (U (00) — Ui (—00))
+(Df' = x{1) Qc(Uj(c0))
—(Df ' =X D Q (Ul (—00))
= Q(Uj ;(00) — U} - (—00)). (3.27)

Recall that from the last statement of Lemma 3.6,
QcU} +(00)= Q.U f (),  QcUj ((—00)=Q.Uy'; (x}).
Comparing (3.26) and (3.27), we have
(Df —xiD(Qc (UL (00)) — Qc(Up T (x))))
=(Df N = x{D(Qc(Ui(—00)) — Qc(Uy ™ (xh))). (3.28)
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We choose ﬂé so that the constant terms of Ué(—i—oo) and Ué’J’(S) are
matched. To this end, observe that from (3.22),

0.(U}(0))

. § . . ‘ . .
= Qc(U' (oo, /O ((ho+ DUy + 1+ DU+ Hp)d§)) + U' (00, Bp).

The first term above is independent of g, but the second term U’ (oo, Bi)
=—(Df" —xi1)~'Bi. There is a unique value of B} such that Q.(U}(c0)) =
QC(UZR’J“). Choosing this B!, we have Q.(U}(c0)) — Qc(f]é‘Jr(x("))) = 0.
From (3.28), we have Q.(U}(~00)) — Qc(Uy ™ (x})) =0. The matching of
constant terms at both ends has been achieved. O

We summarize the reduction to a SLEP system in Theorem 3.8. Note
that the original SLEP method of Fujii and Nishiura dealt with the low-
est-order expansion of eigenvalues and eigenfunctions, whereas we give a
recursive procedure for expansions to any desired order.

Theorem 3.8. Assume that the expansions of eigenfunctions (U ]R U ;l
cf/,)»j), j<€-=2, and (UER—l’ Uf_-l) have been computed such that they sat-
isfy systems (3.20), (3.21) and the matching principle (3.9), (3.10) up to j <
£—1. If(Uf, Ao—1, cé_l) is a solution to the reduced system (3.20), (3.24) at
j=4¢, with J; as in (3.23), then there exists a unique B, so that the solution
Ul’f =U,§L+c;qé of (3.21) as in (3.22) satisfies the matching principle (3.9),
(3.10) with j=¢. The parameters CZ’ i=1,...,n remain undetermined.

Remark 3.1. In [20] we defined V(x):(Df(u(If(x))—xI)U/R(x). Then
V(x) is piecewise C! and has a jump at each layer position xé. The singu-
lar layer simply provides a delta function type forcing to the equation in
the regular layer (3.20). This was the point of view of Nishiura and Fujii,
who introduced the SLEP system [23]. The idea of SLEP is also used in
[10, 17].

Proof of Lemma 3.1. Since the homogencous part of the limiting
systems of (3.1)

Us =(Df —xiDU, Us =(Df =1 —xiDU,

has real nonzero eigenvalues, the homogencous part of (3.1) has expo-
nential dichotomies on R*, respectively [5, 25]. Let the the principal
matrix solution be denoted S(&, ) and the stable and unstable projections
related to the dichotomies be Py(&)+ P,(£)=1. Solutions on R* can be
expressed as



Slow Eigenvalues of Self-similar Solutions 21

£
U(§)=S(§,0)¢s(0)+/0 SE MP(MGdn+UT (), £>0,

£
U(E)=S(E,0)¢u(0)+/0 SE mMP.mMGmdn+U~ (), &<0,

where

&
U+(§)=/ T (. mPs(MG () dn,

& .
U ) = / Ti . ) Pu(n)G () d,
$50) = PyO)U0),  4(0)= P, (O)U(0).

The solution U (£), £ R can be found by matching U* at £ =0 as follows.
To have U(0—)=U(0+), we need

U™(0) +¢5(0)=U"(0) + ¢4 (0).

Since that unstable subspace of the dichotomy on R™ and the stable sub-
space of the dichotomy on R™T intersect transversely, we can find ¢, and
¢, such that

¢5(0) = ¢u (0)=U"(0) = U™ (0).

The choice of (¢, ¢) is unique if we require that U™T(0) 4 ¢ (O)J_qé (0).
The proof of (1) is left to the reader.
To prove (2), assume that G is a polynomial of order k. Let Ut be
the polynomial solution to the equation

Us=(Df —x,HU +G. (3.29)
Let AU=U(-,G)—U"*. Then
(AU)e =(Df (&) —xgD(AU) + (Df' () — DfHU™.
Since for & >0 the forcing term for the equation of AU is
(Df (&)= DfHU =0 *1(1 4181,

we have |AU|= 0 (e “El(1+1¢%)), £ >0.
Similarly, let U~ be the polynomial solution to

Us=(Df ' —xiDU +G.

We have Ui (&, G) — U~ | = 0(e~%El(1+|£[%)), £ 0.

The proof of (3) can be achieved by combining the results of (1) and
(2). (3.2) can be derived by observing that Df!(£) — Df’ as £ — oo and
Dfi(E)— Dfi~! as £ — —oo in (3.1). O
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Proof of Lemma 3.2. Let G(§) = [; g(s)ds. Then G(§) < C(l +
|E|FH1). Integrating (3.3), we have

Us =(Df (&) —x{ DU + G (&) + B.

The general solution of (3.3) can be obtained from the superposition
principle. UJ

4. EXPANSIONS OF EIGENVALUE AND EIGENFUNCTIONS

The procedure of recursively computing U ,A; and c _, that satisfy

(3.20) and (3.24), with J’ defined by (3.23), is equlvalent to a system of
eigenvalue problems of abstract operators. In (H1) below, the simpleness
of the eigenvalue will be imposed on the abstract problem. Generaliza-
tion to the case that the eigenvalue is semi-simple is straightforward in the
abstract setting and will not be discussed in this paper.

Let H be the linear space of sequences of n-vectors

H:={{h'}|h' eR"}.
Let H; be a subspace of H defined as:
={{c'AT}I|c' eR}.

Let £ be the linear space of n+1 continuous functions each defined
on R =[x, x l“] i=0,...,n

8::{{Ui}8|Ui(x) is continuous on R', U°=0, U" =0}.
Let &£ be a subspace of £ defined as
& ={{U Y eEIU e C(RY).
Let £:(&1,H1)— (£,H) be a linear operator defined as follows:
If (U5 49D = LAU' NG, (" ATYD,

then U'(x)=((Df' —xDU' (x)),
and J'=(Df' —x{ DU (x}) — (DF ' = xi DU (x).
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Let Uf(x) =UR(x), x € R'. Then the eigenvalue problem can be recast
into

(L+ o+ DDHAURN, {ch AT =0, 4.1)
(L4 o+ DDAUSNG A AYD + 21U (eha YD
= ((Wa}g. {I5ID), 4.2)
(L+ (o+ DDA A ANVD +2, 1 (UG (gAY
={Wi. (1. (4.3)

Here ({W]’: o ;}’f) as in (3.20), (3.23) denotes terms that involve indices
lower than the jth order. We assume that

(HI) The operator £ has a simple eigenvalue —(i¢ + 1) with ({UlRi 105
{cpA'}])a as an eigenvector.

We will show that from (H1) all the higher order expansions of the
eigenvalue equation can be solved successively and A;_; can be uniquely
determined in the €’/th expansion.

In the next subsection, we will show that £ is Fredholm. We will
introduce the SLEP matrix M(A) and the SLEP function p(A) =det M(}).
We will show that (H1) is equivalent to that p(A) has a simple zero at Ag.

4.1. Preliminaries

We now discuss properties of £+ (Ao + 1)/ and show that it is a
Fredholm operator. Let ®'(y, x, Ao) be the principal matrix solution for
the system in R':

(Mo+ DU+ ((Dff —xHU), =0, xeR'. (4.4)

Let V=(Df!' —xI)U, and Q'(y, x, Ag) be the principal matrix solution for
the associated system

o+ DD —xD)7 'V +V, =0. (4.5)
Clearly, we have
@' (y,x,20)=(Df = yI)"' Q' (v, x, 2)(Df' —xI).

Let W (x, y, Ao) be the principal matrix solution for the adjoint system to
(4.4).

05+ Dy —(Df —xD*y, =0, xeR'. (4.6)
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It turns out that (4.6) is the adjoint system for both (4.4) and (4.5) in the
sense that

d ; d
d—((Df —xDU,y)=—(V,¢¥)=0.
X dx
We have the following results:

Lemma 4.1. For any & € Ri and p e C(R"), the general solution for the
nonhomogeneous equation in R'

(vo+ DU +((Df —=xDU), = p(x)

can be expressed as
U(x>=<1>"(x,s,xo)U<s)+/g @ (e 0 20)(DF — D)~ plny dn.

For x,y€R!, we have
W (x, v, o) = Q7 (v, x, ho).
Moreover, W' can be expressed by ®', viseversa.
W (x, y, 0) = (Dff —x D)™™ (y, x, ) (Df = y D),
O (y, x, ho) = (Df = yD) ™' W™ (x, y, 20)(Df' = x1).

The proof of Lemma 4.1 shall be omitted.
We will extend the domain of Q! and W to R x R. Define

o P o o
Oxh, x), r0) =0 b, xi s h0) . QT T Y he), i

For i < j, let Q(x},x],%0) = Q(x],x), )" Finally let Q(x}), xi o) =1.

For x) <x<xit! x) <y<axf ™, let

Oy, x.20) = 07 (v, 5], 20) Q] xi*1, 20) QT (x{H!, x.2p).
Finally, let

W (x,y,40)= Q" (¥, x, Xo).

Let ¢/ eR,i=1,...,n and b', g €eR",i =0, ..., n. Motivated by (3.17),
define

G:({c'}1. ('Y — (&'},
g =+ DA+ (D —xp)b' — (DFF ! —xhy o = l, xi Tt ag)b

For convenience, we assume that »°=5" =0. Since the domain and range
of G are both n?-dimensional, G is Fredholm with index 0.
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We have the following obvious lemma:

Lemma 4.2. ({U! 0 {ciAi}’ll) is an eigenfunction of L with respect to
the eigenvalue —(ho+1) if and only if

AV AU V) eker (G).
Let
Ha:i={G{0}}, (b'}1 "), for all b’ eR"}.

One can show that H; consists of all the jumps coming from solutions of
the homogeneous equation (4.4). The space H; is n(n — 1) dimensional,
i.e., with ¢/ =0, G maps {b'}1™" injectively into . This can be shown by
using Schecter’s condition on structural stability of Riemann solutions. (If
the mapping from {b"}’f_1 to the jumps were not one-to-one, then there
would be a Riemann solution with zero Rankine—Hugoniot jump at each
shock.) Observe that Hi = {G({c'}, {0}~ ") for all ¢/ € R}. It should be
clear that the dimension of ker(G) is the dimension of H|NHo.

We now introduce a matrix, similar to the SLEP matrix in Lin and
Schecter [20] and Nishiura and Fujii [23] that helps to determine the
kernel and co-kernel of G.

Assume that G({c'}", {b'}1~") =0. Define

K'=(Df —x{Db" fori=1,....n—1, K =k"=0.
Then from
(Dff = xh Db = (D —x) o T ' Xl a)b T — (o + DAY,
we have
k=0 xd, xb 7 )k T = (i + Dl AT (4.7)
From (4.7),
i . . : .
K=—00+1D) e Q. x{. ro) A7,
j=l1

n
K" ==00+1))_cl Q(xf. xj. r) AT =0.
j=1
Definition 4.1 (SLEP matrix and the SLEP function). The SLEP

matrix M(ig) is the n x n matrix whose jth column is the vector
Q(x{l, x{, o)A/ The SLEP function p(%)=det M(%).
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Note that k" =0 implies that {c! J] is a right eigenvector of M(x):
M)V =0 with p(r)=0.

Once {c¢'}! is determined, {'}Y~! can be calculated through kit
We now characterized the co-kernel of G. Let {d'}] € H such that
{d'}1 L range G.

Z(A0+l)c d', A +Z d', (DfT —xbb' — (DfI~" —xb)
(Dl l(xo’ 1 )"O)bl 1) 0

The above is valid for all vectors ({c’ 8 (b }’1’_1). Recall we assume that
o+ 1#£0. If we let b’ =0 for all i, then we have (d', A))=0,i=1,...,n
Consequently,

n
D d (DfF = xpb’ — (DF = xfy @ (. xg 7 ag)bT Ty =0,
1

Therefore, {d’ 1 is a vector in ‘H determined by
{d'V} LHy + Ha.

Notice that the above also implies that the dimension of the linear space
of such {d'}] is the dimension of H;NH,, which is the dimension of ker
G.

Using k' =(Df" —x{1)b’, the conditions on {d'}! can be expressed as

n
Y dl k= 0 (. xg T a0k T =0

1

Recall that Q™ (x, y, Ao) =W (y, x, Ag). Therefore,

n
Z(di — Wi (xh, x5 ap)d ™ Ky =0.
1

Since k' is arbitrary, we have the system that determines {d' J] up to a
scalar multiple:

d,AY=0, i=1,....,n
W, x T A T =0, =1, i L
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Then if d" is known, d',i <n can be obtained from
d' =W (x{, x; ho)d". (4.8)
Since (d', A)Y=0,i=1,...n, we have
(d", Q(xf, xb; 1) AY =0, i=1,...,n.

This means that d" is a left eigenvector of the matrix M(Ay). Once we
have calculated d”, the other vectors d',i=1,...,n—1 can be obtained
by using (4.8).

We summarize the results in the following lemma.

Lemma 4.3. —(ho + 1) is an eigenvalue of L iff p(ro) = 0. Then
({2 (b1Yi Yy is in the kernel of G iff

MG} =0  with p(io) =0,
i
b'=—0o+ DD —=xiD™' Y el 0, x5, ro) A
j=1
Furthermore, {d' | is orthogonal to the range of G iff

(d")* M(ro) =0,
d :q/(xé,xg; rp)d",  i<n.

Lemma 4.4. Assume that p(Lo)=0. Then ({z' (x)}2, {di}'l') is orthogonal
to the range of L+ (Ao+ 1)1 if and only if

{d'}! LRange(G)
and {zi}g satisfies the adjoint equation (4.6)
O+ D —(Df —xD)*z2 =0, i=1,...,n—1
with 7 (x't1)y =d*!. Moreover, z"(x(")—i—):zi*l(xé—).
Proof. If ((L+ (Ao + DOHAUE. AT, ({2 (0}, {d'})) =0 for all

({U'}, {c'}), then

0= Zf (o+ DU +((Df —=xDU")y, 7' )dx

1

+Z<(fo —X'DU D = (D =X DU &) + (o + DAL dY.
1
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Let U' =0. Then since ¢’ is arbitrarily, we have
(A1, d"y=0, i=1,...,n.

Integrating by parts, we have

n—1 n
0= Y (Df —xDU @), @)
1
i+1

n—1 L.y
—Z/ (U', g+ D' = (Df' —xI)*z;)dx
17
+Y (Df =X DU ) = (Df T =X DU, d).
1
If U'eC®(x',x1),i=1,...,n—1, then we find that z/ must satisfies the
adjoint equation (4.6):
O+ D —(Df —xD*z2i =0, i=1,....,n—1.

The boundary terms satisfy

n—1
0= (Df —x' DU’ "), /&) — (DfF =" DU (1), 2 (D))
1

+Y (Df =X DU ) = (DF T =X DU ). d)
1

= i((Dfi —x' DU (), (@ =2 (x)))
: n
=Y DT =X DU D, @ =2 ).
1
Since U!(x%) and U'~!(x") can be arbitrary constants, we have
) =dh=d", i=1,...n.
Define z(x) =z'(x) for x €[x’,x"*!]. Then z is continuous on [x}, x].
z(x)=d' =W, x", ro)d". (4.9)
Using (A, d'y=0 for all i, and ¥*= Q, we have

(A, W(x', x", x0)d™) = 0,
(0", x", A AL, d") = 0.
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By the definition of M(Xg), we have
d"™ M (xy)=0. (4.10)

That is, d" is a left eigenvector for the ma_trix M (Ag). Based on Lemma
4.3, it follows from (4.10) and (4.9) that {d'}] is orthogonal to the range
of G. O

Definition 4.2. Let K(Ag) be the linear space of continuous functions
defined on [xé, xo] such that if z€ () then

(1) z is piecewise continuously differentiable and satisfies the adjoint
equation (4.6) on R',i=1,...,n—1;
(2) {z(xg)}] is orthogonal to the range of G.

From the definition, it is clear that z € K(Ag) if and only if

2% (x) M) =0,
2(x) =W (x, xg, Ao)z(xg).

We can state the basic properties of £+ (Ag+ 1)1 as follows:

Theorem 4.5. —(\o+1) is an eigenvalue for the operator L iff p(hg) =
0. 7 hen £+ (Ao + DI is Fredholm with the index zero. The condition for
({U'}y. {c" A"}]) being an eigenvector is

M)V =0,

i
U'(x) =—0o+D(Df =D e/ Qg x), 1) A,
j=1

Ui(x)=d>i(x,x6,ko)Ui(x6), x6§x§x6+1.
Furthermore, ({Wi}g,{Ji}’l’) eERLA o+ 1)) if and only if for all 7z €
K(xo),

n

n—1 i+l -
> z(x). J">+Z/i° (z(x), Wi (x)) dx =0.
1 7%

1

Proof. The kernel part of the theorem follows from Lemmas 4.2 and
4.3. 1If ({Wl}g, {Jl}’f) eR(L+ Ao+ 1)), then

(A0+1)Ui+<(Dfi—x1)Ui> — Wi 4.11)
Go+ DA+ (D —xi DU () — (DI =Xl DU (1) =g
(4.12)
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Let b'=U'(x}). Then
Ul = xpp+ [ oG 0f —any W dn.
X0
Plug into (4.12), we have
o+ D AT+ (Df —x{ Db — (D =i D@ (x, xi b !
. S R : . .
= (D" —xpD) / L @ g m@f T =T W i+ 0
Xo
(4.13)
The above has a solution iff the right-hand side of (4.13) is in the range of

G, i.e., for each {di}? that is orthogonal to the range of G as in Lemma
4.3, we have

0= s+ 0 =y [ 1 @ st = un W )
1 Xo
= (d'. J}) +Z/, A@f = =D (g, 20)
1 1 Y%
< (DIt —x{ny*at, Wi () dn.

Define
2 ) = (Df =D~ DA, a) (DT =X D, b <<t
— \Iji(n,.xi+l, )\.O)dl—‘rl

Then

0=7 (@, J +Z/lf1 ), W) dn
1 1 7%
=@ ey [ Wi,
1 %

1

The functions {zi}'f_1 can be glued together to be a continuous func-
tion z defined on [xé, xi]. We clearly have z € K(A). 0

The following lemmas characterizes the condition that —(Ag+1) is a
simple eigenvalue of L.
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Lemma 4.6. The eigenvalue —(ho+1) of L is semisimple if and only if
for any eigenfunction ({UIR’ ()} {cf)}’f), there exists at least one z € K(Ag)
such that

n—1 x(i)+l .
[ ew. ukiwar o
1 7%
Proof. If there exists one z € C(Ag) such that
n n—1 x6+]
02 tetad) chah+ 3 [ (e, Ul o
1 1 7%
then ({Ufe"(x)}g,{cf)}’f) is not on the range of £ + (A9 + 1)I. Since

(z(x}), A’)=0 for all i, the desired result follows. O

Lemma 4.7. The condition that —(Ao+ 1) is a simple eigenvalue of L is
equivalent to that the SLEP function p(A)=det M (L) has a simple zero at
A=Ag.

Proof. Let the ith column of M(A) be M;(X).
MR =Mi(0), Ma(R), ..., Mu(R)).

Without loss of generality, let Ao =0. We assume that the geometric mul-
tiplicity of =0 for the matrix M (0) is one since this is the consequence
of either p’(0)#0 or —(Ao+ 1) is a simple eigenvalue of L.

Let {c¢! 17y lej };f:l be the right and left eigenvectors of M (0), unique
up to scalar multipliers. Without loss of generality, we assume that ¢! =1.
Then M;(0), j=2,...,n are linearly independent and

{ej} Lspan{M; (0)}'}:2-
We have the following decomposition

MMt =aM){ej}+ Y BiWIM,;(0).

j=2
Since the left-hand side is O()) we have
a(M)=0(0), Bi=0®), j=2,...,n.

det M(A) = det(MMW){c'}, Ma(A), ..., Mu(L))

= det (Ol()»){ej}—i-z,Bj(X)Mj(O), Mo(A), ... an()L)) .

j=2
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Since the first column is of O(1), if we replace M (1) by M;(0), we have:

p(V) = 0(%) +det (a(x){ej}JrZﬁj(x)M,(O), M;(0), ...,Mn(()))

j=2
= 0(A?) +det(a(M)fej}, Ma(0), ..., M,(0))
= 0\ +a() det(fe;}, Ma(0), ..., M,(0)).

%p(()) = da/(0) det(fe;}, M2(0), ..., M,(0)).
Assume that Zj |ej|2:1. Then
a() ={e;*MG){c'}.
Differentiating and setting A =0, we have
%a(O):{ej}*%M(O){ci}. (4.14)
Let V(x)=0,Q(x, x), 0)A’". Then
V' 4+ O+ 1D)(Df —xD)T'VH(Df —xD)7TQ(x, x{, 0)AT =0

with the initial condition V(xé) =0. Thus
o . .
v == [ 0uf.y. 005 ~31)7 0. 08 dy.
X0

From (4.14), and using Theorem 4.5 for U (x), we have

d n xg . o
—ﬁa(o) = ;({e/'}, /x;')o Q(x(’)l,y,0)(Df—yl)_lQ(y,x(’),O)A'C")dy

Vl*l xn . PR
= Z(‘I"(yaxg’0){6’1‘},/[_O(Df—yl)_lQ(y,x(l),o)AlCl)dy
i=1 *o

n—1 xi+1 i . - ‘
ZZ[iO (Z(y),Z(Df—yl)_lQ(y,x(]),())Alcj>dy
i=1"% j=1

n—1

xi+l
- —(/\o+1)‘12/_0 (z(x), UR (x)) dx.
1 7%

Here z € K£(0). The final result follows from Lemma 4.6. UJ
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4.2. Solving the SLEP Recursively

Assume that ¢ is a simple root for the SLEP function p(2). From
Lemma 4.7, Hypothesis (H1) is satisfied. To solve (4.1), we let {c)}| be a
right eigenvector of M()g). Then from Theorem 4.5,

i
UR () = —(o+ D(DF =i D71 " e O(x. x, ho) A
j=1
Ris \ _ i Ri i
U1 (x) = Q(-x9-x07)"0)U1 (xo)-
The kernel of M(X¢) is one-dimensional. Therefore, K()¢) is also one-
dimensional.

We then proceed by induction. If (4.3) has been solved for j <k—1,
then to solve (4.3) for j =k, we need to select A;_; so that

M1 AURDNE Ach AV — AW _ e T

is in the range of L+ (Ag+1). Let z be a nonzero vector in K(Ag). From
Theorem 4.5,

A1 f}o (z(x), UR (x)) dx (4.15)

0
n n—1 i+l .
_Z<z(x3),1,§_1>—2/,° (z(x), W{_; (x))dx =0.
1 )

Since —(Ag+1) is a simple eigenvalue, based on Lemma 4.6, we have

n

%o
/1 (z(x), U (x))dx #0.

0
Thus, Ar_q can be' solyed from (4.15). With this A;_;, there exists a non-
unique ({UkR’}g, {er_ 1 AYD. ‘ _ _
To uniquely determine ({U,f’ }o- {ep_ 1 A'}]), we assume that

n

i i _
ch_lco_O.

1

This is a unnatural restriction on eigenfunctions. Multiplying an arbitrary
analytic function «(e) to the eigenfunction, we recover all the eigenfunc-
tions associated to the eigenvalue —(ig+1).
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5. EXISTENCE OF TRUE EIGENVALUE/EIGENFUNCTIONS

Assume that we have the expansion of the slow eigenvalue up to
e’”_l, and the associated eigenfunction up to €”,m>1. Let 0 <pB <1 be
an arbitrary constant. Define the inner layer Iei = {x|x6 —ef <x <x6+eﬁ }
and the outer layer O! :={x|x)+¢€f <x <x6+1 —€P). For brevity, let a' =
xb+eP b =x{t! —€P so that Ol =[a',b']. In the classical singular pertur-
bation theory, €? is so called an intermediate variable [11, 24]. Note that
in the x variable, the length of inner layers goes to zero as € — 0, but in
the stretched variable & = (x —xé) /€, the length O(e~!) goes to infinity
as € — 0. Therefore, the dynamics in both inner and outer layers are dom-
inated by the exponential dichotomies using the variable &.

Define the approximation of eigenvalue/eigenfunctions by

m—1
hap =Y _€hj, m=1,
0
m
U;i,:ZerR, for all x € O,
0
m
U;p=Zerl-, —eﬁflgfgeﬂfl, xot+ek=xell.
0

Notice that Uj=g{ (), Uf =0. In the expression Uj = U}L +clgf, the
terms U ;L, j<m, and c’] j<m-—1, are dgtermined while cﬁn is still unde-
termined. Without loss of generality, let ¢}, =0.

Gluing the approximations in outer and inner layers together in the
order of

od.r, ol 12,....1" o,

e’ fer erferorlen

we have a so called pseudo orbit with small residual and jump errors:

(ap + DUS +((Df (ue) =xDUR) —€eUS  =eh®, in O,

ap,xx
€(hap + D Ug, + ((Df (ue) —x'(€) —€6)Upy)s — Uy g =€h',  in I,
Ubp (=P~ = UR (5 — Py = =80~ 5.1)
S s

Uy (xy+€”) = Ug, (P~ = —sU™,
eUp (xh+eh) UL, (P hy=—sUl".

ap,x
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The residual and jump errors satisfy
ehR= 0@, ehi = 0" gy = 0 (Eﬁ(erl)) ’
pUt*|+ sU*| < cemee ™ B ym.
If m>1 and 1/2<B <1, then
R=0(™), W =0 1HPm=Dy 0 0.
The exact eigenvalue/eigenfunctions satisfy

(hex + DUR +(Df (ue) —xDUR), =€UX ..
€(hex + DUL, + ((Df (ue) — x' (€) —€&)US e = Uy, .

Write the exact eigenvalue/eigenfunctions as approximations plus correc-
tion terms:

Aex =)‘«up+)h
Ul =Uf +eUR, xeOl,
Ul, = Ul,+eU' +e"c'gl )., xell.

We easily find that the equations for (A, UR, U’) can be written as a linear
variational system with forcing terms:

o+ DUR+AUR +(Df ) —xDHUR) —eUR
=—hR4+ NRWUR, ¥, e), (5.2)
(o + 1 gk (&) + AU +[(D? £ (gyuy — (¢} +E) D' gl)e
+((Df(g) = xyDUNe = Ul =—h' + N (U 1. c' o). (5.3)

Equation (5.2) is valid in outer layers Oé,Og i <n while (5.3) is valid
in inne_r lay¢rs I!,1 <i <n. The nonlinear terms NR N are small if
(UR, U, 1, ¢ €) are small.

NRWUR, 1 e) =0(|UR|c1 +eln),
NUUT &, ¢ty €) = 0P |U | o1 +€la] +ele |+ 1| IA)).
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Jump conditions that cancel the jump errors of approximations
between two adjacent inner and outer layers are prescribed:

Ul (—eP~ 1) —UR(x{— Py =sU"",

Ul(—eP™) —eUR(xf — Py =50},

URGi 4Py — Ui (P =sU"T,

eUf(x6+eﬂ)—ug(eﬂ_l)zc‘SUé’Jr. 5.4
As before, boundary conditions for x — +0o0 must be satisfied:

(U, U)=0(7"", xeoluor (5.5)

In Theorem 5.7, the nonlinear system (5.2)—(5.5) will be solved by the con-
traction mapping principle. To this end, we consider the following linear
nonhomogeneous system with the same jump and boundary conditions
(5.4) and (5.5):

o+ DUR+ AU +(Df wg) —x DUy —eUS ==hR(x),  (5.6)
(ho+ D' gL (&) +AUS +[(D* f(gHul — (] +E) D' gl
+((Df(q") —xgDU")g — Uge = —h". (5.7)
The usual way of writing (5.6) as first-order systems, i.e.,
U=V, Vi=...,

does not work well in our case because the variables (U, V) do not capture
the fast-slow behavior of the singularly perturbed problem. If a system
is autonomous, following the general instruction of [14], Section 1.6, the
slow variable should correspond to eigenspaces of zero eigenvalues while
the fast variable should correspond to eigenspaces of nonzero eigenvalues.
If we write our equation in outer layers using & = (x — X)/¢, % € Of, the
homogeneous part of the equation becomes

(Df ) — G +ee)DUR) —UE =0.

We find that the system is slow varying and can be approximated by an
autonomous system. If we freeze x =x in the coefficients by letting € =0,
the above system has n zero eigenvalues and n eigenvalues with nonzero
real parts. If € is small, the slow varying equation also admits a splitting
of center subspace of dimension n and a hyperbolic subspace of dimen-
sion n. This wonderful theorem in a more general form can be found in
[5] and can also be proved by geometric singular perturbation theory after
adding equations x =€, é =0 to the system.
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By calculating eigenvalues and eigenvectors for € =0. We find that
the eigenspace that corresponds to eigenvalues with nonzero real parts is
spanned by (U,Ug) = (rj,v;r;), any (U,Ug) in such space must satisfy
€Uy — (Df ) —xDHU = Uz — (Df (uf) —x1HU =0. We thus introduce a
new variable

VE:=eUF —(Df ) —xDUR=UF — (Df (i) —xDU",  xeOl.

For simplicity, the symbol Df or Df! represents Df (u{f) (constant
matrix) in outer layers O. and Df(g'(£)) in inner layers I!. When € =0,
the eigenspace that corresponds to zero eigenvalues is (U, Ug) = (U, 0). If
we make the change of variable

AUR=UR 4+ (Df —x)'VR=(Df —x1)~'U;
then the eigenspaces corresponding to zero and nonzero eigenvalues are
(AUR, VR AUR=0} and {(AUR, V) VR=0},

respectively. Using (AUR, VR), the system in O} becomes (5.23) and (5.24)
(with A = 0) which captures the fast-slow behavior and exponential tri-
chotomies of the dynamics. This new coordinates will be used in proving
Lemma 5.3.

In inner layers, define

Vi=Ui—(Df —x,DU', xell.

The counter part of AUR is undefined in inner layers. Therefore, for the
coupled inner and outer system such as in Lemma 5.6, we will retain the
variable U together with the new variable V as state variables.

We need to derive the jump conditions for V¥ and V', between outer
and inner layers. Let u. be the exact Dafermos viscous shock solution. At
each x =x6+6’3, by (5.4), we have

eUR(x) = (Df (ue(x) =x HUR (x)s —[U(€P™1) = (Df (ue (x)—x HU' (P~ H)]
=8UL" — (Df (ue(x)) —xD)SU"T.
Replacing Df(ue(x(g +€f)) by Df(ug(x(i) + €f)) in Oé, and by
Df(g'(e#71)) in I!, we have

VR +eP)—viEel
=5Ué’+ —(Df (ue(x)) —xDHSUT + No WU, U, (5.8)
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where x =x{ + ¢, and the small term N'* is
N'F=[Df uf) — Df w)lUR +[Df (ue) — Df(gHU' = O(e(UR|+U"))).
Similarly,
Vi(—ePH VR —€P)
=8U§’_ — (Df (ue(x)) —xSU~ + N-—(UR, U, (5.9)
where x =x) — ¢, and the small term N"~ is
N~ =[Df (ue) = Df IR +[Df (q") — Df W)U = O(e((UR|+|U'])).
Dropping N** in (5.8) and (5.9), we consider the following jump con-
ditions for the variables VE and Vi:
VR +ePy—viEefTy=sviT
=8UL" — (Df (ue(x)) —xSU™, (5.10)

Vi—eP ) — VR —efy=sVi~
=8U" — (Df (ue(x)) —x1)SU"~. (5.11)

For brevity, we denote W = (U, V) and sW>* = (U"*,sVi+). See
(5.4), (5.10), and (5.11) for these jumps.

Proposition 5.1. Consider the first order nonhomogeneous systems
(5.12)—(5.15) that is equivalent to (5.6) and (5.7). The coupled system in
outer and inner layers is augmented by the jump conditions (5.16), (5.17) and
boundary conditions (5.18):

eUR=(Df —xDUR + VR, (5.12)
VE=o+DUR+AUF + 1R (x), (5.13)
Ul=(Df —xqDU' + V", (5.14)
Vi =[(+ De' + rchlgk (5.15)
H(D? f(g"ul — (x| +E) D gile +h' (€),
WRx +efy — Wil =swit, (5.16)
Wi(—efh —WRui —efy=swi, (5.17)
WX, vBY=0(""y for xeR", R". (5.18)

The unknown parameters A and {c'} must also be solved from the system.
Then there exists a unique solution (UR, VR (U}, {Vi}, A, {c'}) that satis-
fies the system. Moreover,
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UR]+ VR {UD AV U0, + 0RO, 4 VR,
+ A+ < C (JEWHTH+1BWH ) + R+ €2~ () ).

The proof of Proposition 5.1 depends on several lemmas and shall be
deferred to the end of this section when all the lemmas are stated and
proved. Among them, Lemma 5.3 treats nonhomogeneous systems without
the concern of prescribed jumping conditions; Lemma 5.6 treats homoge-
neous systems with prescribed jumping conditions and boundary condi-
tions at R, R". By adding results from the two lemmas, the entire system
is solved by the superposition principle.
Let C(y) be the space of continuous functions such that the norm

U, =sup{|U (x)|e”*!} < o0,
X

where the sup is taken over the domain O? or 0. Let L'(y) be the space
of locally integrable functions such that the norm

1T L1 :/ U (x)|e” ¥ dx < o0,

where the integral is in the domain 0? or O”.
Lemma 5.2.

() Let T(x,y) be the principal matrix solution for the following equa-
tion in O, 1<i<n—1:

€U, — (Df —xDU =h(x). (5.19)

If € >0 is sufficiently small, then the system has exponential dichot-
omy on OL with super exponential decay rate, i.e., there exist pro-
Jections P,(x)+ Ps(x)=1, exponent o/e >0 and a constant K that
is independent of €, such that

T(x,y)Ps(y) = Py(x)T(x, y),
IT(x, ) Ps(V)| < Ke @5 /€ x>y
IT (x, y) Py(y)| S Ke @070/ y>x

Moreover, in 02, the rank of P, is n—i and the rank of Py is i.
(i) Consider the same equation (5.19) in O2 or O. Then the solution is
unstable in OS and stable in O™ with super exponential decay rate:

xéyeOg,

T < Keolx—yl/e
| (xvy)l\ e for x>y€021
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(ii1)  For each Ao C, let ®(x,y) be the principal matrix solution for the
following equation in 03 and O}:

Ve+ o+ D(Df —xD7'V =h(x). (5.20)

Then the homogeneous part of the system has very slow growth rate
either forward or backward in these layers, That is, for any § >0,
there exists K(8) >0 such that

|D(x, Y<K @), x,ye0luo;.

Moreover, for he C(y), or he Ll(y),é <y, there exists a unique
solution V € C(y). The following estimates hold

VI, <Clhl,, VI, <Clhlpig,,

Proof. We prove Part (iii) only. There exist ® >0 such that for |x| > ®,
we have |(Ag+1)(Df —xI)~1| <6. Thus, for x, y>® or x, y<—0, we have
|®(x, y)| < K(8)e®F Y. The same estimates hold for x,y e OS U O with
maybe a larger K(8), uniformly for 0 <e <¢g. For clarity, consider O/. Let

V(X)Z/ O (x, y)h(y)dy.

o0

Assuming that § < y. Using the exponential estimate for |®(x, y)|, it is
elementary to verify that V e C(y) if he C(y) or L'(y) and the desired
estimates hold. O

We say that a solution of (5.19) satisfies the standard boundary con-
dition on O} =[a', b'] if
Py(a)U(a)=0,  P,()U®D')=0.
Lemma 5.3. Let A =0. In outer layer, for eqch h € C(Oé),. 1<i<n— 1{
system (5.12), (5.13) has a unique solution (UR, VRIy= FRIpRY jf R

satisfies the standard boundary condition on Ol and VR (a')=0. Moreover
FRis a bounded operator and the solutions satisfy

URI+ VR <Clelh® 1+ 1nR| 0, |AUR < Ce(n® ]+ 107 ).

In inner layers, assume A= O,_ ¢t =0. me each h' eC(IEi), system (5.14),‘(5.15)
has a unique solu}‘ion U, viy=FSi(hl) that satisfies U'(0) Lq"(0), VI (0)=
0. Moreover F5' is a bounded operator and the solution satisfies:

U |+ Vi< CcePhl).
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Proof. The proof for system (5.14), (5.15) in inner layers shall be
omitted.

In outer layers, if £ =x/e variable is used so that eU, =Ug, then the
length of the outer layer is O(1/¢). If one uses variational of constant for-
mula on (5.12) and (5.13) to get a solution with forcing term, then the
desired estimates on the solution will not be satisfied. Exponential dichot-
omies must be used in the proof.

Consider the auxiliary equations

eUy — (Df —xD)U =h (x), (5.21)
Vi + o+ D(Df —xD)™'V =hy(x). (5.22)
Using the standard boundary condition and exponential dichotomy on the

first equation and the variation of constants formula on the second equa-
tion, we have the unique solutions

U=F(hy), V=F(hy),
F1:C(0H)— C(0Y), Fr:LY(0l)— c(0),
\UI<Clhil, VRIS Clhalp.

Using (AU, VR), (5.12), (5.13), with A =0, become

eAUR —(Df —x)AUR =€[G(AUR, VR 4 (Df —xD)~'hR],  (5.23)
VEL o+ D)(Df —xD)WR=( o+ DAUR+RR. (5.24)

Here

GAUR, VR = g+ )(Df —xD)~'AUR
+[(Df —xD)T' = o+ D)(Df —xD)~N(Df —x1)"V R,

System (5.23), (5.24) can be written as a fixed point problem

AUR =e R (GAUR, VR +(Df —xD)7'h®),
VR =F((o+ AU +15).

The mapping defined by (AU, VR)— (AUR, V[?) is a contraction if
€ is sufficiently small. Therefore, there is a unique fixed point (AUR, VK)
which is also a solution to the coupled system (5.23), (5.24).

Since Fi is a bounded operator, we have |[AUR| < Ce(|AUR|+|VR|+
|hR|). This simplifies to

IAUR| < Ce(IVE|+1RR)).
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On the other hand since F; is a bounded operator,
VRIS CLqAUR 4+ h% ) < CrCe(V R 4+ 1h5 ) + 11 ¥ ).

Thus |VR|<C(e|hR|+|hR]|;1). Plug back into the estimate for |[AUR|, we
have |AUR| < Ce(|h®|+|hR|,1).
Finally |[UR|<C(AUR |+ V) <C(eln®|+107] 1), D

Lemma 5.4.

(i) In the semi-infinite outer layers R® and R", let hy € C(y) and ¢ €
R"™. Then there exists a unique solutions U € C(y) for the boundary
value problem

U= xer,

eUy,=(Df —xIHU +hy,
x = f ) 1 U()Cg):(]ﬁf’n, xeR"

(5.25)
(ii) Let hy € C(y) or L' (y). Then there exists a unique solutions V €

C(y) for the single equation without boundary conditions
Ve+Go+1D)(Df —xD)7'V =hs. (5.26)

(i) For h® e C(y) N L'(y), consider the nonhomogeneous boundary
value problem

B 3 Uxhy=0, xer,
eUy=(Df —xDU+V, {U(xg)zo, cegr 62D
Ve= o+ DUR+RR. (5.28)

Then, there exists a unique solution (U, V) e C(y) such that
UL, +1VI, <Celh®], +1h"% 11,
Moreover, let AUR=U+(Df —xI)~'V, then
|AUR|, <Ce(Ih®], + 11" 1)

Proof. We shall only prove the case x € 00 only. The proof is a mimic
of that of Lemma 5.3.

For brevity, let a®=—c0, b° =x(1) —eP, 03 =(—00, bo).

Proof of Part (i): The unique solution U € C(y) of (5.25) can be writ-
ten as

URI(x)= /b ST Puhi () dy +T (x, bR,
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Using exponential dichotomy on 0?, we have
U=Filh, ¢, UL <CUhly +16,°D.

Proof of Part (ii): The unique solution V € C(y) of (5.26) can be writ-
ten as

VR’i(x)Z/ D (x, y)ha(y)dy.

—00
Using exponential estimate in 0O? we have
[VE], =Fa(ha), IVRI<Clhal, or Clhalpiy)-
Proof of Part (iii): Using (AUR, V&), (5.27), (5.28), become
eAUR —(Df —xD)AUR =€[G(AUR, VR 4 (Df —xD)7'hR], (5.29)
VR L O+ 1)(Df —xD) W=+ DAUR + R (5.30)
Here
G(AUR VR = 0+ 1) (Df —xD)~'AUR
+[(Df —xD)7 = o+ D(Df —xD)~N(Df —x1) VR,
System (5.29), (5.30) can be written as a fixed point problem
AUR =eF(GAUR, VR +(Df —xD)~'h®, 0),
VR =F((o+DAUR +hR).

The mapping defined by (AUR, V®)— (AUR, V) is a contraction if €
is sufficiently small. Therefore, there is a unique fixed point (AUR, VF)
which is also a solution to the coupled system (5.23), (5.24).

Since F; is a bounded operator, we have |AUR|V < Ce(IAURly +
VR, +1h®|,). This simplifies to

|AUR|, < Ce(IVE|, +|hR],).
On the other hand since F; is a bounded operator,
VR, <Crqau®ly, +108 10 <Cr€eVEL, +1051) + 10811,

Thus |[VR|, <C(elhk), +|hR|L1(y)). Plug back into the estimate for |[AUX|,
we have [AUR|, <Ce(lh®], +1h"| 11,
Finally |UR|, <C(AUR|, +|VE],) <Celh®]y +1h%| 1) O
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Lemma 5.5. Consider the system of V-equations in Og,0<i<n and I,
1<i<n, with hR=0 and h* =0:

VE+ o+ (Df —xD)T'VE=0UR,

Vi =[(o+ De' +rchlaf +[(D* f(ghu} — (x| +E) D' gl
VR +eby —viEePh=svit,

Vi — VR —ef)y =5V,

vE=0(@ ") for xeR", R".

Then the above system has a unique solution (VX {V}, {c'}, 1). Moreover,
VR +HVI+ M+ A S CUSVETH {8V ).

i i Bl i -1 s g
. Proof. Let AL .=q’.(eﬁ )—q'(—eP~1). The second equation in I! can
be integrated once to yield

Vi) = vi—eP Y =[(ho+ D +Aci]AL + 0 (e |cl)).

The small factor e—*<"" comes from qé (€) for £ =P~ The small term

can be handled by contraction mapping principle and shall be omitted for
convenience. Consider
Vil —vi(—ePh =[(ho + D’ + Ac]AL (5.31)
Combining this with V>~ and 8V’ ~, we find that
VR +€eP) = VR —eP)=[(ho+ D' +Acl]AL+6Z7,  (5.32)
where
§Zh:=8VhT 4 8ViT.

In the spirit of the SLEP method, the whole system reduces to a sys-
tem in outer layers coupled with jump conditions:

VE+ o+ DDf —xD~'VE=20f,
VR +€P) = VR — Py =[(ho + D +rch]AL +8Z".

Let

ZR:=(f —xD7'VE
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We have VR =(Df —xI)ZR. The system in outer layers can be written as
(Df =xDZ") + o+ 1D ZF =2UF,
(Df —xD)ZR(x} +€P) — (Df —x 1) ZR (x}) - €P)
=[(ho+ D' +rch]AL +8Z1. (5.33)
If we substitute AL by A’ +¢'(ef~) — ¢’ (00) + ¢’ (—00) — ' (—eP~1)
and add the following equations to (5.33)
(Df =xDZ' (xo+) = (Df —xDZ' (xi+¢€)
x6+eﬁ
= [ R Rt -Gt D280y,
Xy

(Df —xD)Z'(x} —P) = (Df —xDZ' (x{~)

i
- / O UR £ 1E — o+ 1D ZR()1dy,

e
we have
(Df —xDZ' (xj+) — (Df —xDZ' (x{—)
=[(ho+ Dc' +A{JA +8Z' + N1, ¢, ZF),
where

NG e, ZB) = [+ e + 1chl(@' (€71 — ¢ (00) + ' (—00) — g’ (—eP7 1))

- / ,°7ﬁ[wlR — (o +DZR()]dy

0—€

x(")-i-éﬂ R R
‘f,» AU = o+ DZ* (1dy
X0

is a small term.

Consider a simplified problem

((Df =xDZ®) + o+ DHZF =2UF,

(Df —xD)Z'(x}+) — (Df —x1)Z' (x}—) =[(ho + D’ + Acj]AT +-8Z".
Note that from Lemma 5.4, Z° and Z" can be solved first without the
jump conditions. Then to solve for Z/, 1<i<n—1, replacing Z°, Z" by
zeros, and consider the abstract system

LAZRNW A AN + Go+DUAZRG (' ATV
+ AU AN = AW NG, (D),
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where

Ji=687Z", 2<i<n—1,
JV =821+ ZR(x} - €P),
It =8Z"—ZR(x +€P).

By the result of Section 4, the above system has a unique solution,
denoted by

ZF, A =F(8Z').
Then the original system can be written as a fixed point problem:
(ZR 0 AN =F(8Z'}+ N, ('), ZF)).
By contraction mapping principle, the above has a unique solution. O

Lemma 5.6. Consider the linear homogeneous system

eUR = (Df —xHUR + VR, (5.34)
VE = o+ DHUR+AUE, (5.35)
Ul = (Df —x{DU" + V', (5.36)

Vi = [+ D' +achlgl +1(D* f(ghu) — (xf +8)Dc'qile  (5.37)

with jump conditions and boundary conditions:

WR(xh + ey — Wiy =swiT, (5.38)
Wi(—efh —WRui —efy=swi, (5.39)
WR, VvBY=0(""y for xeR" R". (5.40)

Then there exists a unique solution to the homogeneous system with the pre-
scribed boundary condition and jump conditions. Moreover,

IR+ VR + U + VI IUROL, R, + VRO, 4y Rny,
SCUSWETY + [(SWHTY).

Proof. As before, let AUR=UR4 (Df —xI)"'VR. The second equa-
tion (5.35) of the system is equivalent to

VR4 Go+D(Df —xD'WR=(Gp+ DAUR +1UR. (5.41)

The proof is divided into three steps:

[Step 1:] Dropping (g + DAUX in (5.41), we have a simplified
equation for V. This is coupled with (5.37) to be a system of V-equa-
tions, and will be solved with jump and boundary conditions (5.38)—(5.40).
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We will determine approximate values of A and ¢/, 1<i<n at this stage
also. The result is stated in Lemma 5.5.

[Step 2:] With (VR Vi) obtained from Step 1, we solve a coupled sys-
tem of U-equations with jump and boundary conditions:

eUR=(Df —xDUR+VE,
Ui =(Df —x{DU" + V',
URG 4Py — U (P~ =sU"T,
Ul(—eP~h —UR(x) — Py =sU"",
UR=0(@"™) for xeR’, R".
For brevity, let a' =x{ + ¢, bl =x3Jr1 — €. Then Ol ={a' <x <b'}. See

Fig. 2 for the illustration of symbols used in this proof.
In O} using exponential dichotomies, we have

tiw= [ e RV oy [ 1w PV 0y
T (x, a)pR 4+ T (x, bR
Let I! = I (£) UI!(r) where
0= (=e~10, )=

In each of the subintervals Iei (¢) and 16" (r), using exponential dichotomies,
we have

. & . & )
U’($)=/ - S(E,n)Ps(n)V’(n)dnJr/O SE, M PV (mdn

+8(&, —ePHeS i)+ SE, 095 (0), Eell(e)

) & . & .
v = [ senrmviodnt [ senrmviod

B

+S(E, P NS () +SE 0S5 (r), Eell(r).

i X . .
I(r) eB-1 ale) O;; b'(€)

Figure 2. Notations for the initial data ¢, etc. The solutions passing through them decay
exponentially in the direction indicated by the arrows.
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To satisfy the jump conditions, we need

B-1 al
o =t (r) = /0 S m PV (i — /bi T(@', y)Pu(y)V™idy

+S(L0¢7 ()~ T (@ by +8U",
_eB-1

pi—1
¢ (0= = / POV dy - /O S(=e~Lm PV ()

+T B d el = S(—eP T 0 (0 + 85U

On the right-hand sides, if (¢f‘i(r),¢f‘i) of the first equation and
(q)f ”_l,qb;f "'(£)) of the second equation are given, then using transverse

intersections of stable and unstable subspaces, we can calculate terms on
the left-hand sides: (qbf’i, ¢>;f ’i(r)) of the first equation, and (¢>SS ’i(E), qf)f’FI)
of the second equation. Then from the lemmas, we have (U®-/, US"), from
which the terms on the right-hand sides: ¢f’i(r), ¢,f’i, f’i_l, (]bf’i(E) can be
calculated again. The above can be viewed as an fixed point problem:

N N A O O I N AN ORI G)
— (UR’i, US,i)
= @A B0, 97 (). (5.42)

Owing to the exponential decay of

SEPL 003 (r), TGB! d ekt
T, b)gRi,  s(—e#~1, 0005 (0)

the process in (5.42) is also a contraction mapping. Therefore it has a
unique fixed point (qﬁf’i, ¢,f’i, ¢3’i(€), ¢f’i(r)), which can be used to deter-
mine (UK, USH).

With (UR, U, VR Vi i ¢') from Steps 1 and 2, (5.41) is satisfied
without the term (Ao + 1)AUX. Now using this U® and VR, define
AUR=UR+(Df @) —xI)"'VR. We show that AUR is small in suitable
norms. We can verify that

AUF —(Df —xDAUR=eG(VE ).
Where

GVE ) =[(Df —xD; = o+ D(Df —xD~N(Df —xD)~1VE
+M(Df —x)T'UR.
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Using the exponential dichotomy in O!, we have

AURE) = / T D BMAGVE D0y

+ /b T PGV R 1)y
+T(x,ad")Py(a)AUR @) + T (x, b P,)HAUR DY),  (5.43)
By definition,
IAURI|UR|+1(Df —x DIV CABWE T + 18 WHT).
If we observe that
GOV DISCAVEI+ 1) <CUBW T + [{8WHT),

then the sup norms of the two integrals of (5.43) are bounded by
Ce(|8Wi*|). Therefore, their L'(x) norms are bounded by Ce(|§W:E|).
Due to the large negative exponential rate —«/e, the two boundary terms,

T(x,a") Py (@ )AUR @) + T (x, b)) P, (b)Y AUR (")

are bounded by €|AUR| < Ce(|§W'E|) in L' (x) norm.
In summary

|AUR |0 SCSWE Y + {SWH T},
|AUR |1y SCe(SWH T+ (W5 T)).

Step 3: Consider the following system in O!:

eﬁf :(Df—xI)UR +VE,
VEL o+ D(Df —xD)T'VE=(0+ DATUR+ o+ DAUR.

Using Lemma 5.3 with (Ao +1)AUZX as a forcing term, the above system
has a solution that satisfies

|UR|+ VR <Ce|AURI+|1AUR| ) < Ce(SWH Y + [{SWTY)).

By adding (UR, VR) to (UR, V) obtained in Steps 1 and 2, the new
(UR, VR will satisfy (5.34) and (5.35). However, the jump conditions are
not satisfied and the error of which is bounded by

_ _ , , 1 . .
(TR, VEY < Ce(I8W )+ {8W T} < SUWETN + W),

if € is sufficiently small.
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The process of calculating (UR, VR, U?, Vi i, c') from jump condi-
tions, that is the three steps as in the proof of this lemma, can be repeated
infinitely many times, each time reducing the jump error by at least 1/2.
The limit of the iteration process is a true solution of system of this
lemma. UJ

Proof of Proposition 5.1. The proof can be obtained by combining
the results of Lemmas 5.3 and 5.6. O

Theorem 5.7. Assume that Hypothesis (H1) is satisfied, or equiva-
lently, Lo is a simple root for the SLEP function p(L) (Lemma 4.7),
there exist unique eigenvalue and eigenfunctions near the approximation
(hap- Ugp- {Ugp ).

Proof. Let the solution mapping of Proposition 5.1 be
OF VEAUD AV A A D = FASWET) WL hE, (0.
Then the eigenvalue problem (5.2)—(5.5) can be expressed as

UR VR AUV A (D
=F{SWiHY, (sWhT ), kR NRWUR, A, €), (h + N (U, A, ¢, e))).
(5.44)

Using the estimates on NR(UR A, ¢€), N'(U', 1, ¢!, €) and Proposition
5.1, we find if 1/2<pB <1, then €2#~! « 1. Equation (5.44) can be solved
by the contraction mapping principle to obtain a unique solution.

Finally, it is easy to verify from the contraction mapping that

IUR, VR AU VI, A DI < CASWETY, (sWhT), B R (hi|]
gc(em +€/3(m+l)—l +e—a6ﬁ_1 (Eﬁ—l)m g Céﬁ(m+l)_l

As € =0, (UR, VR {U"},{V'}, x,{c'}) = 0. The exact eigenvalue and
eigenfunctions are asymptotically O(ef™~D*+2~1) near the approxima-
tions Agp, Ua";,, and {U],}. O
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