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Twisted and Nontwisted Bifurcations
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We discuss a diffusively perturbed predator-prey system. Freedman and
Wolkowicz showed that the corresponding ODE can have a periodic solution
that bifurcates from a homoclinic loop. When the diffusion coefficients are large,
this solution represents a stable, spatially homogeneous time-periodic solution
of the PDE. We show that when the diffusion coefficients become small, the
spatially homogeneous periodic solution becomes unstable and bifurcates into
spatially nonhomogeneous periodic solutions. The nature of the bifurcation is
determined by the twistedness of an equilibrium/homoclinic bifurcation that
occurs as the diffusion coefficients decrease. In the nontwisted case two spatially
nonhomogeneous simple periodic solutions of equal period are generated, while
in the twisted case a unique spatially nonhomogeneous double periodic solution
is generated through period-doubling.

KEY WORDS: Reaction-diffusion equations; predator-prey systems; homo-
clinic bifurcations; periodic solutions.

1. INTRODUCTION
Suppose that the ODE system
U=FKUk), UeR?, keR, FeC®(R*xR;R? (1.1)

has a homoclinic solution U=g(¢) when the parameter k=k_. Assume
also that for k, —e <k <k, there is a stable periodic solution U= p(¢, k)
bifurcating from g(z). We study the diffusively perturbed system

Ut=DU¢€+F(U,k), 0<é<1
Ust,0)="Uxt,1)=0

(1.2)
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where D = diag{d,, d,} is a positive diagonal matrix. The boundary condi-
tions ensure that U(z, &) =¢(¢) or U(t, &)= p(t, k) is still a solution for
system (1.2). Results from Refs. 8 and 13 indicate that when the diffusion
coefficients are large, these spatially homogeneous (SH) solutions are
stable. However, when the diffusion coefficients become small, SH solutions
may lose stability and bifurcate into spatially nonhomogeneous (SN)
solutions.

Such a bifurcation can create spatially nonhomogeneous patterns.
Existing literature on pattern generation concentrates on small patterns
generated through bifurcations of equilibria, or traveling waves constructed
using transition layers [7, 25]. The mechanism of pattern generation
studied in this paper is fundamentally different.

Since many ODE models are approximations to more realistic models
where diffusion is present, examples that lead to systems (1.1) and (1.2) are
plentiful. Freedman and Wolkowicz [12, 26] studied a two-species
predator—prey system that models the group defense of prey against preda-
tion. They found a homoclinic solution ¢(¢) at a certain parameter value
k=k_. The homoclinic solution bifurcates into a long period solution
p(t,k) when k_—e<k<k,. Suppose now diffusion is added to the
system as in (1.2). The region of (d,, d,) where p(t, k) is stable has been
studied in Ref. 18, but the bifurcation when parameters cross the boundary
I of the region has not been discussed. The purpose of the present paper
is to discuss the bifurcation of p(¢, k) when (d,, d,) crosses I'. The bifurca-
tion of ¢(z) into SN homoclinic solutions will be presented as the limit
when the period is infinity.

The creation of SN periodic solutions is caused jointly by the
homoclinic bifurcation in (1.1) and an equilibrium bifurcation in PDE
modes in (1.2). Let k =k, such that (1.1) possesses a homoclinic solution
q(t) asymptotic to a hyperbolic equilibrium E. It is easy to find a curve I
in the (d,, d,)-plane where the linearization of (1.2) at E has a simple zero
eigenvalue and no other eigenvalue on the imaginary axis. When (d,, d,)
crosses I transversely, the equilibrium E of (1.2) loses the hyperbolicity
and two SN equilibria bifurcate from it. To describe bifurcations of ¢()
and p(¢, k) when (d,, d,) crosses I', we need the concept of the twistedness
of the homoclinic solution g(¢). Let ¢. be a unit eigenvector corresponding
to the zero eigenvalue, unique up to the multiplication by —1. It can be
shown that the linearization of (1.2) around ¢(¢) has a solution ¢(¢) that
approaches ¢, as t > —oco and approaches c*@. as t — + co. Here c* is a
scalar function of (d;, d,). The limit of the solution ¢(z) as t —» —o0 is in
fact a tangent vector to Wiy (E), transverse to the unstable eigenvector. See
Fig. 1. We say that the homoclinic solution of (1.2) is twisted if ¢* <0,
nontwisted if ¢* >0 and degenerate if ¢* =0.
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A Twisted Homoclinic Orbit

Fig. 1. Twistedness of the homoclinic orbit is determined by comparing ¢(—T) and ¢(T).

All three cases .have been found in Freedman and Wolkowicz’s
example by the numerical computation of c¢*. See Fig. 10. An equivalent
definition of twistedness will be given in Section 3. I have recently found
that the change of twistedness is a generic phenomenon when diffusions are
added to an ODE system that possesses a stable homoclinic orbit. But the
proof will require a separate paper.

The bifurcation of p(t, k) is determined by the twistedness of the
homoclinic solution ¢(¢) at the point where (d,, d,) crosses I. Roughly
speaking, two SN simple periodic solutions of equal periods are generated
in the nontwisted case, while in the twisted case a unique SN symmetric
double periodic solution is generated through period-doubling. A periodic
solution U(t, &) is said to be a simple periodic solution if its trajectory in
a function space stays-near the orbit of ¢(¢) and hits a cross section X' to
the orbit of ¢(¢) precisely once. It is said to be a symmetric double periodic
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solution if it hits X precisely two times and satisfies a symmetry condition
Uit+T,¢)=Ult,1 - &). Here 2T is the period of U(t, ¢). Finally, when
¢(t) is degenerate, it is possible to cross I" in a way that no SN simple or
symmetric double periodic solutions are generated. We do not discuss the
existence of other types of SN solutions in this paper due to technical com-
plications. The homoclinic twist bifurcation at a hyperbolic equilibrium
was discovered in Ref 27 and later studied in Refs.3 and 15. But the
homoclinic twist bifurcation discussed in this paper is new even in the
ODE context.

In a separate paper [17], we show how our method can be used to
prove the stability of the SN periodic solutions.

System (1.2) will be studied in the intermediate spaces D (@) and
D (6+1), 0<8<1. These function spaces allow solutions of (1.2) to have
so-called maximal regularity and are normally used to study fully nonlinear
parabolic equations [9]. Our system is not fully nonlinear, but to prove
the smooth dependence of the solutions on d, and d,, which are the
coefficients of the highest derivatives in the equations, we need to use the
maximal regularity of the solutions.

Solutions of (1.2) satisfy a reflection symmetry about the midpoint of
the domain [0, 1], due to the special boundary conditions imposed there.
For a function U(¢) defined on &[0, 1], let (RU)(E)=U(1-¢&),0<¢E< 1.
It can be verified if U(¢, &) is a solution to (1.2), so is RU(t, &). Conse-
quently, if U, is a SN periodic solution and is mutually disjoint with RU,,
then we have a pair of SN periodic solutions related by the symmetry. On
the other hand, if U, has a nonempty intersection with RU,, then U, is a
2T period SN solution satisfying U(t + T, ¢) = RU(t, ). The R symmetry is
very important in this paper since we can show that local center manifolds
and flows on them respect the symmetry group R. We can also show that
bifurcation functions derived by Lyapunov-Schmidt procedures are
invariant with respect to R. A mapping f: C[0, 1] - C[0, 1] is invariant
with respect to R if f(RU) = Rf(U).

Suppose now the Neumann boundary conditions in (1.2) are replaced
by periodic boundary conditions. In addition to the reflection symmetry,
there is also a rotation symmetry, i.e., U(z, & +6) is a solution if U(z, &) is
a solution. The bifurcation picture is quite different. Spatially nonhomo-
geneous tori may be generated instead of periodic solutions. See Ref. 17.
Periodic boundary conditions will not be pursued further in this paper.

We introduce intermediate spaces D ,(6) and D (6+1) in Section 2.
We then study invariant manifolds and their foliations in these spaces.
These invariant manifolds and their foliations provide convenient coor-
dinates to study dynamics of (1.2) near an equilibrium E. Some important
lemmas regarding the symmetry R are also presented there.
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The assumptions and the main results of this paper are given in
Section 3.

In Section 4 we prove some lemmas needed in the sequel. In Section 5,
we use a Lyapunov-Schmidt-type reduction to obtain a one-dimensional
bifurcation equation whose solutions correspond to simple or symmetric
double SN periodic solutions. Proofs of the main theorems are given in
Section 6. In Section 7 we summarize our numerical results about the
example from Ref. 12.

Recently Sandstede [23] has constructed center manifolds around
some homoclinic solutions. It is hoped that a center manifold that is
tangent to ¢'(¢) and ¢(¢) can be constructed some day. And it may bifur-
cate into a center manifold around the orbit of p(t, k). Thus the twistedness
of the homoclinic orbit should be passed to the twistedness of the center
manifold of the periodic orbit. And the bifurcation of the periodic solutions
should be determined by a one-dimensional return map on this center
manifold. Thus, we naturally expect to see the occurrence of a simple or
symmetric double periodic solution on this center manifold. However,
I was unable to use the center manifold technique in this paper due to
technical complications. On the contrary, the bifurcation function
approach in this paper is easy to use. The trade-off is that only simple
periodic solutions and symmetric double periodic solutions are discussed in
this paper. Complete understanding of the dynamics near the homoclinic
orbit is still open, especially around the degenerate point c¢* =0.

2. ABSTRACT PARABOLIC EQUATIONS,
INVARIANT MANIFOLDS, AND FOLIATIONS

The PDE system (1.2) is studied in the intermediate spaces D ,(8) and
D (6+1). Let 4 be a densely defined sectorial operator that generates a C,
analytic semigroup e’ in a Banach space %. For each 0 <8< 1, define
Banach spaces

D,(6)={xeXZ|lim t' ~®4e*x =0}
t—0
The norms are

Ixllg= sup |¢' °Ae“ x|z + x|+
0<r<1

Ixlg41=4xlg+ lIx].o
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Intermediate spaces D (6 +m), 0<8<1, meN™* can be defined similarly.
Throughout this paper, let Z=[L*0,1)]% 4=(% ,) and D,=
{ue[H*(0, 1)1 uf0)=ug 1) =0}. See Ref. 9 for details about the inter-
mediate spaces.

Denote # (U, d,,d,, k)=DU;+ F(U, k). We can write (1.2) as an
abstract nonlinear parabolic equation,

U=F(U,u) (2.1)

where u =(d,, d,, k) is a parameter. The solution for (2.1) with U(0)= U,
will be denoted U (¢, U,).

It is easy to see that #: D (8 +m+1)xR3* =D (8+m), m=0, is
C=®. Also, F:D,—» % is C* since F is C®. The following existence
theorem is from Ref. 9.

Theorem 2.1. For each U, € D (8 + 1), there exists t>0 so that (2.1)
admits a unique solution Ue CY [0, 1]; D(6)) n C%[0, t]; D (0 +1)).
Moreover, U is a C* function of Uy and u in the specified function spaces.

Consider a time-dependent linear system

W=At)u+ f(t
(Bu+ f(1) (22)
u(s)=x, as<s<t<b

which comes from linearizing (2.1) around a particular solution. It is easy
to verify that

(1) for all te[a,b], A(t): D4y — % is sectorial, D, =D, with
equivalent norms;

(2) foreach0<f<1,
. D n0+1)=D(0+1) forall te[a, b]

with equivalent norms;
(3) A(-)eC([a,b]; L(D 4, X)) N C([a, b]; L(D 4(0 +1), D 4(6))).

The following theorem is proved in Ref. 1.
Theorem 2.2. Under the above conditions, there is a unigue solution
UeC([5,0]; D(6+1))n CY([s, b]; D «(6))

to (2.2) for each xe D (6 + 1) and f e C([s, b]; D (8)). Denote the solution
by U(t)=T(1, 5) x when f =0. Then T(t, 5) extends to D ,(8) by continuity.
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Finally, the variation of constants formula holds for solutions of (2.2) with
f#0:

V=10, 5) x+ [ T(,¢) f(€) de

Using the variation of constants formula, many familiar results of
ODE systems can be extended to (2.1), with almost-identical proofs. The
most useful ones in this paper are the smoothness of invariant manifolds
and their foliations.

After a shift of coordinates, assume that {0} € D (@ +1) is an equi-
librium of (2.1). Let A=D, % (0,u,) where Dz=D, and pu,=
(d1o5 dro, ko). Here (dyy, dsy) € I so that zero is an eigenvalue for 4. Let
N =F — AU. System (2.1) can be written as

U =AU+ ¥ (U, u)
Let

o(Ay=0_uvo,uo,
RC g_ < -.)"M
Reo, 24y

ReO'0=0

for some A,,>0. Let X, Y, and Z be the invariant subspaces corresponding
to the spectral set ¢, 6_, and o,, respectively. We will identify D (8 + 1)
with Xx YxZ by writing U=(x, y,z) if U=x+ y+z. Since X, Y, Zc
D (6+1), Rx, Ry, and Rz are defined by restricting R to subsets of
D (0+1). 1t is also easy to verify that RX=X, RY=Y, and RZ=2Z.

Since both #: D (0+1)xR*— D (0) and #/: D, xR* > & are C=,
there exists a local center manifold that is C” for any v>0 [6, 21]. Using
the method of Ref. 5, which treats semilinear parabolic equations, we can
prove that the center unstable and center stable manifolds are C*, and
there exists C* invariant foliation of center unstable (center stable)
manifolds by unstable (stable) fibers, if Lip .4 is small. The smallness of
Lip A" can be removed by modifying the equation outside a neighborhood
of {0}, if we are interested only in local invariant manifolds and their folia-
tions. In this following we show how to choose the modifier so that the
reflection symmetry resulting from the Neumann boundary conditions will
be preserved for the induced flow on the local center manifold.
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First, we give coordinate-free definitions of global center unstable,
center stable manifolds and their foliations. See Ref. 5 for similar definitions
given to semilinear systems.

Definition 2.3. Let 0<Ai,<A4,<4,. The global center stable
manifold is defined by

We={U,eD,(0+1)|U,(t, Uy)exists forall 1 > 0
and |U,(¢t, Up)llg+1 < Ce™, t 20}
The global center unstable manifold is defined by
W ={U,eD(0+1)| U1, U,) exists for all t <0
and | U (8, Up)llgs1 < Ce™™, 1 <0}
Define the global center manifold by
We=W"nW*

For each Uye W™ (or W*), the stable fiber W*(U,) [or unstable fiber
W*(U,)] passing through U, is defined by

W3 Up) ={Vo € W0)| | U,(t, Up) = Uy(t, Vo)l 1 < Ce™, 1 20}
Wi (Up) = {Vo € W(0) || Uu(t, Up) = U, (8, Vo)llg1 < Ce™, t< 0}
Obviously, W™ is forward invariant and W is backward invariant.
W= is invariant. Also, each point on W™ (or W**) belongs to one and only

one stable (or unstable) fiber. The global foliations are forward or back-
ward invariant in the sense that

U.(t, W3 (Uy)) =« W3 (U,(t, Up)), t=20
U, (t, W (Up)) =« W*(U,(1, Up)), t<0

Let ® <D (8+1) be an open set containing the equilibrium {0}. Let
F:D(6+1)xR*—> D (0) and F: D, xR? - & be C”, v>0. Assume that
F =& in 0 xR> Consider the system

U'=F(U,u) (2.3)

Definition 2.4. Assume that (2.3) has global invariant center stable
and center unstable manifolds and invariant foliations as defined in Defini-
tion 2.3. Local invariant manifolds Wi, Wi, and W5 for system (2.1)

loc? loc?
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are the restrictions to @ of the global invariant manifolds for system (2.3).
Local invariant foliations of Wi, and Wt for system (2.1) are the restric-
tions to @ of the global invariant foliations of W** and W* for system
(2.3).

Local invariant manifolds and local invariant foliations depend on the
extension of # to # outside @ and are thus not unique. Observe that Lip
A is small inside O if the neighborhood @ is small, due to the fact that
A'(0)=0 and A4"(0)=0. The purpose of extending # to % is to have a
small Lipschitz number for /' =% — 4U outside 0.

Observe that D, (8+1)<[H?*0,1)]? is a continuous injection and
el 20, 1y HA(0, 1\{0} » R* is C” for any v>0. Let y:R—>R be C*
such that

Y(s)=1 for |s|<1 and Y(s)=0 for |s|=2, 0<sy(s) <1

Let A(U, u) = A (Y(|Ul s, 1y32/P)U, 1), where p>0. It can be verified
that '

A [HY0, 1)1 x R* > [H*(0, 1)]?

is C",Lip />0 as p—0, and & =4 for |Ulmpe, 1y <p. Recall that
D,={Ue[H*0,1)]%8,U=0 at x=0, 1}. After checking the boundary
conditions, we find that both 4", #: D, — D, are C” for any v> 0. Since
D (0+1)cD, <D (8), ¥/:D (0+1)—> D, (0) is C’ with Lip &/ -0 as
p~0 in such space. We can prove the following theorem by using the
method employed in Ref. 5.

Theorem 2.5. For any v> 0, there exists a small constant p >0 such
that the global invariant manifolds for system (2.3) are C' embedded
submanifolds in D (6 + 1) if lu — o] < p. Moreover,

We = {x=hl(y’ Z,ﬂ)}
W= {y=h2(x’ Z,ﬂ)}

where (x, y, z)€ Xx Y X Z. The function h;, i=1, 2, is C" in all the variables,
with h;(0, 0, uo) =0, Dh;(0,0, uy) =0, and Dh;= O(p).
By a C” change of variable (x, y, z) - (x, y!, z),

x'=x—hy(y, z,u)

yl =y—h2(x’ Z,/l)

=2z
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we can flatten these manifolds,

we={x'=0}
W ={y'=0}
We={x'=0, y' =0}

The change of variables preserves the symmetry, ie., U=(x, y,z)—
(x', ', z'), implies RU=(Rx, Ry, Rz) - (Rx', Ry', Rz").

Proof. The existence and smoothness of such h,, i=1,2, can be
proved similar to Ref. 5. It can be verified that 4 (Rx, Ry, Rz,u)=
RA(x, y, z, u). Thus RW = W, where W stands for W™, W™, or W".

Let U=(x, y,z)e W*. Then RUe W*. Thus h,(Rx, Rz, u)=Ry=
Rhy(x, z, pt). Similarly, h,(Ry, Rz, u) = Rh\(y, z, u). It follows that RU—
(Rx', Ry', Rz"). : |

We will use the new coordinates (x!, y!,z') to discuss invariant
foliations for system (2.3). Let U, e W*. Then U,=(0,0, z;) in the new
coordinates. Denote W*(U,) and W*(U,) by W*(z,) and W"(z,). From
Definition 2.3, we can show that different points on W*° do not belong to
a same fiber W¥(z,) or W¥(z,). Furthermore, we also know that all fibers
on W*™ (or W*) have to intersect W°.

Theorem 2.6. If p>0 is small enough, then the stable fibers
W*(zo), 2o € W* form an invariant foliation of W™ and the unstable fibers
W*(z,), zo€ W*° form an invariant foliation of W*™, for |u—ue| <p.
Moreover,

W¥(zo) = {x' =0, z' =zo + hs(y', 2, p) with h3(0, z,, u) =0}
Wu(zo) = {yl = Oa zl =2 + h4(xl’ 29, /l) Wlth h4(0: 2o, .u) = 0}
The function h,, i=3,4, is C* in all its variables, D h;(0,0, uo)=0,

D 1 (0,0, 4,)=0, and Dh,=O(p), i=3,4. By a C’ change of variables
(x!, ', 28y = (x?, ¥?, %), which is defined implicitly by

yl =y2
zl =22 +h3(y2a 22’ ,u) + h4(x21 22’ /“)
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we can flatten the fibers, so that

W3(z,) = {x2 =0, 22 =2y}
W*(z,) = {y2=0, 22=Zo}

The change of variables preserves the symmetry ie., if (x', y', z')—
(x?, y2, 2%), then (Rx', Ry', Rz') = (Rx?, Ry’ RZ%).
The change of variable here does not affect the flow on W°.

Proof. The existence and smoothness of h;, i=3,4, are proved
similarly to that in Ref. 5.

(i) Since W*(Rz,)=RW3(z,), and W“(Rz,)=RW"(z,), we have
hy(Ry', Rzq, 1) = Rhy(y', 2, 4) and hy(Rx', Rz, ) = Rhy(x', 2o, ). Tt
follows that (x!, !, z')—> (x? y% z?) implies that (Rx', Ry', Rz')—
(Rx?, Ry?, R7?).

(i) If x2=0 and y>=0, then A4(0,z% u)=0 and h,(0, 23 u)=0.
Therefore z' =z? on W*. The equation for the flow on W*® is not changed.

O

Define a  function space %,={(u,cos(nn-),v,cos(nzr-)),
(u,,v,)eR?*}. Obviously 2%, is isomorphic to RZ Observe that
Y {%,, n=0} is dense in [ L*(0, 1)]%

Recall that (2.1) comes from (1.2). The hypotheses on F will be
specified in Section 3. In particular, they imply that

(1) Z is one dimensional, spanned by an eigenvector in %, corre-
sponding to the eigenvalue A =0; and

2) X is one dimensional, spanned by an eigenvector in %, corre-
sponding to the eigenvalue A=41, .

We may identify Z and X with R. More precisely, let w be a unit
vector in Z. For any z e Z, there is a unique 7€ R such that z =7w. We will
identify z with 7 and drop the over-bar. The same comment also applies to
X. It can be verified that if xe X and ze Z, then Rx=x and Rz= —z. We
use U~ (x?, 32, %) to indicate that U corresponds to (x?, y?, z2) in the new
coordinates.

Theorem 2.7. (a) If UeZ, and if U~ (x? y? 2z*%) in the new coor-
dinates, then z* =0 and y* € %,. The converse is also true.
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(b) For system (2.3), the flow on W* has the form

x*=0, =0
d 2
Ez g(" Hu)

where g(0, u) =0, D 2g(0, uo) =0 and g(—2z>, u) = — g(z>, n).

Proof. (a) In the original coordinates, U=x+y+z with
xeX,yeY, and zeZ If Ue %, then it is obvious that z=0, xe %, and
yed.

We first examine the changes of variables (x, y, z) - (x!, y', z!) as in
Theorem 2.5. Consider the change of variable y'= y —h,(x, z, x). When
z=0, the graph {z=0, y=hy(x, 0,u)} =W n{z=0} is one-dimen-
sional. Now let us restrict the system to %,, where E= {0} is hyperbolic.
By the standard existence theorem of the unstable manifold for the ODE
system, there éxists a smooth function % such that W* = {y= =k(x, u)} for
the restricted system. Clearly the graph {y= h(x,y)} < {y=hy(x,0, u)}.
Since they are both one dimensional, we have that h(x, M) =hy(x, 0 1)
This proves that A,(x, 0, u) € Z,. Recall that z=z'. Thus if Ue %, z' =0,
and y'e %,, and vice versa.

We now consider the second change of variable (x!,y!,z')—
(x%, ¥%, z2) as in Theorem 2.6. Smcey =y, yeZy=yled, If (0, y', Y
is a point on W?¥(z,), then (0, Ry', Rz,) is a point on W¥(Rz,). From
Theorem 2.6, compare the z' coordinates, and observe that Rzy= —z,, we
have R(zy+hy(y', zo, ) = —zo+h3(Ry', —2zy, u). However, Rhy= —h,.
Thus hy(Ry', —zo, ) = —hy(y', 29, ). Similarly, we can show that
ho(Rx', —zo, u) = —h4(x', zo, u). Therefore if y*=y'ed, we have
Ry'=y', hy(»%0,u)=0, and hy(x%0,%)=0. In this case, we have
r4 = 0 >z 2 =

By combining the two changes of variables, we have verified the asser-
tions of (a).

(b) The assertions x*=0 and y?>=0 are obvious. If U(r)~
(0,0, z%(r)) is a solution on W®, so is RU(¢)~ (0, 0, —z%(z)). Therefore
g(—2% p)= —g(2%, ). g

3. ASSUMPTIONS AND MAIN RESULTS

We assume that the ODE system (1.1) satisfies the following
hypotheses.

(H)) F:R*xR-R?is C=
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(H,) At k=k,, (1.1) possesses a homoclinic solution U=g(?)
asymptotic to an equilibrium E = E(k ).

(H,) At E(k.), the Jacobian matrix

=2 )

satisfies a4+ d >0 and ad —bec < 0.

Hypothesis H;, implies that E(k.) is hyperbolic with eigenvalues
denoted —A_ <0< 41, satisfying A, —A_ <0. The equilibrium E = E(k)
continues to exist for all k ~ k... We will suppress & if no confusion should
arise. The homoclinic orbit is stable from inside since 2, —4_ <0. Assume
that the homoclinic orbit breaks in a certain direction when X moves away
from k,, so that periodic solutions bifurcate from ¢(¢) for k, —e <k <k.
More precisely, consider the linear variational equation of (1.1) around
U=4(1),

U'=0yFq(t), ko) U (3.1)
and its adjoint equation
¥'=—[0uF(q(t), k,)]* ¥ (3.2)

System (3.2) has a unique nontrivial bounded solution ¥(¢) up to mul-
tiplying by nonzero constants. It is known that ¥(f)~ ¥oe *+' and
g(—1t)—E(ky) ~doe~*+" as t - +oo where ¥, (or ¢,) is the left (or right)
eigenvector of the matrix J corresponding to the eigenvalue 1. See [14].
For definiteness, assume that

lim P(¢)(g(~1t)—E) ¥+ = —1 (3.3)

We now assume that the breaking of the homoclinic solution ¢(¢) is in
the direction determined by

(He) 2, PA1)-0cFlq(2), ko) dt >0

From Silnikov [24], (3.3) and H, imply that there exists ¢ > 0 so that
for k,—e<k<k,, system (1.1} has a simple periodic solution p(t, k)
which is orbitally near ¢(¢) and is asymptotically stable. A more trans-
parent relation indicating that the periodic solutions can only be found for
k <k, with k—k_, = O(e~™+) is given in Ref. 16, where T is the period of
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p(t, k). There is a one-to-one correspondence between k and T. Moreover,
there exists C> 1, independent of &, such that

dk
lo=Th+ £ = < Co~Th+
C'e T e

The proof of that can be obtained by the same method used in Ref. 16.
Consider eigenvalues for the linear variational equation around the
equilibrium E(k,). It can be verified that each eigenfunction must be in
one Z,, n 20, with an eigenvalue A, satisfying
A+a+n’ntd, b
det ( A+d+ n27z2d2> =0

The spaces Z, are defined in Section 2. For each %, denote the eigenvalues
corresponding to the nth Fourier mode (4,;, 4,,) with Re 1,, >2Re 4,,.
Based on a+d>0, we have Re 1,, <0. An nth mode is unstable if and
only if Re 4,,, > 0. The critical case 4,, =0 occurs if

(a+ nPn®d,)(d + n’n?d,) = bc

We can show that when decreasing (d,, d,), the first mode loses
stability before the other Fourier modes. (Theorem 3.1). Thus, we are
interested in parameter values where A,; =0. Define

r={(d,, dy) : (a+n*d,)(d+nd;) =bc)

Theorem 3.1. The first quadrant, R? , is divided by I into two regions:
%, and 9_, where (a + nd,)(d + n*d,) —bc <0 and >0, respectively.

(i) Ay>0 in 9. If d, and d, are sufficiently small, then
(d,d;)e¥,.

(ii) Reld;, <0 in %_. The region 9_ is unbounded.

(iii) }.“=0 on I-'.

(iv) 101 =A+ >0 in Ri. I_f (dl! dz)Eg_ UF, then Re A"J<O fOr
(n, )#(0,1) or (1, 1).

(v) VA =(04A1,04An)#0 for (d\,dy))el. In particular,
04411 <0 if d+7?d, >0 and 044, <0 if a+n?d; >0.

Theorem 3.1 will be proved in Section 6. Figure 2 depicts I', 4. , and
% _ for all possible cases except for a possible permutation of 4, and d,.
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-a/n?
| d, -a/m d,
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I 2 St (SN S
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bc=0,2<0,d>0 bc<0,a<0,d>0
Case 3. Case 4.

Fig. 2. The curve I' divides the first quadrant of the (d,, d,) plane into two parts. All the
possibilities are listed, except for permutations of 4, and d,.

When be >0, we may have a>0, d> 0, which is Case 2 in Fig. 2. We may
also have a>0, d<0, which is Case 1 in Fig. 2. It is impossible to have
a<0, d<0, since a+d>0. The other possible case is a<0, d> 0, which
is obtained from Case 1 by symmetry. When bc =0, since ad ~ bc <0, we
have ad <0. Thus we have either a <0, d> 0, which is Case 3 in Fig. 2, or
a>0, d<0, by symmetry. When bc <0, again ad—bc <0 implies ad <0.
Case a<0, d>0, is in Case 4, the other case a>0, d <0, is obtained by
symmetry. Observe in Case 4, when increasing d,, we can move from %_
to ¢, . It is interesting to note that the equilibrium may become more
unstable by increasing one of the diffusion coefficient.



The following theorem was stated in Ref. 18.

Theorem 3.2. For each positive (d,,d,)e%._, there exists a smooth
Sfunction &*(d,,d,)>0 such that the SH periodic solution p(t, k) is
asymptotically stable in D (0+1) if k, —~e*<k<k,.

Theorem 32 can be proved by using notions of exponential
dichotomies and roughness of exponential dichotomies in D _(8+1). The
proof is similar to the proof of Theorem 4.5 in Ref. 17. Since those methods
are quite different from those used in this paper, we will not give details
here.

The result in Theorem 3.2 is not very precise since ¢*(d;,d,) — 0 as
(d),d,)—> I For a given k (or period T), the loss of stability for p(¢, k)
does not happen exactly at I

To describe what happens near I', two new notions are introduced: (1)
the stability of the equilibrium for the flow on W3 and (2) the twistedness
of the homoclinic orbit when following ¢(¢) from t= —c0 to t = + 0.

When (d,,d,)erl, 4,,=0, the equilibrium E(k.,) has a one-dimen-
sional center manifold W7j,_ that is tangent to the one-dimensional
eigenspace corresponding to A,, =0. The flow on W7} is described in
Theorem 2.7. When 4,, =0, it has the form

Z = &2’ +hot.
x=0, y=0

(Hs) When A,, =0, the equilibrium E is stable on W} (E) in the
sense that é>0.

Numerical computation in Section 7 shows that in Freedman and
Wolkowicz’s example, the condition ¢> 0 is valid for all (d,, d,) € I in the
range specified by 0 < n%d, <3.

Twistedness of the homoclinic solution ¢(z) has been described in
Section 1. Because of its importance, we will give a simple and equivalent
definition. Let k=k_, and (d,,d,)e I Linearizing (1.2) around ¢(z), we
have

U'(t)=DU,(t) + 2y Flq(1), ko) U1) (34)

The subspace of the first Fourier mode %; is invariant under (3.4). Since %,
is two dimensional, (3.4) on % reduces to an ODE on (u;, v,).

£(2)-0(2)
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where (f) = (o) =( "4 ~a i _g) as t— too. According to a

theorem in Ref 14, each solution of (3.5) approaches a solution of the
linear autonomous equation,

d (u, u;

dt (vl) =) (Ul>
with an exponentially small error. Therefore, there is a unique solution
(u1(2), v1(2)) to (3.5), up to multiplying by scalar constants, that
approaches an eigenvector of the zero eigenvalue of o&/(00) as t —» —ooc. Let
U(t) = (u,(¢) cos mx, v,(t) cos mx) be the unique solution of (3.4) that is in
%, and approaches an eigenvector ¢., corresponding to A;,,=0 as
t— —o0. By the same argument, when ¢ — + oo, U(¢) approaches another
eigenvector associated to 4,, =0, denoted c*¢., where c* is a function of
(d,,d,)el.

Definition 3.3. Let lim, ., , . 0(¢) =c*¢.. The homoclinic solution
q(t) is said to be nontwisted if c* >0, twisted if ¢* <0, or degenerate if
c*=0.

Remark. In D, (6+1), solutions of (3.4) that approach ¢, as
t— —oo are not unique. They have the form U(t)= U(¢) + C4(t), where C
is an arbitrary constant. Since ¢(¢) — 0 exponentially as ¢ — +o0, we have
lim,_, , U(t)=c*¢, for any CeR. Therefore the twistedness defined in
Definition 3.3 is precisely the one given in Section 1.

Let k=k, and (d,,d,)eI. From Theorem 3.1, VA, #0. It is also
obvious that VJ,, intersects I' transversely at (d,,d,). We can make a
smooth change of variable #: (d,, d,) — (I, m) in a neighborhood of I" so
that m=4,, and / is the arc length on I when m =0, after assigning /=0
to an arbitrary point on I. The new coordinates flatten I, ie,
I'={m=0,leI}, where Ic R is an open interval.

For m~0 and /e, we look for simple period T or symmetric double
period 2T SN solutions, where T>/{,  being a large constant. In the
parameter space (7, [, m) we want to find regions where such SN solutions
exist.

For (d,,d,)el, B(d,, d,) = (I,, 0), and the twistedness c* =c*(/)is a
function of /,.

Throughout this paper, assume that the hypotheses H,-H; are
satisfied. '

Theorem 3.4. For each ly €T, c*(l,) #0, there exist a large constant
i>0 and an open set @ = R? containing (l,,0), the size of which depends

865/8/3-2
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on ly, such that two C' functions L(T, I, m) and r(T, 1, m) can be defined
Jor T>1f and (I, m) € O with the following properties:

(1) r(eo,ly, 0)=c*(l,), where r(w, ly, 0)=lim, _, ;m r(t, Iy, 0);
(2) L(T,I,m)=e""+0( "), 0<m<a
(3) 0/om{L(T,1,m) (T, 1, m)} >0 (or <0) when c*(l,) >0 (or <0).

Moreover, the existence and unigueness of simple or symmetric double
SN periodic solutions to (2.1) are determined by the following conditions:

(i) If 0<c*(ly)<]1 or 1 <c*(ly), then there is no simple period T
SN solution when 0 < L(T, I, m) (T, I, m) < 1; there are precisely
two simple period T SN solutions U,(t,&) and Ux(t, &) when
L(T,L,m)r(T,I,m)>1. The two solutions are related by
UZ(t, é) = Ul(ts 1 —é)

(ii) If c*(ly) =1, then there exist two simple period T SN solutions
when L(T,l,m)r(T,l,m)>1. There exists é >0 such that the
number of solutions is precisely two when L(T,l,m)
HT,I,m)=1+4J for some § >0; and there is no simple period T
SN solution when 0 < L(T, I, m) r(T,],m)<1-4.

(iii) If —1 <c*(ly) <0 or c*(ly) < — 1, then there is precisely one SN
symmetric double period 2T solution U(t,&) when L(T, I, m)
HT,l,m)< —1. There is no such SN period 2T solution when
—-1<L(T,I,m)(T,1l,m)<0.

(iv) If c*(ly) = —1, then there is at least one symmetric double period
2T SN solution when L(T, I, m) r(T, I, m) < —1. Such a solution
is uniqgue when L(T,l,m)r(T,l,m)< —1—48 for some 6>0.
There is no such SN period 2T solution when —1+4+0<
L(T,I,m) (T, [, m) <0.

Corollary. When m >0, there is a pair of SN equilibria E,, E, bifur-
cating from E. The results above also show the bifurcation of SN homoclinic
or heteroclinic solutions asymptotic to E, andfor E, as a special case when
T=o0. If c*#0, the limit of the curve Lr =1 is identical to I. When crossing
I’ at a point where c*(ly) > 0, the bifurcation of a pair of homoclinic solutions,
each asmptotic to E, or E, occurs. When crossing I at a point where
c*(ly) <0, the bifurcation of a pair of heteroclinic solutions connecting E,
and E, occurs.

Theorem 3.5. For each l,eI with c*(ly)=0 and (d/dl)c*(l,)#0,
there exist constants € >0 and >0 such that functions 1*(m), |m| <e and
&(T)=ce ™, T>1, for some ¢c>0 can be defined. If |l—I1*(m)| <d(T),
Im| <e, and T>1i, then there is no simple period T or symmetric double
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period 2T SN solution to (2.1), inside a (6(T))" neighborhood of the orbit
of 4(1).

Theorem 3.4 provides fairly accurate information about the bifurcation
to simple or symmetric double periodic SN solutions when crossing the
curve L(T, I, m) r(T, I, m) = 1 not near the points c*(l;) = +1 or c*(/,) =0.
First, Theorem 3.4 (3) assures that L(T, I, m) r(T, I, m) is monotonic in
term of m. From the asymptotic forms (1) and (2), it is also clear that the
sign of Lr—1 changes when m is increased form negative to positive,
provided that T is large. When crossing the curve Lr =1 near ¢*(/,) = +1,
bifurcation to a simple or symmetric double periodic SN solution will
occur but the precise moment is unknown. Our method does not predict
the existence or uniqueness of such solutions in a narrow strip around
Lr=1. Theorem 3.5, on the other hand, assures that when c*(/,) =0, we
can pass m =0 through a small tubular neighborhood of /= /*(m) without
creating any simple period T or symmetric double period 27 SN solution.
The size of the tubular neighborhood shrinks to zero as T— +co.

The regions in the (d,,d,) plane mentioned in Theorem 3.4 and
Theorem 3.5 are depicted in Fig. 3, where we assume that L(T, /, m) =e™7,
HT,I,m)y=c*(I), and I*(m)=0. In the shaded area, the existence and
uniquehness of a simple period T (or symmetric double period 2T") SN solu-
tion are guaranteed except near ¢*(/)= 1. The tubular neighborhood
near /=0 where crossing m =0 without causing bifurcation to a simple or
symmetric double period SN solution is also shown. A sketch of all kinds
of homoclinic, heteroclinic, and periodic solutions is in Fig. 4.

Fig. 3. A sketch of the bifurcation diagram in the (/, m) plane. SN simple or symmetric
double periodic solutions occur in the shaded areas.
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Fig. 4. A sketch of all kinds of homoclinic, heteroclinic, and periodic solutions.

4. SOME LEMMAS

The result in Lemma 4.1 is our major tool to study a solution U(z),
0<t<1t,, that stays in a small neighborhood of a nonhyperbolic equi-
librium. Following an idea of Silnikov, we show that if #, can be arbitrarily
large, U(t)=(x(1), (1), z(t)), 0<t<t,, is determined by, and depends
continuously on, its boundary values: »(0), z(0), and x(z,). Using expo-
nential dichotomies we can easily show that x(¢)=O(e~**~") and
¥(t) = O(e—™) for some a>0. However, in the center direction, the flow is
not exponentially decaying either moving forward or backward. Following
the approach of Ref. 4, we will compare the Z coordinates of U(¢) with a
(nonunique) solution Uy(t) on Wi (E). Let P,, P,, P, be the spectral
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projections from D ,(6+ 1) onto X, Y, Z. In the flat coordinates, we show
that || P,(U(t) — Uy(¢))|l is small and approaches zero uniformly for z€ [0, #,]
as to — +oc. If we are interested only in dynamics in the Z direction, U(t)
can be replaced by Uy(t) on W (E) with a very small error.

It is also clear that the smallness of P,(Uy(t) — U(t)) strongly depends
on a good choice of coordinates. Since x(z,) and y(0) are not small as
fo — o, an undesired change of variables may destroy the smallness of
P (Uyr) — U(2)).

Let ¢ = 2,,(0+ ) be a small neighborhood of an equilibrium U=0
where the flat coordinates introduced in Section 2 are used in 0. We now
consider the abstract parabolic equation (2.1) written in the flat coor-
dinates,

xl =A1JC+81(x, y’ Z,ﬂ)
y,=A2y+g2(-x7 Vs Z,,u) (41)
z' =A3Z+83(-7C, Y, 2, .u)

Here A, =A|y, A,=A|y, and A;=A|z. Read(A4;)>A>0, Rea(4,)<
—Ay <0, and Re o(4;)=0. The functions g;, i=1,2, 3, are C*, v=2, in
all the variables. Since the coordinates are flat, it can be verified that
gl(o’ Y Z,ﬂ)=0, gZ(xa 0’ Z,[l)=0, and g3(0, y’znu):g3(xs 0’ z,,u)=
£5(0,0, z, ). Moreover, D;g,(0,0,0, o) =0, i=1,2,3. The equation for
the flow on the center manifold is

z'=A45z+85(0,0,2 1) (42)

Let &(t, z,, 1) be the solution map for (4.2), with &(0, z,, #) =z,. We have
the following.

Lemma 4.1. For any oy, >0 with 0<f<ay<A,, there exist
positive constants €, 05, s, and t,, with the following properties. The
constant &,, is small enough so that {U=(x, y,z)|Ixll x <er Iyl yr<éa,
Izl z<ep} <O If |ul <pag, to=t, and zo € Z, satisfying

ID(t, 2o, )l z< 84 Sfor te[0,1,]

and if |xo|l+|yol <Oy, then there exists a unique solution U(t)eC,
te[0,t,], to Eq. (4.1), satisfying the boundary conditions

x(t0)=x0, }’(0)=J’o, and Z(O)=ZO



The solution can be written in the form
U(t)=(x*(t), y5(8), D(1) +2%(8)),  0<t<ty

where &(t)=d(t, zo, u), 25(0) =0. w¥(2) =w(¢; to, X0, Yo, Zos B), W=X, ¥,
or z, are C*~! functions in all the variables if g;,i=1, 2, 3, is C". Moreover,
let r be a multiindex with 0 < |r| <v—1. Suppose that «, satisfies 0 <f <
o, <oy — |r]B. Then

|D7xS(1)] < Cente=m
DY) < Ce™"

ID"Z%(1)| < Ce™™0* %, 0<t<t,

The proof for Lemma 4.1 in the ODE case can be found in Refs. 4, 10,
and 19. The proof for systems of abstract parabolic equations is similar and
will not be rendered here.

Since the small eigenvalue A,, =m and since the flow on the center
manifold is odd, we can rewrite (4.2) as the following:

2 =mz— 2%+ 2°hy(z, 1) (4.3)

Here é=&(u)>0 due to Hs, and |u| <u,.. The function A, is C* for all
v>0and h,(—z, u) =h,(z, ). Equation (4.3) has three equilibria z =0 and
z= tzg where zg = ,/m/é provided that m >0 and m is small.

In Lemma 4.2 and Lemma 4.3 we present some estimates on the func-
tion &(¢, zy, u)/z,, which measures the degree of expansion or contraction
on the center manifold. The importance of these estimates will be clear in
the next two sections, where bifurcation functions and their approxima-
tions are introduced. The proofs are technical and can be skipped on the
first reading. In fact, the results in Lemma 4.2 and Lemma 4.3 are easy to
verify for the truncated equation

' =mz—8z°

All we try to show in these lemmas is that the perturbation term z°h,(z, u)
does not change the solution significantly.

Let ¢>0 be a small constant. By plotting the phase diagram of (4.3)
on (—¢,¢) (see Fig. 5), it can be verified that |®(z, z,, u)| <& provided
[zol <e, and m and u,; are small. In Lemma4.2, we show that
&(t, z, 1)/z, is monotonic with respect to z, in (0,¢) if >0 is fixed.
We also give formulas that will provide some lower bounds on
|(8/0zo)(D(t, 24, #)/2,)} in the future.
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Fig. 5. Phase diagrams for the flow on the center manifold.

Lemma 4.2. There exists ¢ >0 such that

sign {% <M>} = —sign z,

Zy
if 0 <|zy| <e&. Moreover, we can show the following.
(i) If m<O0, then

0 g]_ Cy(z5—9?) (4
020\ 20 m—E23+28hy(20, 1) 22

where C, is a function of z,. C, =& if m and ¢ are small.
(ii) Ifm>0 and z} #z%, then we have
0 [tb} _Cy(z5— %) ?

0z0| 2 zi—z}  z}

where C, is a function of zo. C, = 1 if m and e are small.
(iii) If m>0 and z3=z%, then
9 o —m't
= | 2] =t -1y

Zg

where —m'=(0/0z)[mz—é2°+ 2°h\(2, W) )| ;e y ® —2m if m
and ¢ small.
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Proof. Since &(t,z,,u) is an odd function of z,, it suffices to
consider z,>0. Let z=®(t, zo, ). It is well-known that U(t)=0®/oz,
satisfies the linear variational equation for (4.3) with U(0)=1; so does
0D(t, zq, 11)/0t/0D(0, 2y, u)/0t. Therefore, they must be identical. Using
(4.3) to replace 0d(t, zy, u)/0t, we have

0P mz—&2 +2°h(z, 1)

P 44

0zy mzo—éz3+z3hy(2o, 1) @h
i(2>—{ mz—é2% +2°hy(z, 1) Eg_l}i
029 \2o) |mzo—éz3+2z3hy(20, 1) 2 z5

=»é(zg—z2)+z4h1(z,y)—23h1(zo,ll).__z_ (45)

m—éz2 +zgh (2o, 1) z;
Since hy(z, u) is an even function of z, we have
z4hl(2, u)— 23'1:(20, u)= Cs(Z% —-z%)

where C; is a function of z, and is small if both z and z, are small. This
proves (i).

For any fixed t>0, m>0, let z, - zg, then z=& — zz. From (44),
and the fact that (8®/0z,) — e ™" as z, = zg, ¢ fixed, we have

. mz—e22+2hy(z, u)
lim —— =
z0—28 MZg— Ez5 + 2o My (20, 1)

—m't

where —m' = (8/0z)[mz — éz° + z°hy(z, 4)]}. = ® —2m, since zg = /m/é.
Therefore, (iii) follows from the first line of (4.5).

When m>0, since z; is a nonzero equilibrium, m—é&z2+
z*h,(zg, ) =0. Therefore

m—é22 +z8h,(zo, ) =m — E23 + 23 hy(2o, u) — [m—EzE + 28 hy (2, )]
= Cy(z3—23)

where C, is a function of z, and is close to & From this, (ii) follows from
the second line of (4.5).

When m <0, zero is an attractor on W¢,.. If z,> 0, then z2 > &2 Thus
(0/020)[ D/zo] <0, based on (i). When m>0, z,=2zg, (0/0z,)[ P/20] <0,
based on (iii). When m >0, z, #zg, 2z, >0, z attracts zy. From the phase
diagram (see Fig. 5), it is clear that z2—&? and zZ—z2 always have
different signs. Thus (8/0z¢){ P/z,] <0, based on (ii). (W
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In the next lemma, we derive some estimates on the rate of contraction
or repelling for the equilibria zero and/or %z on the center manifold.
These estimates are to be used in conjunction with Lemma 4.2.

Lemma 4.3. There exist 2> 0 and m >0 with the flowing properties.

(a) Let |zy| <%, 0O<m<mi, and @ = D(ty, 2y, 1). For any 1,>0, if
mt, >ty >0, then there exists n =n{ty) >0 such that either

zg<(1—n)®* or |®*—zz|<(1—n) 25—z
(b) If —-m<m<0 and —mt,>1,, then
D?<(1—n)z2

Proof. Let w=z2 Define h(w,;z)=2mw—2€'w2+2w3}zl(\/v;, u). We
have w' = h(w; u). Let the solution map be w(z, wy). Since h; is a C®, even
function of z, it can be shown that # is C*. Let w=m/3¢ and
wE—zE—(m/c)+0(m2) It is easy to see that (82h/ow?) <0 if 7 is small
and w < £°. Therefore, using Taylor’s formula with remainder, we have

i <h(w,y)> _ (8/ow)h-w—h <0
ow

w w?

Here we have used the fact that A(0, u) =0. Similarly, since A(wg, u)=0,

CWu5<
ow\w—wg
Consider case (a), m >0, first.

(i) If wy>wg, then w(f)=w(t,wy)>wg for all ¢>0. Since
h(wg, ) =0 and (6/0w)(h/w) <0,

h(w, 1)

W—wg

<——h( g 4) = —2m+ O0(m*) < —m

if0<m<mi. Let e =1—g5. From (w—wg)' < —m(w—wg), we have
w(t)—wg < e " (wyg—wg)
e (wo—wg)

< (1 —m)(wo—wg)
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(ii) Observe that w<wg. If 0 <w(ty/2, wy) <W, then 0 <w(f) < W,
for 0 <t <ty/2. Since h/w is monotonic,

h(W,#)>h(W,ﬂ)
)

=2m— 28w + O(W?)
=2m-%rﬁ+ O(m?)
>m

if m is small. Let 1 —7 =e~™2, From w' > mw, we have
to miof2.
w(ty) >w 5 =™ w,

Therefore wy < (1 —7) w(t,).
(iii) If Ww<w(te/2)<wg, then for (2,/2)<<t<ty, WS W(t) <wg.
Observe that wg /W =3 4+ O(m). Using the monotonicity of i/w,

h(w, ) _h(®, p)
W—wg W—wg

~

= < id ) (2m —28% + O(1?))

A

W—wg
__ 1 [(4m 2
_—2+0(m)<3 + Om ))
__2m 2

=-73 + O(m*)

<"

2

if m is small. Let | —y=e~"4, From (w —wg)’' = —(m/2)(w — wg), we have
to

w E —WEg

—10/4

e~ (m2)w/2)

Iw(ty) —weg| <

<|wo—wgle
<lwo—wgl (1—1)

Case (b), m<0, can be proved similarly to case (a), (i). a
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Lemma 44. Assume that ad—-bd<0,d,>0,d,>0, and (a+n%d,))
(d+7*d,) =be. Then f(&)=(a+&n?d,\)(d+En?dy)—be satisfies f/(E)>0
forall £21 and f(E)>0 for all > 1.

Proof. The assumption implies that f(1) > 0. It is easy to verify that

diff(f) =2%n*d, d, + an® d, +dn® d,
>—é— {(a+ &nd,(d + ¢nd,) — be}

1
—Ef(é’)

From this the desired result follows. O

The following lemma relates hypothesis H, with the breaking of the
homoclinic orbit ¢(z). It is a variation of a well-known result on the
homoclinic bifurcation using Melnikov’s integral. See Ref. 16.

Lemma 4.5. Consider the ODE system (1.1). Let X be a cross section
intersecting the orbit of q(t) transversely. Let q(0)eX. Assume that
Ty WHEYN Ty, WE) is one dimensional—spanned by ¢(t). Let t; >0
and v L { Ty, WHE) + Ty, W*(E)}. Then for each k k., there exist a
unique g(k)e R and a piecewise smooth solution U(t, k) of (1.1) that is C!
in (—o0,1;)u(t,, ©). Moreover, U0,k)eZn WYE) and U(t],k)e
WX(E) with U(t],k)—U(t],k)=g(k)v. Here Uty k) and U(t}, k)
denote the left and right limit at t,. Finally, if H, is valid, then (d/dk)
glk)+#0.

5. BIFURCATION EQUATIONS FOR SIMPLE AND
SYMMETRIC DOUBLE PERIODIC SOLUTIONS

Let ¥>0 be a small constant and = {x =X} be a cross section that
intersects the orbit of g(¢) transversely at (%,0,0)eC. Assume that
q(0) e Z. Trajectories near the homoclinic orbit must hit N @ at least
once. We can make 2 smaller so that trajectories starting from Z must
reenter O after a fixed time ¢,. The cross section X is used to fix the phase
we are not construcing a Poincaré mapping: Z — X.

First, consider a simple periodic solution of period T'=1t,+t,. Since ¢,
is fixed, the period T is determined by ¢,. The solution can be divided into
an outer solution U,(f)=(x,(t), y,(¢),z,(?)), 0<t<t,, and an inner
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solution U*(t)=(x*(1), y*(t), z*(1)), 0<t<t,. In the sequel, we use
superscript (subscript) to denote inner (outer) solutions. Let the outer solu-
tion be specified by an initial value problem with the initial value
U (0)=(%, y;,z,)€Z and let the solution be denoted by U,(1; %, y,,
zy, ). Let the inner solution be specified by the boundary value problem
as in Lemma 4.1 with the boundary conditions x*(¢,) = X, y*(0) = y,, and
z*(0) = z,, and stays in @ for all 1€ [0, #,]. See Fig. 6. By Lemma 4.1, such
an inner solution is unique and is denoted

X¥(t) = x*(t; to, %, Yo, Zo» 1)

Y0 =yt to, %, Yo, 2o, 1)

2¥(t) = B(t; 29, ) +2%(2; 1, X, Yo, Zos 4)

Define

x*(to, Yo, Zo, 1) = x*(0)

Y*(to, Yo, Zos 1) = y*(to)

2*(t9, Yo Zo, #) =2"(10)
Xyznu)=x,(8;% Y1, 21, 1)
Iy 2, 8) =yt %, y1, 20, 1)
Ay zup)=2,(t5 %, ¥, 21, 1)

X

U (t)

qdt)

(X, v1.2¢)

L= {x=X}

v
(v.2) = (vo, 20)
y

Fig. 6. A sketch of the inner solution U* and outer solution U .
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The end points of outer and inner solutions must match. We have the
following equations:

G E %915 21, )= X*(to, Yo» Zo, ) =0 (5.1)
Y1=y*(to, Yo, Zo, #} (52)
zy=2%(ty, Yo, Zo, 1) (5.3)
Yo=$(y1, 21, 1) (5.4)
zo=2(y1, 2, 1) (5.5)

See Fig. 6. .
Substituting (5.4) and (5.5) into (5.2), we have

Yi=y*tos J(¥1, 21, #), 2315 215 ), 12) (5:6)

Using the smallness of dy*/dy, and dy*/dz, (see Lemma 4.1), we solve y,
from (5.6) by a contraction principle to yield

yl=ﬁ(t0’ zl’”) (57)

Lemma 5.1.

(i) There exists a constant o,>0 such that |j|+|09/0z,|=
O(e 1),

(") y(to, _zl’#)=Ry(t0’ Z)r/‘)'

(”l) When Zl=03 (-fy y.(tO: 0’”)’ 0)63{0'

Proof. (i) follows from Lemma 4.1.

Since (x,(2), y.(1), z,(t)) satisfies initial values (x,(0), y.(0), z,(0)) =
(%X, y1,21), then (Rx,(f), Ry,(), Rz, (t)) satisfies initial values
(R%, Ry,, Rz,). Therefore

w*(tl; Rx—a Ryh Rzla#)=Rw*(tl;f’ yh Zl,l—‘)

where w,=x,, y,, or z,. Next, since (Rx*(r), Ry*(¢), Rz*(t)) satisfies
boundary values Rx*(¢,) = R% = X, Ry*(0) = Ry°, Rz*(0) = Rz",

W*(to’ Ryo: Rzo’ lu) =RW*(t0a yo, 209 ﬂ)

where w* = x*, y*, or z*. Based on these facts, using the uniqueness of the
fixed point, (ii) can be verified from (5.6).
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When z, =0, in (5.6), let y, € %;. Since &, is invariant under the flow,
then y, €%, and z, €%, ie, z,=0. Since we can solve the boundary
value problem, as described in Lemma 4.1, in %, therefore, the right-hand
side of (5.6), ie., y* is in &,. We then can solve (5.6) by the contraction
principle in %, ~ Y. This implies that the unique solution j(¢,, 0, 1) € %,
(iii) then follows from Theorem 2.7. a

We now substitute (5.7) into (5.1). Recall that u =(/, m, k). G, is now
a function of (¢,, [, m, k, z,).

Gl({O’ 19 m, k9 zl) =ﬁ(}7(fo, Z35 ,ll), 2y, #)—"X*(IO) j’a 2,}1) (5'8)

where the arguments of $ and 2 are (j(¢,, z,, 4), 21, 1)

Lemma 5.2.

(l) Gl(’01 l: m, k’ -zl)=Gl(t09Ia m, k, zl)'
(ii) (8/ok) G, #0.

Proof. (i) The functions 7, 7, 2, £, and x* are all invariant under
the reflection R. Therefore G,(t,,/, m, k, Rz,) = RG,(ty, |, m, k, z,). Asser-
tion (i) then follows from the facts Rz, = —z, and RG, =G,.

(ii) Set 1= +o0,z;,=0, and u=pu,, where po=(lg, my, k) with
my=0 {or (lg, my)eI'}. We then have x*=0 from Lemma 4.1 and j=0
from Lemma 5.1. We now show that the function G,(o0, /;, 0, k, 0) is the
Melnikov function as in Lemma 4.5.

Since %, is invariant under systems (2.1), and (X, 0, 0) € Z;,, we have
X (t,%0,0,u)ed. In %, the equilibrium E is hyperbolic with
Wi (E)={x=0}, We(E)={y=0}. Thus (%,0,0)e Wi (E). Conse-
queatly, U(t,), with the initial condition (X, 0, 0) is in W*(E) n %,. Observe
that (1, 0, 0) is a vector orthogonal to ¢(¢,), where ¢, is a large constant
such that ¢(t¢,) has reentered 0. Thus, G (o0, ly, 0, k, 0) is the function g(k)
in Lemma4.5. From Lemma4.5 and hypothesis H,, we have (8/0k)
Gy, ), 0, k,, 0) #0. Observe that G, is a C' function in a neighbor-
hood of (o0, k,,0). Thus, (8/0k)G,#0 for (t,,1, m,k, z,) near
(00,1,0,k,,0). O

Since G,(oo, Iy, 0, k,, 0) =0, reflecting the existence of the homoclinic
solution ¢(t) at k=k,, we can use Lemma35.2(ii)) to solve
k=k*(ty,I,m, z,) from (58), if tyx~ 0, Ixl), m~0, and z; 0. From
Lemma 5.2 (i),

k*(tm l’ m, _zl)=k*(t0’ l’ m, zl) (59)



Bifurcations Induced by Diffusion 355

We now substitute k =k*#,, /, m, z;) into (5.3), to obtain a bifurcation
function,

G2(t0’ 1’ m, zl) d;f Z*(to, J’(f(to, zl’ﬂ)’ zluu)s f(y’-(t(h zl’.u), Zl’.u)’ ,u) (510)
where u=(l, m, k*(t,, [, m, z,)). A solution of the equation
21=Gy(to, l, m, z,) (5.11)

corresponds to a simple period T =t,+ ¢, solution to (2.1).

Lemma 53. Gy(ty, L, m, —~z;)= —Gyty,l,m,zy). In  particular,
Gy(tg, I, m, 0) =0. The solution corresponds to z, =0,k =k*(ty,],m,0) is a
period T=t,+t, SH solution.

Proof. Since the functions j, , 2, and z* in the definition of G, are
all invariant under the symmetry R, so is G,. since G, €Z, we have
RG, = ~G,. This proves that G, is an odd function of z,.

As in the proof of Lemma 5.2, j(1,, 0, 1) € Z,. The outer solution with
initial condition (X, §,0)e %, must be in %,. Therefore the periodic
solution corresponding to z; =0 is in %,. a

Next we consider a symmetric double periodic solution U{?) of period
2T. The bifurcation equation for the existence of such solution can be
derived much the same way as for the simple period T solution. Therefore
we discuss it only briefly. From our definition, U(t+ T)=RU(2), teR.
Assuming that U{0)e 2= {x =X}, we define

U (6)=Uy), 0<t<t,
U¥ny=Ut+t,), 0<t<t,
T= t0+tl

The matching conditions on the outer and inner solutions are
U0)=U,(t)
U*(t,)=RU,(0)

As before, let the outer solution U,(t) be determined by the initial
value U,(0)=(%, y,,z,) and the inner solution U*(¢) be determined by
the boundary condition (x*(¢,), ¥*(0), 2*(0)) = (X, yo, zo). Then we still
have (5.1), (5.4), and (5.5),.but (5.2) and (5.3) change to

Y1=Ry*(ty, Yo 2o, 1t) 5.2y
zl=RZ*(t0’ yOs ZO:,u) (53)’
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Notice that the functions Ry* and Rz* have similar smallness properties
like y* and z*. We will use the same notations as for simple periodic solu-
tions if no confusion occurs. As before, we can solve y, to get (5.7), and
Lemma 5.1 is still valid. Here and afterward we use the same notations for
functions 7, G,, k*, G, when deriving bifurcation equations for both simple
and symmetric double periodic solutions. Define G, as in (5.8). Again, we
have Lemma 5.2. Solving k =k*(¢t,, [, m, z,) as before, we still have (5.9).
Substituting k =k&* into (5.3)’, and defining the function G,(t,,/, m, z,) as
in (5.10), we have found that the solutions of the equation

—z;=Gy(to, ,m, z,) (5.11Y

correspond to symmetric double period 27 solutions to (2.1).
Analogous to Lemma 5.3, we have

GZ(IO’ Ia m, —zl)= —'Gz(fo, IL,m, zl)

However, when z, =0, we really have obtained a SH simple period T
solution tracing its orbit twice, since U(t+ T)= RU(t) = U(¢) in this case.

6. PROOF OF THE MAIN RESULTS

Proof of Theorem 3.1. Since 1, A, = (a + n%d,)(d + n*d,) — bc, which
is negative (positive or zero) in ¥4, (%_ or I'), assertions (i), (ii), and (iii)
follow from the fact that Re 4,, <0.

Let (d,d,)el’'u%_. From Lemmadd, 1,4,,=(a+nr’2’d))
(d+n*n%d,)—bc is an increasing function for n>1. It follows that
Ap1An,2>0for n>2. From Re 4,, <0 we have Re 4,; <0, n>2. This proves
(iv) for n=2. The proof for the cases n=0,1 are obvious and will be
omitted.

Let a=%"q +n2d, and g=9"d+n%d,. a + >0 since a+d>0.

b Ay =3 { =+ B) £ /G B+ 4B

a _1 2 -1/2
o= oy =5 { =1+ (a—P)[ (@ p)* +4bc] ')
When (d,,d,)eI’, we - have af—bc=0. Therefore (8/0a)i; =
H=1+(@=B)(a+p)}=—B/x+p). Thus, (94,/0d,)<0 if S>0.
Similarly (94,,/0d,) <0 if «>0. It is impossible to have both a <0 and
B <0 since a + > 0. This proves (v). O
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As mentioned earlier, we use only one set of notations #, k*, G,, and
G, for functions employed when deriving bifurcation functions for both
simple and symmetric double periodic solutions. This allows us to treat
both problems simultaneously.

Since the proof of the main results is technical, it may be useful to
preview the main idea used here. Consider finding a simple SN periodic
solution. Recall that the bifurcation equation

21=Z*(to, ﬁ’ 2’”)

where § and 7 are as in (5.10), has a trivial solution z;=0, which
corresponds to a SH solution. Since we are not interested in such solution,
it is reasonable to look for solutions of the equation z*/z, =1.

Let u=(l, m, k*(to,1, m, z,)) and let

20=2(y~(t0’zl9.u)’zl,,u) (6.1)

Then z, =0 if 'z, =0. We look for solutions of

We can show, in the limiting case, z*/z, ~ @/z,; the latter is the rate of
expansion on the local center manifold. Also, z,/z, = ¢*([); the latter is the
rate of expansion along the outer solution, and its sign represents the
twistedness of the homoclinic orbit. In particular, based on Lemma 4.2, we
can show that z*/z, is monotonic for z;>0 or z,<0 (Lemma 6.2). The
proof of our main results would be easier if the outer solution were the
multiplication by ¢* and the inner solution were the expansion by the rate
®/z,. However, such approximations have some small errors. Care must be
exercised to ensure that the error terms do not disturb the main terms.

Denote
ri(to, l,m)={_lliglozo/zl} (6.2)
Then
_ 0% 0y 0%(7,0,u) 0% 0k*(ty,1, m,0)
nilte, hm) =z 2t O, 1)+ =5+ oz,

Assuming now that (o= 400, we have §=0 and (09/0z,)=0
(Lemma 5.1). Also, k*(o0,l;,0,0)=k,, reflecting the existence of the
homoclinic solution ¢(¢) at k=k,. From (5.9), we can show that
(0/0z,) k*(o0, I, m, 0) =0. We have shown the first part of the following.

865/8/3-3
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Lemma 6.1. ri(o0, 1y, 0) = (02/02,)(0,0, (%, 0, k) = c*(l,), where
c*(1,) is defined in Definition 3.3.

Lemma 6.1 offers an easy way to compute r,(c0, ly, 0) since c*(/,) can
be obtained by computing the ODE system (3.5) in &,. The proof of the
second equality of Lemma 6.1 is deferred to Section 7.

In the first part of this section we assume that c*(/,) #0 for an l, e .
Then, based on Lemma 6.1, (8z,/0z,) #0 when z,=0. We can solve z;
form (6.1) to obtain the inverse function

zy=2(ty, I, m, z) (6.3)

Here Z, is a smooth function defined for ¢, & +o0,m=0, /x/,. Assume
that the domain of Z, is so small that

sign{Z, /20|20 # 0} =sign c*(lo)
Let

*(to, P(F(tg, 21, 1), 21, 1), Zo»
Ll(t0a I’ m)= limoz ( 0 y(y( 0 zlz l‘) 21 /l) 2o ,u) (64)
20— o

where %, is given in (6.3). From Lemma4.l, we have z*(...)=
D(to, 2o, ) +2%(---), where ... represents the variables from the r.hs. of
(6.4), and |z%| + | Dz%| = O(e~**). It follows that

Ll(t09 I, m) =a¢(tT‘)z’()()’/_“l+ O(e—“""), 3] >O

Since &(1, z,, u) satisfies the equation z’ =mz — éz* + h.o.t. [see (4.3)], we
have (8/0z,) (1, 0, u) = ™. Therefore,

L(ty, I, m) =€ + O(e~"") (6.5)

Recall the monotonicity of &(¢y, zg, #)/20, Zo #0, proved in
Lemma 4.2. Using the smallness of z° =z*(--.) — &(¢,, z,, #), We have the
following results.

Lemma 6.2. Let +zg be the nonzero equilibria of (4.3) if m> 0. Let
o=y, my, k) where IyeT and my=0. For each 0 <n<1 there exist
e=¢(n)>0 and m>0 such that if 0<|zy| <e, |u—pol <e, ty>(1/e), and
m < i, then we have the following result.
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4

[Z*(to’ J’(f(’m Elaﬂ)a Elaﬂ)’ z()uu)/z()] (66)
dz,
2 _ 2
f—C-—S(—iL—?;)—d;:, if m>0,z3%#22,22<(1—n) P2
2i—z3 7}
or|zz~D*|<(1—-m) 2z —23| (6.6a)
_i Cele™™ —1)/z,, if m>0,z2=z2ande """l -y,
oh
where —m' = lim — () (6.6b)
z-—»zEaZ
2 g2
Gz 4¢) id if m<0,and®*<(1-n)z5  (6.6c)

\ m—&z3+2ghy(2° p) Z),
Here Cs, C¢> %, and C,>(2/2) are functions of (ty, I, m, zy). In all three
cases sign{(0/0z,)(z*/z,)} = —sign{z,}.

Proof. Assume that 7 is small so that |zg| <é&/2.
i(i) |2° — (dz%/dz,) 2,
dzy \z,

A

1 d d d
<— $ ——_ 3 . — 3 e Zp $ .
7|0~ 7 200 2]+ | 280 = - ) o |
2,8
<Csup | —| - |zo]
dzg

Here the fact that |z,| <& is used. We now use Lemma 4.1. We may assume
that § in that lemma is arbitrarily small at the cost of selecting a smaller
& Let 0 <a<ay—3p; we have

4 (zf)
dzg\zq

(i) Suppose that m>0, z% #z2, and z2< (1 —#n) &2 Let C, be the
constant as in Lemma 4.2, case (ii). Then

<Cglzo|l €™

2 2

Cyzg—D*) D Cond —any

——— | 2|55 23C |z,] €
2.2 .2 33 8 120
ZE—Zy Zp Zg—2%g

if ty> (1/e) and &> 0 are sufficiently small. Here we have used the facts that
@2 > z3 and |22 — 22| is small. Therefore |(d/dzo)(z%/z0)| < 3 |(d/dzo)(D/zo)l.
Since C, ~1, Cs> 1. Therefore, (6.6a) follows from Lemma 4.2, case (ii).
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Suppose now that m>0, z% #z2, and |z} — | <(1—7n) |22 —Z23|.
Then

|23 — 22 + 23 — D?

zl—-(1=-n)=

=z (h=m=n

C, 23— @7 || |D|

_________2 — .
Z- #° 2 7

23Cg|zp|l e™*

The last inequality is based on the fact |®| > |z,| and |z,| is small. Based
on a similar argument, (6.6a) follows from Lemma 4.2, case (ii).

(i) Ifm>0,z2=z%, and e~"" <1 —y, then
[(e="" —1)/zo| 2 n/|zo] 2 3Cslzole ="

if |zo| <& and 3> (1/e), e>0 is sufficiently small. As before, (6.6b) then
follows from Lemma 4.2 (iii).
(iii) Ifm<0and #*<(1—7y)z2, then
| G-y o
m—ézl+z5h (2o, ) 22

' C1ﬂ¢
T m—éz2+z8h,(z4, 1)

23Cq |zg| e

When deriving the last inequality, we assume that ¢ is sufficiently small so
that sup.{h(z)} =/ with Ai<a Then |®|>|zo| e~ by the Gronwall
inequality. Therefore, if ¢, is sufficiently large and m — éz2 + z5h (2o, u) is
small, the last inequality holds. Equations (6.6c) then follows from
Lemma 4.2, case (i).

The proof of Lemma 6.2 has been completed. O

Lemma 6.3. Under the same conditions of Lemma 6.2, in any of the
three cases, (6.6a), (6.6b) or (6.6¢), if we choose smaller ¢ >0, we have

[see (6.3) for Z,]
0 (z*>{>0, if Z,<0

97, \%,) <0, if £>0

Proof. Observe that -

i(ﬂ)_i(iﬁ)_ﬁi<£)+£_"’_(ﬁ)
0z0\%,) 0z9\20 2,/ £,0z9\20/) 2o 0zo \Z,
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Since Z, is an odd function of z,, we have

d [z, 5 07, )/.,2
azo(zl>—-(zl azozo “

We first show that [(8/0z,)(z*/zo)| > 2Cy |2o2*/Z, ]|, since this will imply
that the sign of 0/0z,(z*/Z,) is determined by the sign of (z,/2,)(8/0z,)
(2*/z,). Based on |®] = |z,] e~™ and |z%] € C|z,] e ~™", we have for large
ty, |z*] <2|®|. We then need to show

0 <z*>
azo

where C,q=4C,C,, with C,, =sup |z,/7,|.

<Gy lz5l/2}

> Cyo [P (6.8)

(i) ¥m>0,z%+#z2, and z2< (1 —7) @2 then from (6.6a),

A
0zo \ zo
provided that |z%—z3| <(9/(2C,,)), which can be achieved by choosing
smaller e.

(ii) If m>0, z2#z2, and |23 — &2 <(1—1n) |z; ~ ®?%|, then from
(6.6a) and (6.7),
w5
aZo Zp

provided that z2 < (5/(2C,,)), which is valid if ¢ is sufficiently small.
(i) Ifm>0, z3=z%, and e ™" < 1 —7, then from (6.6b),

d (z*)
aZo 2y 2| o|

Here we need |z,®| < (7/(2C,p)), which is valid if ¢ is small.
(iv) If m<0 and ®><(1-n)z3, then from (6.6¢),

.Q_(Ei) >
0zy \ z¢

provided that |m—é&z2+ -.-| < (7/(2C,,)), that is valid if ¢ is small.

I [n9®|

> C |P
2|ZE | 10| I

In®|
2 2

>Cyo ||

2 Cyo [P

in®|
T2 m—éz2+28h,(20, 1)l

2Cp, |P|
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In all cases, the sign of (0/0z,)(z*/Z,) agrees with that of (z,/Z,)
(0/0z4)(2z*/20). From Lemma 6.2

. 0 (z* .
ETC —
Therefore sign{(8/0z,)(z*/2,)} = —sign{Z,}. O

Corollary 6.4. Under the conditions of Lemma 6.2, we have that
|z*/z,| is a decreasing function of |z,|.

Recall that ¢, is fixed and T=t,+ ¢, depends solely on ¢,. Let

L(T,l,m)=L,(ty, |, m) e™

(6.9)
nT,l,m)=ry(ty, }, m)e=™"

We shall prove that with such functions L and r, Theorem 3.4 is valid.

If no arguments are given, for notational simplicity, @ means
D(ty, 2o, 1), 2o is defined in (6.1), z* = G,(t,, /, m, z,) is defined in (5.10),
z, =2, is defined in (6.3), and z* means z%(¢o, $(F(to, 21, #), 71, 1), 2% p) =
z* — &. Assumptions following a case number are valid until a new case is
encountered.

Proof of Theorem 3.4. From (6.9), if m=0,
r(oo, Iy, 0)=r;(00, Iy, 0)

Thus, Theorem 3.4 (1) follows from Lemma 6.1.
From (6.9) again, it is easy to see that (2) follows from (6.5).
We now prove Theorem 3.4 (3). From (6.4) and Lemma 4.1,

0D(ty, 0, ) Fizad
Li(ty, , m)=——o——— 4
l( 4] ) azo azo 29=0
dz8 0%z
< (—x1+28) 10

o i Ce , o, >28>0

a¢(t09 Os ”) — ,mip

—_—— =y

0z,
we have
aLl(tO’ l, m)

= toe""” + O(e("" +Zﬁ)to) )
om
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Now that (8/0m)(L,r\)=(0L,/0m)r,+ L,(0r,/0Om) and |0r,/0m|<C,
we have (9/0m)(L,r,)=t,e™ -r\(to, I, m)+ O(e™®). Let O ={|I—1,| <4,
|m| <8} and let 15> 1/6. If > 0 is sufficiently small, we have r,(¢,, , m) =
Cic*(l,), where C; > L. Thus,

sign {%(Llrl)}=sign{c*(lo)}

The assertion in (3) follows by observing that L-r=L, -rl.

Consider c*(/;) > 0 and look for SN simple periodic solutions first. We
only need to solve (5.11) for z, >0 since G,(ty, 1, m, z;) is odd in z,. If z,
is sufficiently small and ¢, is sufficiently large, we have r,(¢,, I, m) >0 and
2o/2,>0. Thus we need to conmsider z,>0 only. We now look for a
solution z, € (0, &) with the corresponding z, € (0, ¢), where (—g, &) is the
coordinate chart in the z-axis for W} (E).

Since z,=0 if z,=0 and z, depends continuously on z,, we can
choose a small constant {>0 so that z, ={ implies z4 <& If J, which
defines the set @, is small, then either zg <{/2, m >0, or zg does not exist
(m<0). We can choose >0 so large that ¢t,> 7 implies that 0 < ® <3{/4,
and |z%| <{/4. The first estimate is based on @ — z; <(/2 or 0 as ¢, — oc.
The second estimate uses Lemma4.l. Therefore Gy(t,,l,m, {)=z*=
o428 <.

Suppose now that L,(t,, [, m) ri(te, , m) > 1. Then

From this, there exists a small 0 <z, <{ such that G,(¢,, 1/, m, z;)>z,.
Thus, there exists at least one solution 0 <z, <{ for (5.11)if Lr=L,r, > 1.

In the rest of the proof, we discuss the uniqueness or nonexistence of
SN simple periodic solutions. Please refer to Fig. 5 for the flow on W7 (E).

Case (i). O0<c*(l;)<1. For any 0<#, <1, by choosing smaller &
and &,

0<n <z}/zig] - (6.10)

Let m<0 and z,>0. Then 0 <P <z, and |z8%| < zge~4%. If ¢, is suf-
ficiently large, from Lemma 4.1, we have (z*)%/z2<1/(1 —#,). Combining
this with (6.10), we have '(z*)?<z?. Therefore, there is no solution for
(5.11).

Let m>0 and zy>zg. Similar to the previous case, we find no
solution for (5.11).



For m >0, define
ZM=Sup{zo|Zg<(l —'I) ¢2, ngoszE}

for some 0 <n<n,. Clearly 0<z,, < zg.

Let m>0 and z, €(z,, zz) we have z2>(1 —7) &% By choosing a
smaller 4, we have z2> (1 —#,)(z*)%. From (6.10), we have (z*)%><z3.
There is no solution for (5.11) in this case.

Let m>0, and z,6(0,z,] if z,>0. At z,=z,, we have
(8/0z4)(P/zy) <0, based on Lemma 4.2. We infer that z3 < (1 —#) &2 for all
Z9 €(0, z5,]. Lemma 6.3 implies that (z*/z,) is strictly decreasing in that
interval. This proves the uniqueness of solutions of (5.11) in this case.

Let m>0and 1> Ly(ty, [, m) ri(ty, I, m) =lim,, _ o+(z*/z,). In the case
zy €(0, z,,], arguing as in the previous case, we have z*/z, < 1. This proves
the nonexistence of solutions of (5.11) if Lr< 1.

Case (ii). C*(/;)>1. For any O<#n, <1, by choosing smaller ¢
and 4,

zi<(l—ny) z; (6.11)

Let m>0 and 0<zy<zg. Since ® >z, and |z%| <zpe ™", we have
(z*)*> (1 —n,) 22 if t, is large enough. From (6.11), there is no solution to
(5.11) in this case.

For m >0, define

z,,=inf{z,|®*<(1 —n) zland zz <z, < ¢}

for some 0 <# <#,. From the phase diagram (cf. Fig. 5), zc<z,, <€ if 7 is
sufficiently small.

Let m>0 and z,e(zg, z,). Then &*>(1—#)z2. We can have
(z*)*>(1—n,) 22 if we choose t, large enough. Then z*>z, based on
{(6.11). Equation (5.11) has no solution in this case.

Let m>0 and z,=z,. Then ®><(l1—#)z3. This implies that
|®%—22] <(1—7) |z2—2z2|. We then can show that ®?/z2 is decreasing for
zo €[2,,, €]. Thus &*< (1 —79) 22 for z, €[ 2,4, €]. From Lemma 6.3, z*/z,
is strictly decreasing. The solution to (5.11) either is unique or does not
exist. We show that L,(¢,, I, m) r,(t,, [, m) > 1 in this case, so that the non-
existence becomes impossible. In fact, if ¢>0 is small, then
ri(ty, ,m)>1+n, for some #,>0, due to ¢*(l,) > 1. Because m >0 and
Ly(ty, I, m)=e""+ O(e—*"), let t, be sufficiently large, then we have
L,>(1+n,)~". Therefore L,r,> 1.
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For m <0, define
" =inf{zo|P*< (1 ~1) 23, 0< 2, < &}

for some n <7, and < 1/4. Clearly 0 <z™ <¢ if # is sufficiently small.

Let m<0 and z,€(0,z™) if z">0. Then ®>>(1—n)z2. We can
make (z*)?>(1—#,) 22 by choosing ¢ <0 smaller. Therefore z, <z* by
(6.11). There is no solution to (5.11).

Let m<0 and zo=z". Then ®>< (1 --#) z2. By Lemma 4.2, #?/z2 is
decreasing for z, € [2™, ¢). Thus & < (1 —7) z2 for z, € [z, £]. Then z*/z,
is strictly decreasing by Lemma 6.3. Either there is no solution or the
solution is unique to (5.11) when z, e [z™, &).

Let m<0 and 0<L(t,,],m)r(ty,,,m)<1. By (611), riz
(1—n)~" Thus, L}<1—pn,. If we choose ¢>0 small, we have
(z*)*/z3<1—n, for some 0<n,<n,. And also, ®?*/z2<1—7y for some
0<#n<n, in the interval [z™, ¢]. Thus z*/z, is strictly decreasing. Since
lim, _,z*/z, <1, there is no solution to (5.11) in this case.

Case (iii). C*(/,)=1. For any 0<# <1, we can choose a smaller ¢
so that

1—n<(zp/2))<1+7 (6.12)

If & is small, then r,(¢y, 1, m) <1 +n. Let Li(ty, [, m) ry(ty, , m)>1+4 for
some 0 >#. Then

1+4
—_—2=
L,>1+” 1+,

for some 0<#n,<d. From L(ty, I, m)=e™+ O(e™™"), if 1, is large
enough, we have m>0, and mt,>¢, for some ¢, >0. From Lemma 4.3,
case (a), we have z2<(1—7;) D> or |P*>—zZ|<(1—7n;)|z2—2%] or
€™ —12>n, for some n;> 0. Therefore z*/z, is strictly decreasing and the
solution to (5.11) is unique.

Let L(ty, I, m) ri(ty, I, m) <1 -9, for some & >#. By a similar argu-
ment, mty< —¢g; for some & >0. Also, we must have m<0. From
Lemma 4.3, case (b), we then have &% < (1 —#5) z2 for some 75> 0. Thus
z*/z, is strictly decreasing. There is no solution to (5.11) since
lim, ,o+z*/z,=L, -r;<1—4.

We have completed the discussion for the case C*(/;)>0.

Consider C*(/,) <0 and symmetric double periodic SN solutions next.
We need to solve (5.11)'. We can divide the case into three subcases—case
(iv), —1<C*(l,) <0; case (v), C*(l,) < —1; and case (vi), C*(/y)= —1.
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They are analogous to cases (i), (ii), and (iii), respectively. The proofs are
similar to the previous cases and will not be rendered here.
This completes the proof of Theorem 3.4. a

Proof of Theorem 3.5. From our assumption, c*(l,)=
ri(co, Iy, my) =0 and (0/!) ri (o, ly, my) #0. Using the implicit function
theorem we can find a unique C!' function /=I/*(m) so that
r(co, I*(m), m)=0, |m| <4.

Since |§(ty, z,, u)| < Ce=™* and |k*(ty, I, m, z;) —k*(o0, I, m, z,)| <
Ce™™1", we have r(ty, I *(m), m) = O(e~**). Please refer to (6.1) and (6.2)
for the definitions of z, and r,.

Since z, is an odd function of z,, for some C> 0, we have

< Ce= 4 22 4 |1 —1*(m)])

Zy
1

Since D(ty, zo, u) satisfies the equation z'=mz—éz3>+ ..., we have
|P/zo| <™ if |z4] <e and |P| <e. Thus, from Lemma 4.1,

*

Zo
if ty> 1 is sufficiently large. We now choose 6(T) = Ce "7, where C is a
small constant. If [/—/*(m)| <(T) and z, <(&(T))"?, then C(e~*"+ 22+
{{—I*(m)|) <4 e~"™. Therefore, |z*/z,| |2o/2,| < 1. The bifurcation equation
(5.11) or (5.11)' has no solution in this case. O

s emto + Ce—allo < 2emto

7. NUMERICAL TEST ON A PREDATOR-PREY MODEL

The following predator-prey model was proposed by Freedman and
Wolkowicz [13] to describe group defense of prey against predatation.

zi=2u<l—£)—-9vp(u)

v=v(—y+11.3p(u)) (7.1)

u = prey, v = predator

where p(u) =u/(u* +3.35u + 13.5) represents the interaction between prey
and predator. For a large range of (y, k), (7.1) has two interior equilibria
(o, 7o) and (#y, Tp), With @, < ity. Here p(idy) = p(d,) =y/11.3, while 7,, 7,
can be solved from the first equation of (7.1). we are interested in the equi-
librium (#,, 7,), which is hyperbolic, and shall be denoted E = E(y, k).
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Let the Jacobian matrix at E be (=2 ~3). It is shown in Ref. 25 that
a>0,b>0,¢>0, and d=0. Thus, hypothesis H; in Section 3 is satisfied.

Freedman and Wolkowicz have discovered a curve & < R? such that
if (y, k) € &, then (7.1) possesses a homoclinic solution ¢(¢) asymptotic to
the equilibrium E(y, k). Numerical computation shows that the curve &
can be parameterized by #, and is plotted in Fig. 7. For each (y, k) e &, let
y be fixed and let £ vary. Then the homoclinic solution breaks. The
derivative of the gap between W¥(E) and W*(E) with respect to k can be
evaluated by the Melnikov integral M (k), as in H,. The Melnikov integral
has been computed numerically, and the result is plotted in Fig. 8.
Evidently, M > 0 for all the values considered. Thus, hypotheses H, and H,
in Section 3 are satisfied for those parameter values.

The smooth dependence of M, (k) on i, indicates that M >0 is not a
numerical artifice.

In the remainder of this section, we fix (i, y, k) =(5.49178, 1.0,
6.87433). After adding diffusions (d,u., d,v,;), we consider a system of
PDEs in the domain 0 <& <1 with Neumann boundary conditions; cf.
(1.2). Let I be the curve in the (d,, d,)-plane on which (1.2) has a zero
eigenvalue with associated eigenvectors in 4. Since bc>0 and a>0, I' is
depicted in Fig. 2, Case 1.

For (d,, d,) eI, we now compute W; (E) and the flow on it, up to
O(p?), where p =|u—ity| + |v—,|. Since the boundary conditions are of
the Neumann type, we will expand (u, v) into Fourier cosine series. Let
(Fo+ X uycosnnl, io+Y L v,cosnné)eWs, (E). Let (u cosné,v,cosné),

T T ¥ T T T ¥ T
8L e
7 k ------------------------------------
6
5 b
4
3
2
Y.
1LY
Ug
0 ) L — — —_L. —L. 1 [
35 4 45 5 55 6 - 8.5 7 75 8

Fig. 7. Values of (y, k) where a homoclinic orbit to (7.1) exits are plotted, using u, as an
independent variable.
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0

Fig. 8. The Melnikov integral M,(k) is plotted, using u, as an independent variable.

with (u,, v,) = (5, 1), be the unique eigenvector corresponding to the eigen-
value 0, up to a constant multiple. Then u, =nv, +¢(v,), u, =u¥(v,), and
v, =v¥(v,) for n#1, where ¢, u*, v¥=O(v}). This is due to the fact that
Wi (E) is tangent to the zero eigenvector corresponding to (u,,v,)=
(7, 1). Because of the R symmetry (Theorem 2.7), we have ¢ = O(p?3).

The Fourier coefficients («,, v,) are functions of ¢. They satisfy

u:.= “d]nznzun“aun—bvn"'[f(ur v)]n+0(p4) (72)
v, = —dyn’nv, — cu, + [ g(u, v)1,+ O(p*) '

where f and g are polynomials of degree3. For AeL?*(0,1), we use
[#],. to denote the nth Fourier cosine coefficient for 4. Using some basic
trigonometry formulas, we can rewrite [ f(«, v)], and [ g(u, v)], in terms
of {u,} e, {v,} . Only finitely many terms are needed here since other
terms will be included in O(p*).

We can now use the Taylor expansion method in Ref 2 to obtain a
power series expansion of ¢(v,) and the flow on the center manifold. The
function ¢ has the form ¢(v,)=cv3 + O(v3). And the flow on the center
manifold has the form

o =]+ 0(p")

When (d,,d,) moves along the curve I, values of & have been
computed numerically and the results are depicted in Fig. 9, with ¢
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Fig. 9. Values of & are plotted when (d,, d,) moves along I', which are parameterized by d4,.

against 7%d, . It verifies that & <0 for the portion of I" under consideration.
Since there is a diffeomorphism between v, and z, hypothesis H; in Section 3
has been verified numerically.

We now compute c*(d,, d,) for (d,, d,) e I', 0 < n%d, < 3. Again, we fix
1y =5.49178, y =1, and k = 6.87433. Numerical results of c* are depicted in
Fig. 10. We have found a point 4§ =0.183 such that ¢*(d,, d,) <(> or =)
0 if d; <(> or =) df. The results also show that dc*(l,)/d] #0, where
(lp, 0) e I" corresponds to d, =d}. Therefore all the twisted, nontwisted,
and degenerate cases have be found in Freedman and Wolkowicz's
example. However the case c¢*(/;) =1 or < —1 has not been found in this
example. Numerical and theoretical results also indicate that there is a
point (d,, d,;)=(0.0093, 0.0093) where c*=0. However, the numerical
error near that point is too large to be trustworthy. Thus, we do not
include it in Fig. 10.

We end this section by proving Lemma 6.1.

Proof of Lemma 6.1. Recall the definition of 2 in Section 5 and 7, in
(6.1) and (6.2). We need to consider the zth component of (8/0z,)
Uuty, X, y1,2z1,p), with y,=0 and 2z,=0. Let (0/0z,) U,t)=
(x(1), y(2), 2(1)), 0<t<t,. It satisfies the linear variational equation (3.4)
and the initial conditions are x(0)=0, »(0) =0, z(0) =1. We now extend
the solution (x(z), ¥(t), 2(¢t)) to t<0. Notice that we are treating an
infinite-dimensional system, so the backward extension of a solution is not
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Fig. 10. Values ‘of ¢* are plotted when (d,, d;) moves along I, which are parameterized
by d 1-

unique. Using the flat coordinates (4.1), in a neighborhood of 0, we write
(34) as

X =4 x+(D.g)x+(D,g1) y+(D.g1) z

Y =Ayy+D,gyx,(t), y, (1), zo(t), ) ¥ (73)
Z=A4;2+(D,g5) x+(D,g3) y+(D.g3) =

where ¢(2) = (x,(?), y,(2), z,(?)) in the flat coordinates. Here we have used
the facts that y (£)=0, <0, and g5(x, 0, z, u) =0 to simplify the second
equation of (7.3).

First, let y(t)=0 for t<0, which solves the second equation. Then
(x(2), z(t)) can be solved uniquely from (7.3) backward in time. We now
show that x(z)=0 for t<0. If (x(2), 0, z(¢)) is a solution for (7.3), so is
R(x(1), 0, z(2)) = (x(¢), 0, — z(¢)). Thus, (x(t),0,0) is a solution of (7.3).
Since x(0) =0, solving the one-dimensional ODE for x(¢) we have x(¢)=0
for 1<0. Observe that g,(0, y, z, #) =0. Thus, the first equation is valid
even if z#0. The equation for z(¢) becomes

z '—"AJZ +ng3(xq(t)y yq(t)’ Zq(t)9 ﬂ) z (74)

with 4;=0. In our flat coordinates, z(t)=0 and y,t)=0, we have
D.gy(x,(1),0,0, 4) =D,g40,0,0, 4) =0, since zero is an eigenvalue for



Bifurcations Induced by Diffusion n

(d,,dy)eI. Here we used the fact that gi(x, 0,z u)=g3(0,0,z ) on
.. Thus, (7.4) becomes z' =0, and z(¢) =1 for 1 <0. (x(t), ¥(2), z(t)) =
(0,0, 1) for £<0.

We now have (x(0), y(0), z(0)) € %, and shall remain in Z; for 1=0. In
particular, x(¢) =0 for all ¢t e R. According to Section 3, (x(z), y(1), z(¢)) -
(0,0,c*) as t— +oo. However, because the coordinates are flat,
g3(0, y, z, u) = g5(0,0, z, u). Also, x,(t)=0 for t>t,. Thus (5/0y)
85(0, y,(2),0,u)=0 for t>t,. Again, z(¢),t>t,, satisfies (7.4) with
x,(t)=0 and z,(t)=0. Since D,g4(0, y,(1),0,u)=D,g;(0,0,0, z)=0. We
have z(t) =constant for ¢ >¢,. Thus z(¢,) = c*. This proves Lemma 6.1. [J
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